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vIb: 
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ADVERTISEMENT. 


Lacbchx's  Alosbra'  has  been  in  use  in  the  French  schools  for 
a  considerable  time.  It  has  been  approved  by  the  best  judges, 
and  been  generally  preferred  to  the  other  elementary  treatises, 
which  abound  in  France.  The  following  translation  is  from  the 
eleventh  edition,  printed  at  Paris  in  1815.  Ko  aheration  has 
been  made  from  the  original,  except  to  substitute  English  instead 
of  French  measures  in  the  questions,  where  it  was  thought  neces- 
sary. When  there  has  been  an  occasion  to  add  a  note  by  way 
of  illuslration,  the  reference  is  made  by  a  letter  or  an  obelisk, 
the  author*s  being  always  distinguished  by  an  asterisk. 

Id  a  review  of  the  two  first  parts  of  the  Cambridge  course  of 
Mathematics,  which  appeared  in  the  American  Journal  of  Sci- 
cfice  «ful  ihe  Arts  for  1823,  after  many  favourable  remarks,  the 
writer,  speaking  of  Lacroix's  Algebra,  observes,  that  ^  there  are 
instances  of  incorrect  translation  at  pages  18,  23,  54J'  It  is  re- 
gretted that  the  passages  referred  to  were  not  more  particularly 
pointed  out.  The  places  mentioned,  however,  have  been  care- 
fully examined  and  compared  with  the  original. '  At  page  18  the 
only  passage  to  which  the  above  remark  can  be  supposed  to 
apply,  is  the  following ;  ^^  and  by  arranging  the  letters  in  alpha- 
betical order,  tbey  are  more  easily  read  ^^  of  which  the  original 
reads  thus : 

^et  en  intervertissant  Pordre  des  multiplications  pour  conserver 
rordre  alphabetique,  plus  facile  dans  renonciation  des  lettres.'' 

Here,  as  in  other  parts,  a  little  latitude  is  used  for  the  sake  of 
perspicuity,  and  of  preserving  the  English  idiom ;  but  it  is  pre- 
sumed that  the  sense  is  fully  and  exactly  rendered.  At  page 
33  there  was  clearly  a  mistake,  the  sense  being  the  reverse  of  that 
of  the  original,  and  of  that  which  the  connexion  obviously  re- 
quires. At  page  54)  the  only  inaccuracy  to  be  found  is  in  print- 
ing "  multiplier'^  for  '*  multiple."    *'  At  page  37''  fS?],  says  the 
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reviewer,  ^  the  last  clause,  ^  and  retaining  the  accents  which  be- 
longed to  the  coeflScients,^  does  not  ezprSss  the  meaning  of  the 
original.^    The  original  of  the  whole  passage  runs  thus ; 

'^  en  changeani  le  coefficient  de  Pincannue  qu^on  eherchej  dans  k  terme 
font  connuy  et  en  cfmservant  d^ailleurs  les  accens  teh  qv^Hs  soni,^^ 

It  is  not  easy  to  perceive  in  what  the  defect  of  the  translation 
consists.  A  literal  rendering  would  not  be  very  good  English; 
moreover,  there  is  an  ambiguity  in  the  original  which  does  not 
exist  in  the  translation.  A  doubt  might  arise  in  the  mind  of  the 
learner  which  accents  are  meant,  those  which  belong  to  the 
terms  changed,  or  those  which  belong  to  the  terms  into  which 
the  change  is  made.  In  the  translation  the  sense  is  precise,  cor- 
rect, and  clear.  Speaking  of  explanatory  notes,  the  reviewer 
says,  ^  in  that  given  at  page  95,  doubtless  by  inadvertence,  the 
parentheses,  which  ought  to  indicate  the  multiplication  between 
the  factors,  are  omitted.^'  Parentheses  in  this  case  would  be 
superfluous,  the  line  separating  the  numerator  from  the  denomi- 
nator answering  that  purpose.  In  proof  of  this,  examples  might 
be  quoted  from  writers  of  the  first  authority.    Thus,  page  82  of 

this  very  work,  we  have  c  —  6^^^"^-^,  perfectly  similar  to  the 

case  in  question,  and  which  is  represented  as  faulty. 

Cambridge^  July^  1835. 
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Prdknmary  Remarks  upon  (he  Transition  from  ^liihmeiic  to  Alg^ 
bra — Explanation  and  Use  of  Algebraic  S^s. 

!•  It  must  have  been  remarked  in  the  Elementary  Treatise  of 
Arithmetic^  that  there  are  many  questions,  the  solution  of  which 
is  composed  of  two  parts ;  the  one  having  for  its  object  to  find 
to  which  of  the  four  fundamental  rules  the  determination  of  the 
unknown  number  by  means  of  the  numbers  given  belongs,  and 
the  other  the  application  of  these  rules.  The  first  part,  inde- 
pendent of  the  manner  of  writing  numbers,  or  of  the  system  of 
DotatKHi,  consists  entirely  in  the  development  of  the  consequences 
which  result  directly  or  mdirectly  from  the  enunciation,  or  from 
the  manner  in  which  that  which  is  enunciated  connects  the  num- 
bers given  with  the  numbers  required,  that  is  to  say,  from  the 
relations  which  it  establishes  between  these  numbers.  If  these 
relations  are  not  complicated,  we  can  for  the  most  part  find  by 
simple  reasoning  the  value  of  the  unknown  numbers.  In  order 
to  this  it  is  necessary  to  analyze  the  condition^,  which  are  in- 
volved in  the  relations  enunciated^  by  reducing  them  to  a  course 
of  equivalent  expressions,  of  which  the  last  ought  to  be  one  of 
the  following ;  the  unknown  quantity  equal  to  the  sum  or  the  differ^ 
ence^  or  the  product^  or  the  quotient^  of  such  and  iuch  magnitudes. 
This  will  be  rendered  plainer  by  an  example. 

To  divide  a  given  number  ^nto  two  suchparts^  that  (he  first  shaU 
exceed  the  second  by  a  given  difference. 

In  order  to  this  we  would  observe  1,  that, 

7%e  greater  part  is  equal  to  the  less  added  to  the  given  excess,  and 
that  by  consequence,  if  the  less  be  known,  by  adding  to  it  this 
excess  we  have  the  greater;  2,  that, 
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The  greater  added  to  the  less  forms  the  number  to  be  divided* 

Substituting  in  this  last  proposition,  instead  of  the  words,  the 
greater  part^  the  equivalent  expression  given  above,  namely,  the 
less  part  added  to  the  given  excess,  we  find  that 

7?ie  less  part,  added  to  the  given  excess,  added  moreover  to  the 
less  part,  forms  the  number  to  be  divided. 

But  the  language  maybe  abridged,  thus, 

Twice  the  less  part,  added  to  the  given  excess,  forms  the  number  t^ 
he  divided  ; 
whence  we  infer,  that. 

Twice  the  less  part  is  equal  to  the  number  to  be  divided  diminished 
by  the  given  excess  ; 
and  that, 

Once  (lie  less  part  is  equal  to  half  the  difference  between  the  num- 
ber to  he  divided  and  the  given  excess. 

Or,  which  is  the  same  thing, 

The  less  part  is  equal  to  half  the  number  to  he  divided,  diminished 
by  half  the  given  excess. 

The  proposed  question  then  is  resolved,  since  to  obtain  the 
parts  sought  it  is  sufficient  to  perform  operations  purely  arith- 
metical upon  the  given  numbers. 

If,  for  example,  the  number  to  be  divided  were  9,  and  the 
excess  of  the  greater  above  the  less  5,  the  less  part  would  be, 
according  to  the  above  rule,  equal  to  |  less  f,  or  |,  or  2;  and 
the  greater,  being  composed  of  the  less  plus  the  excess  5,  would 
be  equal  to  7. 

2.  The  reasoning,  which  is  so  simple  in  the  above  problem, 
but  which  becomes  very  complicated  in  others,  consists  in  gen- 
er.il  of  a  certain  number  of  expressions,  such  as  added  to,  dimin- 
ifhed  by,  li  equal  to,  &c.  often  repeated.  These  expressions 
rcljite  to  the  operations  by  which  the  magnitudes,  that  enter  into 
the  enunciation  of  the  question,  are  connected  among  themselves, 
and  it  is  evident,  that  the  expressions  might  be  abridged  by 
representing  each  of  them  by  a  sign.  This  is  done  in  the  fol- 
lowing manner. 

To  denote  addition  we  use  the  sign  +,  which  signifies /i/ti^. 

For  subtraction  we  use  sign  — ,  which  signifies  minus. 

For  multiplication  we  use  the  sign  X,  which  signifies  multi^^ 
plied  by. 

To  denote  that  two  quantities  are  to  be  divided  one  by  the 
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dtbcr,  we  place  the  second  under  the  first  with  a  straight  line 
between  them  ;  |  signifies  5  divided  by  4. 

Lastly,  to  indicate  that  two  quantities  are  equal,  we  place 
between  them  the  sign  =  which  signifies  equaL 

These  abbreviations,  although  very  conshderable,  are  still  not 
sufficient,  for  we  are  obliged  often  to  repeat  the  number  to  be 
dhideif  the  number  given^  the  less  part^  the  number  sought,  &c.  by 
which  the  process  is  very  much  retarded. 

With  respect  to  given  quantities,  the  expedient  which  first 
oSers  itself  is,  to  take  for  representing  them  determinate  num- 
bers, as  in  arithmetic,  but  this  not  being  possible  with  respect  to 
the  unknown  quantities,  the  practice  has  been  to  substitute  in 
their  stead  a  conventional  sign,  which  varies  as  occasion  re- 
quires. We  have  agreed  to  employ  the  letters  of  the  alphabet, 
generally  using  the  last ;  as  in  arithmetic  we  put  x  for  the  fourth 
term  of  a  proportion,  of  which  only  the  three  first  are  known. 
It  is  from  the  use  of  these  several  signs  that  we  derive  the 
.science  of  Algtbrtu 

I  now  proceed  by  means  of  them  to  consider  the  question 
stated  above  (1).  I  shall  represent  the  unknown  quantity,  or 
-the  less  number,  by  the  letter  a?,  for  example,  the  number  to  be 
4livided  and  the  given  excess  by  the  two  numbers  9  and  5 ;  the 
greater  number,  which  is  sought,  will  be  expressed  by  a?  +  5, 
and  the  sum  of  the  greater  and  less  by  a:  +  5  -|-  a? ;  we  have 
ihen 

X  +  b  +iF=:  9; 
but  by  writing  ^x  for  twice  the  quantity  x  there  will  result 

2  0?  +  5  =  9. 

This  expression  shows  that  5  must  be  added  to  the  number 
^x  to  make  9,  whence  we  conclude  that 

5a?  =  9  —  6, 
or  that  3a?  =4, 

and  that  lastly  a?  =  |  =  2. 

By  comparing  bow  the  import  of  these  abridged  expressions, 
which  I  have  just  given  by  means  of  the  usual  signs,  with  the 
process  of  simple  reasoning,  by  which  we  are  led  to  the  solution, 
we  shall  sec  that  the  one  is  only  a  translation  of  the  other. 

The  number  2,  the  result  of  the  preceding  operations,  will 
answer  only  for  the  particular  example  whk:h  is  selected,  while 
ihe  course  of  reasoning  considered  by  itself,  by  teaching  us,  that 
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ike  less  part  is  equal  to  half  the  number  to  be  divided,  minus  half 
the  given  excess,  renders  it  evident,  that  the  unknown  number  is 
composed  of  the  numbers  given,  and  furnishes  a  rule  by  the  aid 
of  which  we  can  resolve  all  the  particular  cases  comprehended 
in  the  question. 

The  superiority  of  this  method  consists  in  its  having  reference 
to  Qo  one  number  in  particular;  the  numbers  given  are  used 
throughout  without  any  change  in  the  language  by  which  they 
are  expressed ;  whereas,  by  considering  the  numbers  as  deter- 
minate, we  perform  upon  them,  as  we  proceed,  all  the  operations 
which  are  represented,  and  when  we  have  come  to  the  result 
there  is  nothing  to  show,  how  the  number  2,  to  which  we  may 
arrive  by  any  number  of  different  operations,  has  been  formed 
from  the  given  numbers  9  and  5. 

3.  These  inconveniences  are  avoided  by  using  characters  to 
represent  the  number  to  be  divided  and  the  given  excess,  that 
are  independent  of  every  particular  value,  and  with  which  we 
can  therefore  perform  any  calculation.  The  letters  of  the  alpha- 
bet are  well  adapted  to  this  purpose,  and  the  proposed  question 
by  means  of  them  may  be  enunciated  thus. 

To  divide  a  given  number  represented  by  a  into  two  such  parti 
that  the  greater  shall  have  with  respect  to  the  less  a  given  excess 
represented  by  b. 

Denoting  always  the  less  by  x ; 

The  greater  will  be  expressed  by  a?  +  6 ; 

Their  sum,  or  the  number  (o  be  divided,  will  be  equal  to 
a?+a?+6,  or2a?4-6; 

The  first  condition  of  the  question  then  will  give 
2a:  4- 6  =  a. 

Now  it  is  manifest  that,  if  it  is  necessary  to  add  to  double  of 
X,  or  to  2  X,  the  quantity  b  in  order  to  make  the  quantity  a,  it 
will  follow  from  this,  that  it  is  necessary  to  diminish  a  by  6  to 
obtain  2  x,  and  that  consequently  2  a?  =  a  •—  6. 

We  conclude  then  that  half  of  2  a?  or  a?  = . 

2      2 

This  last  result,  being  translated  into  ordinary  language,  by 

substituting  the  words  and  phrases  denoted  by  the  letters  and 

signs  which  it  contains,  gives  the  rule  found  before,  according  to 

wUch,  in  order  to  obtain  the  less  of  two  parts  sought  we  subtract 
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from  half  of  the  number  to  be  dividedj  or  from  -  half  of  the  ghen 

b 
excessj  or  -• 

Knowing  the  less  part  we  have  the  greater  by  adding  to  the 
less  the  given  excess.  This  remark  is  sufficient  for  effecting  the 
solution  of  the  question  proposed;  but  Algebra  does  more;  it 
furnishes  a  rule  for  calculating  the  greater  part  without  the  aid 
of  the  less  as  follows; 

^  —  -  being  the  value  of  this,  augmenting  it  by  the  excess  hj 

we  have  for  the  greater  part  -  —  «  +  ^-    Now  -  —  -  -fb  shows 

ibat  after  having  subtracted  from  -  the  half  of  6,  it  is  necessary 
to  add  to  the  remainder  the  whole  of  6,  or  two  halves  of  6, 
which  reduces  itself  to  augmenting  -  by  the  half  of  6,  or  by  -• 

U  is  evident  then  that  -  —  ^  +  6  becomes  r  +  r ;  and  by  trans- 

lating  this  expression  we  learn,  that  of  the  two  parts  sought  the 
greater  is  equal  to  half  of  the  number  to  he  divided  plus  half  of  the 
ghen  excess* 

Id  the  particular  question  which  I  first  considered,  the  num- 
ber to  be  divided  was  9,  the  excess  of  one  part  above  the  other 
5 ;  in  order  to  resolve  it  by  the  rules  to  which  we  have  just 
arrived,  it  will  be  necessary  to  perform  upon  the  numbers  9  and 
5,  the  operations  indicated  upon  a  and  6. 

The  half  of  9  being  |  and  that  of  5  being  f ,  we  have  for  the 
less  part 

t-f  =  *  =  2, 
and  for  the  greater 

*  +  f=V  =  7. 

4.  I  have  denoted  in  the  above  the  less  of  the  two  parts  by  a?, 
and  1  have  deduced  from  it  the  greater.  If  it  were  required  to 
find  directly  thb  last,  it  should  be  observed,  that  representing  it 
by  X,  the  other  will  be  a?  —  6,  since  we  pass  from  the  greater  to 
the  less  by  subtracting  the  excess  of  the  first  above  the  second  ; 
the  number  to  be  divided  will  then  be  expressed  by  cr-f-  ^  —  6, 
or  by  2  a?  —  ft,  and  we  have  consequently  2  a?  —  b  =  a. 

This  result  makes  it  evident  that  2  x  exceeds  the  quantity  m 
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by  the  quantity  6,  and  that  consequently  2a?=zo  +  6.  By 
taking  the  half  of  2  a?  and  of  the  quantity  which  is  equal  to  it, 
wc  obtain  for  the  value  of  x 

""  ~  2  +  2' 
which  gives  the  same  rule  as  the  above  for  determining  the 
greater  of  the  two  parts  sought.     I  will  not  stop  to  deduce  from 
it  the  expression  for  the  smaller. 

The  same  relation  between  the  numbers  given  and  the  num- 
bers required  may  be  enunciated  in  many  different  ways.  1  hat 
which  has  led  to  the  preceding  result  is  deduced  also  from  the 
following  enunciation : 

Krunoing  the  sum  a  of  two  numbers  and  Oieir  difference  b,  to  find 
each  of  those  numbers ;  since,  in  other  words,  the  number  to  be 
divided  is  the  sum  of  the  two  numbers  sought,  and  their  differ- 
ence is  the  excess  of  the  greater  above  the  less.  The  change  in 
the  terms  of  the  enunciation  being  applied  to  the  rules  found 
above,  we  have 

The  less  of  two  numbers  sought  is  equal  to  half  of  the  sum  niinui 
half  of  the  difference* 

The  greater  is  equal  to  half  of  the  sum  plus  half  of  the  difference. 

5.  The  following  question  is  similar  to  the  preceding,  but  a 
little  more  complicated. 

To  divide  a  given  number  into  three  such  parts,  that  the  excess  of 
the  mean  above  the  least  may  be  a  given  number,  and  the  excess  q/J 
the  greatest  above  the  mean  may  be  another  given  number. 

For  the  sake  of  distinctness  I  will  first  give  determinate  values . 
to  the  known  numbers. 

I  will  suppose  that  the  number  to  be  divided  is  230 ; 
that  the  excess  of  the  middle  part  above  the  least  is  40 ;  and 
that  of  the  greatest  above  the  middle  one  is  60. 

Denoting  the  least  part  by  cr, 
the  middle  one  will  be  the  least  plus  40,  or  a?  +  40,  and  the 
greatest  will  be  the  middle  one  plus  60,  or  a?  +  40  +  60. 

Now  the  three  parts  taken  together  must  make  the  number  to 
be  divided ;  whence, 

x  +  x  +  40  +  x  +  40  +  60z:z  230. 

If  the  given  numbers  be  united  in  one  expression  and  the  un- 
known ones  in  another,  x  is  found  three  times  in  the  result,  and 
for  the  sake  of  conciseness  we  write 

3  a? -h  140=  230. 
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But  ft'ince  it  is  necessary  to  add  140  to  triple  of  x  to  make  330, 
it  follows,  that  by  taking  140  from  230  we  have  exactly  the 
triple  of  0?,  or 

3a?  =  230—  140, 
or  3  a?  =  90, 

whence  it  follows  that 

0?  =  V  =  -0- 

By  adding  to  30  the  excess  40  of  the  middle  part  above  the 
least,  we  have  70  for  the  middle  part. 

By  adding  to  70  the  excess  60  of  the  greatest  above  the  mid- 
dle part,  we  have  1 30  for  the  greatest. 

6.  If  the  known  numbers  were  different  from  those  which  I 
have  used  in  the  enunciation,  we  should  still  resolve  the  question 
by  following  the  course  pursued  in  the  preceding  article,  but  we 
should  be  obliged  to  repeat  all  the  reasonings  and  all  the  opera- 
tions, by  which  we  have  arrived  at  the  number  30,  because  there 
is  nothing  to  show  how  this  number  is  composed  of  230,  40, 
and  60.  To  render  the  solution  independent  of  the  particular 
values  of  numbers,  and  to  show  how  the  value  of  the  unknown 
quantity  is  fixed  by  means  of  the  known  quantities,  I  will  enun- 
ciate the  problem  thus ; 

To  divide  a  given  number  a  into  three  such  parts,  that  the  excess 
of  the  middle  one  above  the  l^t  shall  be  a  given  number  b,  and  the 
excess  of  the  greater  above  the  middle  one  shall  be  a  given  number  c. 

Designating  as  above  by  x  the  unknown  quantity  and  making 
use  of  the  common  signs  and  the  symbols  a,  6,  c,  which  repre- 
sent the  known  quantities  in  the  question,  the  reasoning  already 
given  will  be  repeated. 

The  least  part  =  a?, 
the  middle  part    =  a;  +  6, 
the  greatest  =  a:  -|-  6  +  c. 

and  the  sum  of  these  three  makes  the  number  to  be  divided ; 
hence, 

x-(-a?  +  6  +  x  +  t-j-c=a. 

This  expression,  which  is  so  simple,  may  be  still  further 
abridged ;  for  since  it  appears  that  x  enters  three  times  into  the 
number  to  be  divided  and  b  twice,  instead  of  at  -f  a;  +  or,  I  shall 
write  3  x,  and  instead  of  -|-  6  -|-  6, 1  shall  write  +  2  6,  and  it  will 
become 

3a:  +  26-fc  =  a. 
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From  this  last  expression  it  is  evident,  that  it  is  necessary  to 
add  to  triple  the  number  represented  by  x,  double  the  number 
represented  by  b,  and  also  the  number  c,  in  order  to  make  the 
number  a ;  it  follows  then,  that  if  from  the  number  a  we  take 
double  the  number  6  and  also  the  number  c,  we  shall  have  ex- 
actly the  triple  of  x,  or  that 

3x  =  a —  26  —  c. 
Now  «  being  one  third  of  three  times  a;,  we  thence  conclude 
that 

a— 26  — « 

*= — i — ^ 

It  should  be  carefully  observed,  that  having  assigned  no  par- 
ticular value  to  the  numbers  represented  by  a,  6,  c,  the  result  to 
which  we  have  come  is  equally  indeterminate  as  to  the  value  of 
X ;  it  shews  merely  what  operations  it  is  necessary  to  perform 
upon  these  numbers,  when  a  value  is  assigned  to  them,  in  order 
thence  to  deduce  the  value  of  the  unknown  quantity. 

In  short,  the  expression  ,  to  which  x  is  equal,  may 

%} 

be  reduced  to  common  language  by  writing,  instead  of  the  let- 
ters, the  numbers  which  they  represent,  and  instead  of  the  signs, 
the  kind  of  operation  which  they  indicate;  it  will  then  become, 
as  follows ; 

From  the  number  to  be  divided^  subtract  double  the  excess  of  the 
middle  part  above  the  least^  and  also  the  excess  of  the  greatest  above 
the  middle  part^  and  take  a  third  of  the  remainder. 

If  we  apply  this  rule,  we  shall  determine,  by  the  simple  oper- 
ations of  arithmetic,  the  least  part.  The  number  to  be  divided 
being  for  example  230,  one  excess  40,  and  the  other  60,  if  we 
subtract  as  in  the  preceding  article  twice  40,  or  80,  and  CO  from 
230,  there  will  remain  90,  of  which  the  third  part  is  30,  as  we 
have  found  already. 

If  the  number  to  be  divided  were  520,  one  excess  50,  and  the 
other  120,  we  should  subtract  twice  50,  or  100,  and  120  from 
520,  and  there  would  remain  300,  a  third  of  which  or  100  would 
be  the  smallest  part.  The  others  are  found  by  adding  50  to  100, 
which  makes  150,  and  120  more  to  this,  which  makes  270,  so 
I  hat  the  parts  sought  would  be 

%  100,  150,  270, 

and  their  sum  would  be  520,  as  the  question  requires. 
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It  is  because  the  results  in  algebra  are  for  the  most  part  only 
an  indic^atioo  of  the  operations  to  be  performed  upon  numbers 
in  order  to  find  others,  that  they  are  called  in  general  formulas. 

This  question,  although  more  complicated  than  that  of  article 
1,  may  still  be  resolved  by  ordinary  language,  as  may  be  seen 
in  the  following  table,  where  against  each  step  is  placed  a  trans* 
lation  of  it  into  algebraic  characters. 


FROBLEir. 


To  divide  a  number  into  three  such  parts,  that  the  excess  of 
the  middle  one  above  the  least  shatt  be  a  given  number,  and  the 
excess  oi  the  greatest  above  the  middle  one  shall  be  another 
given  number. 


SOLUTION* 


By  comimoH  Untguttga. 


1*he  middle  part  will  be  the ' 
least,  plus  the  excess  of  the 
mean  above  the  least.  ; 

The  greatest  part  will  be  the'' 
midd^  one,  plus  the  excess  of 
the  greatest  above  the  middle 
one.  The  three  parts  will  to- 
gether form  the  number  pro- 
posed. 

Whence  the  least  part,  plus"" 
the  least  part,  plus  the  excess 
df  the  middle  one  above  the 
least,  plus  also  the  least  part, 
pltid  the  excess  of  the  middle 
one  above  the  least,  plus  the 
excess  of  the  greatest  above 
the  middle  one,  will  be  equal 
to  the  number  to  be  divided. 
Alg.  •  2 


By  algebraic  characters. 

Let  the  number  to  be  divid- 
ed be  denoted  by 
the  excess  of  the  middle  paift 
above  the  least  by 
the  excess  of  the  greatest 
above  the  middlfe  one  by 
The  least  part  being 


The  middle  part  will  be  x  -f  5. 


>'The  greatest  will  hex  +  h  +  c. 


Whence 
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ysx  +  ^b  +  czzza. 


>3x  =  o  —  26  —  c. 


Whence  three  times  the  least^ 
part,  plus  twice  the  excess  of 
the  middle  part  above  the 
least,  plus  also  the  excess  of 
the  greatest  above  the  middle 
one,  will  be  equal  to  the  num- 
ber to  be  divided. 

Whence  three  times  the  least^ 
part  will  be  equal  to  the  num- 
ber to  be  divided,  minus  twice 
the  excess  of  the  middle  part 
above  the  least,  and  minus 
also  the  excess  of  the  greatest 
above  the  middle  one. 

Whence  in  fine,  the  least  part'' 

will   be   equal   to  a  third   of 

what  remains  after  deducting 

from  the  number  to  be  divid-  I      __ a  —  26  —  c 

ed  twice  the  excess  of  the  mid-  r  ^  "" 

die  part  above  the  least,  and 

also  the  excess  of  the  greatest 

above  the  middle  one. 

7.  The  signs  mentioned  in  article  2  arc  not  the  only  ones 
used  in  algebra.  New  considerations  will  give  rise  to  others^ 
as  we  proceed.  It  must  have  been  observed  in  article  2,  that 
the  multiplication  of  a?  by  2,  and  in  articles  5  and  6  that  of  a?  bjr 
3  and  that  of  b  by  2,  is  denoted  by  merely  writing  the  figureg 
before  the  letters  x  and  b  without  any  sign  between  them,  and  I 
shall  express  it  in  this  manner  hereafter;  so  that  a  number 
placed  before  a  letter  is  to  be  considered  as  multiplied  by  the 
number  represented  by  that  letter,  5x,  5cr,  &c.  signify  five  times 

a?,  five  times  a,  &c.  f  a;  or  — ,  &c.  signifies  |  of  a?  or  three  timeg 

0?  divided  by  4,  &c. 

In  general,  multiplication  will  be  denoted  by  writing  the  fac- 
tors in  order  one  after  the  other  without  any  sign  between  them, 
whenever  it  can  be  done  without  confusion. 

Thus  the  expressions  a x^  fee,  &c.  are  equivalent  to  a  X  a?, 
6  X  c,  &c.,  but  we  cannot  omit  the  sign  when  numbers  are  con- 
cerned, for  then  3X6,  the  value  of  which  is  15,  becomes  35.  In 
this  case  we  often  substitute  a  point  in  the  place  of  the  usual 
sign,  thus,  3.5. 
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B.  If  the  solution  of  the  problems  in  articles  3  and  6  be  exam- 
ined with  attention,  it  will  be  found  to  consist  of  two  parts  entirely 
distinct  from  each  other.  In  the  first  place,  we  express  by 
means  of  algebraic  characters  the  relations  established  by  the 
nature  of  the  question  between  the  known  and  unknown  quan- 
tities, from  which  we  infer  the  equality  of  two  quantities  among 
themselves ;  for  instance,  in  article  3  the  quantities  2  x  -4-  6  and  a, 
and  in  article  6  the  quantities  3  a;  -f-  ^  ^  +  ^  ^"^  ^* 

We  afterwards  deduce  from  this  eq»iality  a  series  of  const- 
quences,  which  terminate  in  showing  the  unknown  quantity  x  to 
be  equal  to  a  number  of  known  quantities  connected  together  by 
operations,  that  are  familiar  to  us  ;  this  is  the  second  part  of  the 
solution. 

These  two  parts  are  found  in  almost  every  problem  which  be- 
longs to  algebra.  It  is  not  easy,  however,  at  present  to  give  a 
rule  adapted  to  the  firat  part,  which  has  for  its  object  to  reduce 
the  conditions  of  the  question  to  algebraic  expressions.  To  be 
able  to  do  this  well,  it  is  necessary  to  become  familiar  with  the 
characters  used  in  algebra,  and  to  acquire  a  habit  of  analyzing 
a  problem  in  all  its  circumstances,  whether  expressed  or  implied. 
But  when  we  have  once  formed  the  two  numbers,  which  the  ques- 
tion supposes  equal,  there  are  regular  steps  for  deducing  from 
this  expression  the  value  of  the  unknown  quantity,  which  is  the 
object  of  the  second  part  of  the  solution.  Before  treating  of 
these  I  shall  explain  the  use  of  some  terms  which  occur  in 
algebra. 

An  eipiaiion  is  an  expression  of  the  equality  of  two  quantities. 

The  quantities  which  are  on  one  side  of  the  sign  =  taken 
together  are  called  a  member;  an  equation  has  two  members. 

That  which  is  on  the  left  is  called  the  first  member,  and  the 
other  the  second. 

In  the  equation  2  a;  -f-  6  =  a,  2  dc  +  ^  is  the  first  member,  and 
a  is  the  second  meniber. 

The  quantities,  which  compose  a  member,  when  they  are 
separated  by  the  sign  -f-  or  — ,  are  called  terms. 

Thus,  the  first  member  of  the  equation  2  a?  -f*  6  =  a  contains 
two  terms,  namely,  2«  and  +  b. 
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The  equation  f  x  -}-  7  =  8  x  —  12  has  two  terms  in  each  of 
its  members,  namely, 

f  X  aiid  4-  7  in  the  first, 
8  ff  —  12  in  the  second. 

Although  I  have  taken  at  random,  and  to  serve  for  an  exam« 
pie  merelj,  the  equation  |  a?  -f-  7  =  8  a?  —  12,  it  is  to  be  consid- 
ered, as  also  every  other  of  which  I  shall  speak  hereafter,  a^ 
derived  from  a  problem,  of  which  we  can  always  find  the  enun- 
ciation by  translating  the  proposed  equation  into  common  lan- 
guage.   This  under  consideration  becomes, 

To  find  a  nximbtr  x  such^  thai  by  adding  *7  to  ^x^  the  sum  shall 
|e  equal  to  8  times  x  minus  12. 

Also  the  equation  ax  -{-  be  —  ex  =z  ac  —  6 a;,  in  which  th^ 
letters  a,  6,  c,  are  considered  as  representing  known  quantities, 
answers  to  the  following  queslioo ; 

To  find  a  number  x  ftic/i,  that  multiplying  it  by  a  given  number  a, 
and  adding  the  product  of  two  given  numbers  h  and  c,  and  subtract' 
ingfrom  this  sum  the  product  of  a  given  number  c  by  the  nunAer  x* 
we  shall  have  a  result  equal  to  the  product  of  the  numbers  a  and  c, 
diminished  by  that  of  the  numbers  b  and  x. 

It  is  by  exercising  one's  self  frequently  in  translating  questions 
from  ordinary  language  into  that  of  algebra,  and  from  algebra 
into  ordinary  language,  that  one  becomes  acquainted  with  this 
science,  the  difficulty  of  which  consists  almost  entirely  in  the 
perfect  understanding  of  the  signs  and  the  manner  of  using  them. 

To  deduce  from  an  equation  the  value  of  the  unknown  quan- 
tity, or  to  obtain  this  unknown  quantity  by  itself  in  one  member 
and  all  the  known  qiiantities  in  the  other,  is  called  resolving  the 
equation. 

As  tb^  different  questions,  which  are  solved  by  algebra,  lead 
to  equations  mor<i  pr  less  comppunded,  it  is  usual  to  divide  them 
into  several  kinds  of  d^rees.  I  shall  begin  with  equations  of  iV« 
first  degree.  Under  this  denomination  are  included  those  equa- 
tions in  which  the  unknown  quantities  are  neither  multiplied  by 
theipselves  nor  into  each  other. 

Of  the  resolutiwi  of  Equations  of  the  First  Degree^  having  buf  one 
unhwwn  quantity. 

9.  We  have  already  seen  that  to  resolve  an  equation  is  to 
arrive  at  an  expression,  in  whi^b  t^e  viokpQWQ  quantity  ^ne  in 
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one  member  is  equal  to  known  quantities  combined  together  bj 
operations  which  are  easily  performed.  It  follows  then,  that  in 
prder  to  bring  an  equation  to  this  state,  it  is  necessary  to  free 
the  unknown  quantity  from  known  quantities  with  which  it  is 
connected*  Now  the  unknown  quantity  may  be  united  to  known 
quantities  in  three  ways ; 

1.  By  addition  and  subtraction,  as  in  the  equations, 
a  +  5  =  9  —  OP, 

a  -}-  *  =  t  —  ^» 
3*   By  addition,  subtraction,  and  multiplication,  as  in   the 
equations, 

7x  — 5=12  +  4x, 
ax  —  b  =z  ex  -\-  dm 
3.  Lastly,  by  addition,  subtraction,  multiplication,  and  divis- 
ion, as  in  the  equations, 

5  ^  12      ^    ' 

ax   ,  J       *»^    .  P 

6  '  n      *    q 

The  unknown  quantity  is  freed  from  additions  and  subtrac- 
tions, where  it  b  connected  with  known  quantities,  by  collecting 
together  into  one  member  all  the  terms  in  which  it  is  found;  and 
for  this  purpose  it  is  necessary  to  know  how  to  transpose  a  term 
from  one  member  to  the  other. 

10.  For  example,  in  the  equation 

7x— 6=12  +  4x, 
it  is  necessary  to  transpose  4  x  from  the  second  member  to  the 
first,  and  the  term  —  5  from  the  first  member  to  the  second. 
In  order  to  this,  it  is  obvious,  that  by  cancelling  +  4  x  in  the 
second  member,  we  diminish  it  by  the  quantity  4  x,  and  we  must 
make  the  same  subtraction  from  the  first  member,  to  preserve 
the  equality  of  the  two  members ;  we  write  then  —  4  x  in  the 
first  member,  which  becomes  7  x  —  5  —  4  x  and  we  have 
7x  —  5  —  4x=12. 

To  cancel  —  5  in  the  first  member,  U  to  omit  the  subtraction 
of  5  units,  or  in  other  words,  to  augment  this  member  by  5  units ; 
to  preserve  the  equality  then  we  must  increase  the  second  mem- 
ber by  5  units,  or  write  -|-  5  in  this  member,  which  will  make 
it  12  +  5  ;  we  have  then 

7«  — 4x=  12  +  5. 
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By  performing  the  operations  indicated  there  will  result  th^ 
equation  3  a?  =  17. 

From  this  mode  of  reasoning,  which  may  be  applied  to  any 
example  whatever,  it  is  evident,  that  to  cancel  in  a  member  a 
term  affected  with  the  sign  -|-9  which  of  course  augments  this 
member,  it  is  necessary  to  subtract  the  term  from  the  other 
member,  or  to  write  it  with  the  sign  — ;  that  on  the  contrary 
when  the  term  to  be  effaced  has  the  sign  minus,  as  it  diminishes 
the  member  to  which  it  belongs,  it  is  necessary  to  augment  the 
other  member  by  the  same  term,  or  to  write  it  with  the  sign  + ; 
whence  we  obtain  this  general  rule ; 

To  transpose  any  term  whatever  of  an  equation  from  one  member 
to  the  other ^  it  is  necessary  to  efface  it  in  the  member  where  it  is 
founds  and  to  write  it  in  the  other  with  the  contrary  sign. 

To  put  this  rule  in  practice,  we  must  bear  in  mind  that  the 
first  term  of  each  member,  when  it  is  preceded  by  no  sign,  is 
supposed  to  have  the  sign  plus.  Thus,  in  transposing  the  term 
e a?  of  the  literal  equation  ax  —  b  =  ex  +  d  from  the  second 
member  to  the  first,  we  have 

ax  —  b  —  cx=.d', 
transposing  also  —  b  from  the  first  member  to  the  second,  it 
becomes 

ax  —  ca?  =  dH-fc. 

11.  By  means  of  this  rule,  we  can  unite  together  in  one  of  the 
members  all  the  terms  containing  the  unknown  quantity,  and  in 
the  other  all  the  known  quantities ;  and  under  this  form  the 
member,  in  which  the  unknown  quantity  is  found,  may  always 
be  decomposed  into  two  factors,  one  of  which  shall  contain  only 
known  quantities,  and  the  other  shall  be  the  unknown  quantity 
by  itself. 

This  process  suggests  itself  immediately,  whenever  the  pro- 
posed equation  is  numerical  and  contains  no  fractions,  because 
then  all  the  terms  involving  the  unknown  quantity  may  be  re- 
duced to  one.     If  we  have,  for  example, 

10a?  +  7a?  —  2a?=26  +  7, 
by  performing  the  operations  indicated  in  each  member,  we  shall 
have  in,  succession 

17  a?  —  2  a?  =32, 
1507  =  32; 
and  15xis  resolved  into  two  factors  15  andx;  we  have  then 
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the  unknown  factor  x  by  dividing  the  number  32,  which  is  equal 
to  the  product  15  x  by  the  given  factor  15,  thus, 

^   32 

X  —  Tj. 

This  resolution  is  effected  in  like  manner  in  the  literal  equa- 
tions of  the  form 

dcr  =  6c; 
because  the  term  a  x  signifies  the  product  of  a  by  cr ;  we  hence 
conclude,  that 

he 
a 

Let  there  be  the  equation 

ax  —  hx  -{-  ex  =  ac  —  5c, 
which   contains  three  terms  involving  the  unknown   quantity. 
Since  a  x,  6  x,  c  x,  fepresent  the  products  respectively  of  x  by  the 
quantities  a,  6,  and  c,  the  expression  ax  —  bx  -\-  ex  translated 
into  ordinary  language  is  rendered  as  follows, 

From  X  taken  firsts  so  many  times  as  there  are  units  in  a,  sub- 
iract  so  many  titnes  x  as  there  are  units  in  b,  and  add  to  the  result 
ike  same  quantity  x,  taken  so  many  times  as  there  are  units  in  c. 

It  follows  then  on  the  whole,  that  the  unknown  quantity  x  is 
taken  so  many  times  as  there  are  units  in  the  difference  of  the 
numbers  a  and  6,  augmented  by  the  number  c,  that  is  to  ^ay,  so 
many  times  as  is  denoted  by  the  number  a  —  6  +  c ;  the  two 
factors  of  the  first  member  are  therefore  a  —  6  +  c  and  x ;  we 

have  then 

ac  —  be 

X  — i  — I — • 

a  — 6  +  c 

From  this  reasoning  which  may  be  applied  to  everir  other 
example,  it  is  evident,  that  after  collecting  together  into  one  memr 
her  the  different  terms  containing  the  unknoton  quantity^  the  factor^ 
hy  which  the  unktiown  quantity  is  multiplied^  is  composed  of  all  those 
quantities  by  which  it  is  separately  multiplied,  arranged  with  their 
proper  signs,  and  the  unknown  quantity  is  found  by  dividing  all  the 
terms  of  the  known  member  by  the  factor  which  is  thus  obtained. 

According  to  this  rule, the  equation  ax  —  3x  =  5c  gives 

be 

X  = -. 

a — 3 

Also  the  equation  x  +  ax  =i  c  —  dis  reduced  to 

c  —  rf 
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fcr  it  is  oecessarj  to  observe  that  the  letter  a?,  taken  singly, 
must  be  regarded  as  multiplied  by  one.  It  is  besides  manifest, 
that  in  X  -\-  ax^  the  unknown  quantity  x  is  contained  once  more 
than  in  a  x^  and  is  consequently  multiplied  by  1  +  0* 

12.  It  is  evident  that  if  there  be  a  factor,  which  is  common  to 
all  the  terms  of  an  equation,  it  may  be  dropped  without  destroy- 
ing the  equality  of  the  two  expressions,  since  it  is  merely  divid- 
ing by  the  same  number  all  the  parts  of  the  two  quantities, 
which  are  by  supposition  equal  to  each  other. 

Let  there  be,  for  example,  the  equation 

eabx  —  9bcd=  126  da?  +  15  a  be. 
I  observe  in  the  first  place,  that  the  numbers  6, 9,  12  and  15  are 
divisible  by  3,  and  by  suppressing  this  factor,  I  merely  take  a 
third  part  of  all  the  quantities  which  compose  the  equation. 
I  have  after  this  reduction, 

2a6a?  —  Sbcd  =  4bdx  -{-  5abc. 
I  observe,  moreover,  that  the  letter  6,  combined  in  each  term  as 
a  multiplier,  is  a  factor  common  to  all  the  terms ;  by  cancelling 
it  the  equation  becomes 

2ax  —  3cd  =  4dx  +  5ac* 
Applying  the  rules  given  in  articles  10  and  11,  I  deduce  suc- 
cessively 

2a  X  —  4da?  =  5ac  +  3cd, 
5ac4-3cd 
*—    2a  — Ad 

13.  I  now  proceed  to  equations,  the  terms  of  which  have  divi- 
sors. These  may  be  solved  by  the  preceding  rules  whenever 
the  unknown  quantity  does  not  enter  into  the  denominators; 
but  it  is  often  more  simple  to  reduce  all  the  terms  to  the  same 
denominator  which  may  then  be  cancelled. 

Let  there  be,  for  example,  the  equation 

Arithmetic  furnishes  rules  for  reducing  fractions  to  the  same 
denominator,  and  for  converting  whole  numbers  into  fractions  of 
a  given  kind.  (Arilh.  79,  69.)  Let  all  the  terms  of  the  pro- 
posed equation  be  transformed  by  these  rules  into  fractions  of 
the  same  denominator,  beginning  with  the  fractions,  which  are 

2z    4x    5x 

y  y  y 
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I  canTCirt  them  by  the  first  of  the  rules  cited  into  the  fbllowing ; 

5X7X  2g      8X7X  4x      $X5X5x 

3X5X7'      3X5X7'      3X5X7* 

Since,  for  converting  the  whole  numbers  4  and  13  into  fractions, 

ikothing  more  is  necessary  than  to  multiply  them  by  the  common 

denominator  of  the  fractious,  namely,  3  X  5  X  7 ;  we  have 

3X5X7X4,         3X5X7X13. 

By  placing  all  these  terms  in  C^fd^r  in  the  {)rop6sed  equation, 

it  will  become 

5X7X2X        3X5X7X4 

3X5X7   ^      3X5X7 
_,  3X7X4g        3X5X7X1?  _  3  X5X  5g 
3X5X7"*"       3X5X7  SXI^XT' 

The  denominator  may  now  be  cancelled,  since  by  doing  it  we 
only  multiply  all  the  parts  of  the  equation  by  this  denominator, 
{Aritlu  54),  which  does  not  destroy  the  equality  of  the  members. 
It  will  become  then 

5X7X5* +  3X5X7X4 
=  3x7X4a?  +  3X5X7X  12— 3X5X5*. 
or  70*  +  420  =  84  a?  +  1260  —  75  a?, 

an  equation  without  a  denominator  from  which  we  deduce  the 
value  of  X  by  the  preceding  rules. 

It  is  evident  from  inspection,  as  ako  from  the  mere  applies- 
tion  of  the  arithmetical  rules  referred  to,  that  in'  the  above  oper- 
ation the  numerators  of  each  fractwnk  must  be  multiplied  by  the  pro- 
dad  ofiivt  denomifuitors  df  all  the  others^  the  whole  numbers  by  the 
frodud  of  ail  the  denominators  ;  then  no  account  need  be  taken  af 
Ae  common  denominators  of  Ae  fractions  thus  obtained. 

The  equation  70  a?  +  420  =  84  j?  +  1260  —  75.a?,  becomes 
silocessively 

70  a?  +  75a?—  84a?  =  1260  —  420, 
61a?  =  840, 

The  same  process  is  applicable  to  literal  equations,  it  being 
observed,  that  it  is  necessary  only  to  indicate  the  multiplications, 
which  are  actually  performed  when  numbers  are  concerned. 

Let  there  be,  for  example,  the  equation 
ax  dx    ,    fff 

we  deduce  from  it 

efcx  ax  —  behx  c  =  bh  X  dx  +  be  Xfg, 
Mg.  3 
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a  result  which  may  be  more  simply  expressed  by  placbg  the- 
factors  of  each  product  one  after  the  other  without  any  sign  be- 
tween them,  according  to  the  method  given  in  article  7 ;  ,and  by 
arranging  the  letters  in  alphabetical  order,  they  are  more  easily 
read,  it  then  becomes 

aehx  —  6cefc  =  bdhx  +  fr«/g» 
from  which  is  deduced 

aehx  —  bdhx  =^  ^^fg  +  bcehj 

and  ,=  Hf|.+4£4*. 

aeh  —  bah 

14.  Although  no  general  and  exact  rule  can  be  given  for 
forming  the  equation  of  any  question  whatever ;  there  is  not- 
withstanding, a  precept  of  extensive  use,  which  cannot  fail  to 
lead  to  the  proposed  object.     It  is  this, 

To  indicate  by  the  aid  of  algebraic  signs  vpon  the  known  quanti' 
tits  represented  either  by  numbers  or  letters,  and  upon  the  unknown 
quantities  r^esented  always  by  letters,  the  same  reasonings  and 
the  same  (^erations,  lohich  it  would  have  been  necessary  to  perform 
in  order  to  verify  the  values  of  the  unknown  qtutntities,  had  they 
bten  knoTon. 

In  makmg  use  of  this  precept,  it  is  necessary,  in  the  first 
place,  to  determine  with  care  what  are  the  operations  which  are 
contained  in  the  enunciation  of  the  question,  either  directly  or 
by  implication  ;  but  this  is  the  very  thing  which  constitutes  the 
diflBculty  of  putting  a  question  into  an  equation* 

The  following  examplcis  are  intended  to  illustrate  the  above 
precept.  I  have  taken  the  two  first  from  among  the  questions 
which  are  solved  by  arithmetic,  in  order  to  show  the  advantage 
of  the  algebraic  method. 

1.  Let  there  be  two  fountains,  the  first  of  which  running  for  %\K 
fills  a  certain  vessel,  and  the  second  fills  the  same  vessel  by  running 
5|ft.  what  time  vjill  be  employed  by  both  the  fountains  running 
tt^ether  infilling  the  vessel f 

If  the  time  were  given  we  should  verify  it  by  calculating  the 
quantities  of  water  discharged  by  each  fountain,  and  adding 
them  together  we  should  be  certain,  that  they  would  be  equal  to 
the  whole  content  of  the  vessel. 

To  form  the  equation  we  denote  the  unknown  time  by  x,  and 
we  indicate  upon  x  the  operations  implied  by  the  question ;  but 
in  order  to  render  the  solution  independent  of  the  giveo  num* 
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bers,  and  at  the  same  time  to  abridge  the  expression  where  frac- 
tions are  concerned,  we  will  represent  them  also  by  letters,  a 
being  written  instead  of  2|h.  and  6  Instead  of  3|h. 

This  being  supposed,  by  putting  the  capacity  of  the  vessel 
equal  to  unity,  it  is  evident,  that, 

The  first  fountain,  which  will  fill  it  in  a  number  of  hours  de- 
noted by  a,  will  discharge  into  it  in  one  hour  a  quantity  of 

water  expressed  by  the  fraction  -,  and  th^t  consequently,  in  a 

number  x  of  hours  it  will  furnish  the  quantity  x  X  -9  or  -. 

{JlriA.  53). 

The  second  fountain,  which  will  fill  the  same  vessel  in  a  num- 
ber of  hours  described  by  6,  will  discharge  into  it  in  one  hour  a 

quantity  of  water  expressed  by  the  fraction  -r^  and  consequent- 
ly in  a  number  x  of  hours,  it  will  furnish  the  quantity  ^  X  ti 

The  whole  quantity  of  water  then  furnished  by  the  two  foun- 
tains, will  be 

and  this  quantity  must  be  equal  to  the  content  of  the  vessel, 
which  was  considered  as  unity ;  we  have  then  the  equation 

X  X 

This  equation  reduced  by  the  foregoing  rules,  become3 
hx  -{-  ax  =:  abj 

ah 

X  := . 

The  last  formula  gives  this  simple  rule  for  resolving  every 
case  of  the  proposed  question. 

Dinide  the  product  of  the  numbers,  which  denote  the  times  emploj/" 
ed  by  each  fountain  infilling  the  vessel^  by  the  sum  of  these  numbers  ; 
the  quotient  expresses  the  time  required  by  both  the  fountains  run09 
ning  t^ether  to  fill  the  vessel. 

Applying  this  rule  to  the  particular  case  under  consideration, 
we  have 

24  X  Si  =  i  X  y  ^  V, 

2i  +  3|  =  1+  y  =  V  +  V  -  V^ 


whoace  a?  =  }t  =  |. 

2.  Ltt^he^  numbff  <o  ie  (b^ii^  into  (&ree/)0r(«,  A<|vtfigatnoiv 
themselves  the  s<nme  ration  as  the  gtnen  mimbers  m,  p,  and  p. 

It  is  eyid^t  that  th^  yerificaUQo  of  th^  qu(e6iipn  would  be  as 
follows ; 
defiotjpg  th<^  1st  pciit  by  «i  ^fe  have 

m  :  n  : :  X  :  the  3d  part  =  ?^,  {Arith.  116.) 

m  :  p  : :  0? :  the  3d  part  =  ^ ; 

tbe  three  parts  added  together  must  make  the  number  to  be 
divided.    We  have  then  the  equation 

mm 

3j  redupiqg^II  the  term^  to  the  denominator  m,  it  becpmes 

moc  •{■  nx  +  px  =z  am; 

and  w«  deduce  from  this 

am 
X  = • 

This  »9vU  19  nothiQg  more  nor  less  than  aa  algebraic  expres- 
sion of  the  rule  of  Fellowship^  (Arith.  124);  for  by  regarding 
tbe  numbers  m,  n,/i,  as  denoting  the  stocks  of  several  persons 
trading  in  company,  m  +  n  +  p  is  the  whole  stock,  a  the  gain 
to  be  divided,  and  the  equation 

ma 

X  zr ■ 

«  +  »+P 
shows  that  a  share  is  obtained  by  multipfying  the  corresponding 
stock  into  the  whole  gain,  and  dividing  the  product  by  the  sum  of  the 
stocks ;  which  reduced  to  a  proportion,  becomes 
the  whole  stock  :  a  particular  stock 
:  :  the  whole  gain  :  to  the  particidar  gain. 
15.   To  form  an  equation  from  the  following  question,  re- 
quires an  attention  to  some  things,  which  have  not  yet  been  con- 
sidered. 

A  fisherman^  to  encourage  his  son,  promises  him  5  cents  for  each 
throw  of  the  net  in  which  he  shall  take  any  fish,  hut  the  son^  on  th» 
other  hand,  is  to  remit  to  the  father  3  cents  for  each  unsuccessful 
throw.  After  1 2  throws  the  father  and  the  son  settle  their  accourU, 
and  the  former  is  found  to  owe  the  loiter  28  cent/s.  What  was  the 
number  ofsu€Qessfu^  throws  of  the  net? 
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If  we  ropreBent  this  oomher  by  «  the  number  of  unauccessful 
ones  will  be  13  —  « ;  and  if  tfaese  numbers  were  given,  we  should 
¥erif)r  them  by  multiplying  5  ceois  by  the  fi»t,  to  obtab  what 
the  father  was  bound  to  pay  the  son,  and  3  cents  by  the  secondi 
to  find  what  the  son  engaged  to  return  to  the  father.  The  first 
number  ought  to  exceed  the  second  by  28  cents,  which  the 
father  owed  the  son. 

We  have  for  the  first  number  x  times  b  cents,  or  5  x.  With 
respect  to  the  second,  there  is  some  difficulty.  How  are  we  to 
obtain  the  product  of  3  by  12  —  xt  If  instead  of  x  we  had  a 
given  number,  we  should  first  perform  the  subtraction  indicated, 
and  then  multiply  3  by  the  remainder ;  but  this  cannot  be  done 
at  present,  and  we  must  endeavour  to  perform  the  multiplication 
before  the  subtraction,  or  at  least,  to  give  the  expression  an 
entire  algebraic  form,  similar  to  that  of  equations  that  are  rea* 
dily  solved. 

With  a  little  attention  we  shall  see,  that  by  taking  12  times 
the  number  three,  we  repeat  the  number  3  so  many  times  too 
much,  as  there  are  units  in  the  number  a?,  by  which  we  ought 
first  to  have  diminished  the  multiplier  12,  so  that  the  true  pro* 
duct  will  be  36  diminished  by  3  taken  x  times  or  3  x^ 
or  more  simply  36  —  3  iv. 

This  conclusion  may  be  verified  by  giving  to  a?  a  numerical 
value.  If,  for  example,  x  were  equal  to  8,  we  should  have  3  to 
be  taken  12  times  —  8  times,  and,  if  we  neglect  —  8  times,  we 
should  make  the  result  8  times  the  number  3  too  much ;  the 
true  product  then  will  be 

3  X  12  —  3  X  8  =  36  —  24  =  12. 
This  result  agrees  with  that  which  would  arise  from  fii^t  sub» 
tracting  8  from  12 ;  for  then 

12  —  8  =  4,  and  3X4=12. 
TUs  being  admitted,  since  the  money  due  from  the  father  to  the 
son  is  expressed  by  &«,  and  that  which  the  son  owes  the  father 
by  36  —  3  x,  the  second  number  must  be  subtracted  from  the 
first  in  order  to  obtain  the  remainder  28 ;  but  here  is  another 
difikolty;  how  shall  we  subtract  36  —  3  a?  from  bx^  without 
having  first  subtracted  Sop  from  36? 

We  shall  avoid  this  difficulty  by  observing,  that  if  we  neglect 
tbe  term  —  3  jt,  and  subtract  from  5  a?  the  entire  number  36,  we 
shall  have  taken  necessarily  3  x  too  much,  since  it  is  only  what 
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remains  after  having  diminished  3G  by  3  a?  that  is  to  be  subtract- 
ed from  5  c ;  so  that  the  difference  bx  —  36  ought  to  be  aug- 
mented  by  3  a?  in  order  to  form  the  quantity  that  should  remain 
after  having  taken  from  5  x  the  number  denoted  by  36  — ^  3a?. 
This  quantity  will  then  be 

5  X  —  36  +  3  « ; 
and  we  have  the  equation 

5x  —  36  +  3  J?  =  28, 
which  becomes  successively 

8  X  —  36  =  28, 
8  X  =  28  +  36, 
8  a?  =  64, 
a?  =  V  =  8. 
There  have  been  then  8  successful  throws  of  the  Bet  and  4 
Unsuccessful  ones. 
Indeed  8  throws  at  5  cents  a  throw  give    40  cents, 
4  throws  at  3  cents  a  throw  give     12 

difference  28 

as  required  by  the  conditions  of  the  question. 

To  render  the  solution  general,  let  a  represent  the  stun  given 
by  the  father  to  the  son  for  each  successful  throw  of  the  net,  and 
h  the  sum  returned  by  the  son  for  each  unsuccessful  one,  and  c 
the  total  number  of  throws,  and  d  the  sum  received  on  the  whole 
by  the  son.  If  x  be  put  equal  to  the  number  of  successful  throws, 
c  —  X  will  express  the  number  of  unsuccessful  ones ;  each  throw 
of  the  former  kind  being  worth  to  the  son  a  sum  a,  x  throws 
would  be  worth  a  X  x  or  ax,  and  the  unsuccessful  throws  would 
be  worth  to  the  father  the  sum  h  multiplied  by  the  number  c — x. 

The  reasoning  by  which  we  have  found  the  parts  of  the  pro- 
duct of  3  by  1 2  -— *  X,  applies  equally  to  the  general  case.  If  we 
neglect  in  the  first  place  —  x  in  forming  the  product  6  c  of  6  by 
the  whole  of  c,  the  sum  h  will  be  repeated  x  times  too  much,  and 
consequently  the  true  product  will  be  6  c  —  6x. 

In  order  to  subtract  this  product  from  the  sum  a  x,  it  is  neceSf 
sary  to  observe,  as  in  the  numerical  example,  thatif  we  subtract 
the  whole  of  the  quantity  ft  c  we  take  the  quantity  h  x  too  much, 
by  vthich  the  former  ought  to  have  been  first  diminished,  and 
that  consequently  the  true  remainder  is  not  merely  ax  —  fi^c, 
but  ax  —  tc  +  6x. 


Quantities  rtprtsmitd  hy  Letters*  23 

As  this  som  is  equal  to  dj  we  have  the  equation 
aor  —  be  -|-  bo?  =  i2, 
which  ^ves 

ax  -{-  bx  =z  d  -{-hc^ 
_d+hc 

As  this  general  formula  indicates  what  operations  are  to  be 
performed  upon  the  numbers  a^h^c^di  in  order  to  obtain  the 
unknown  quantity  cr,  we  may  reduce  it  to  a  rule  or  carefully 
write  instead  of  the  letters  a^h^c^d,  the  numbers  given.  This 
last  process  is  called  substituting  the  values  of  the  given  quanti- 
ties, or  putth^  the  formula  into  numbers^  Applying  here  those  of 
^e  foregoing  example,  we  have 

28  +  3  X  12' 

X  =  — — : 

5  +  S         ' 

by  performing  the  operations  indicated,  it  becomes 

28  +  86       64 

X  = ^ =  --  =:  8. 

8  8« 

Methods  for  performing^  as  far  as  is  possible^  the  Operations  indicated 
upon  Quantities  that  are  represented  by  Letters. 

16.  From  the  preceding  question  it  is  evident,  that  in  certain 
cases  a  multiplication  indicated  upon  the  sum  or  difference  of 
several  quantities  is  made  to  consist  of  several  partial  muhipli- 
cations;  and  in  art.  11,  we  have  exactly  the  reverse,  by  resolv- 
ing the  quantity  ax  —  bx  -{•  cx^  which  represents  the  result  of 
several  multiplications,  followed  by  additions  and  subtractions, 
into  the  two  factors  a  —  b  -{-  c  and  a?,  which  indicate  only  a  sin- 
gle multiplication  preceded  by  addition  and  subtraction.  The 
reasoning  pursujed  in  these  two  circumstances,  will  suggest  rules 
for  performing,  upon  quantities  represented  by  letters,  operations 
which  are  called  a^Araic  multipliccUion  and  dvoision^  from  the 
analogy  wbich  they  have  with  the  corresponding  operations  of 
arithmetic. 

We  have  also  by  the  same  analogy  two  algebraic  operations, 
which  bear  the  names  of  addition  and  subtraction^  in  which  the 
object  is  to  unite  several  algebraic  expressions  in  one,  or  to  take 
one  expression  from  another.  But  these  operations,  like  the 
preceding,  differ  from  those  of  arithmetic  in  this,  that  their 
results  are,  for  the  most  p^rt,  on)y  indication^  of  the  operation^ 
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to  be  performed ;  they  present  only  a  trftnsforErtation  of  the 
operations  originally  indicated  into  others,  which  produce  the 
same  effect.  All  that  is  done,  is  either  to  simplify  the  expres- 
sions, or  to  give  them  a  proper  form  for  exhibiting  the  conditions 
that  are  to  be  fulfilled. 

In  order  to  explain  these  operations,  we  give  the  name  of 
simple  quantities  to  those  which  consist  only  of  one  term,  as 
^  2 0^  —  Sab,  &:c.  binomials  to  those  which  consist  of  two,  as 
a  -f-  6,  a  —  b,  5  a  —  2  x,  &c.  triwnnials  to  those  which  consist 
of  three  terms,  quadrinomials  to  those  which  consist  of  four  terms, 
and  polynomials  to  those  which  qonsist  of  more  than  four  terms* 
It  may  be  observed  also,  that  we  call  polynomials  confound 
quantities* 

Of  the  Addition  of  Algebraic  Quantities* 

17.  The  addition  of  simple  quantities  is  performed  by  writing 
them  one  after  the  other,  with  the  sign  -f-  between  them ;  thus,  a 
added  to  b  is  expressed  hj  a  +  b.  But' when  it  is  proposed  to 
add  together  several  algebraic  expressions,  we  aim  at  the  same 
time  to  simplify  the  result  by  reducing  it  to  as  small  a  number 
of  terms  as  possible  by  uniting  several  of  the  terms  in  one. 
This  is  done  in  articles  2  and  5,  by  reducing  the  quantity  x  -{-x 
to  2  OP,  and  the  quantity  x  -f-  ^  +  ^  to  3  a?.  It  can  take  place 
only  with  respect  to  quantities  expressed  by  the  same  letters, 
and  which  are  for  this  reason  called  similar  quantities.  A  literal 
quantity  that  is  repeated  any  number  of  times  is  regarded  as  a 
unit,  it  is  thus,  that  the  quantities  2  a  and  3  a  considered  as  two 
and  three  units  of  a  particular  kind,  form  when  added  5  a  or  5 
units  of  the  same  kind.     Also  4ab  and  Bab  make  dab. 

In  this  case,  the  addition  is  performed  with  respect  to  the 
figures  which  precede  the  literal  quantity,  and  which  show  how 
many  times  it  is  repeated.  These  figures  are  called  coefficients. 
The  coefficient  then  is  the  multiplier  of  the  quantity  before  which 
it  is  placed,  and  it  must  be  recollected,  that  when  there  is  none 
expressed,  unity  is  understood ;  for  1  a  is  the  same  as  a. 

18.  When  it  is  proposed  to  unite  any  quantities  whatever,  as 

4  a  +  5  6  and  2  c  -f  3  d, 
the  sum  total  ought  evidently  to  be  composed  of  all  the  parts 
joined  together ;  we  must  write  then 

4a  +  5b  +  2c  +  Zd. 
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4a  +  5b    and     2  c  —  3d. 
Tlvfe  ^*-^  mtlil  He  r^iun^'ih  tite  sum,  tb  matk  as  sobtractive 
the  quantity  3i2,  which,  as*it*i^  16  be  taken  from  2  r,  must  nec^s^ 
sarilj  diminish  by  so  much  the  sum  formed  by  uniting  2  c  with 
the  first  of  the  quantities  proposed^  we  hare  then, 
4  a  +  5  6  +  2-c  —  3  A 

From  these  two  examples  it  is  evident,  ttiat  in  alffebra  the  addi- 
titm  of  polynomials  is  performed'by  roriting  in  ordtr^  one  after  tht 
otker^  ike  quantities  to  be  added  roith  their  proper  signs^  it  being  ob- 
servtd  that  tKe  term^  which  Kavt  no  signs  btfore  them  are  considered' 
as  having  the  sign  -f- 

The  above  operation  is,  properly  speaking,  only  an  indication 
by  which  the  union  of  two  compound  quantities  is  made  to  con* 
sist  in  thcf  addition  and  subtraction  of  a  certain  number  of  simple 
quantities ;  but,  if  the  quantities  to  be  added  contained  similar 
terms,  these  terms  might  be  united  by  performing  the  operation 
upon  their  coefficients. 

Let  there  be,  for  example,  the  quantities 

4a  +  9b  —  2c, 

2a  — 3c  +  4d, 

7i+-   c  •— e; 

the  sam. indicated  would  be,  according  to  the  rule  just  giveti, 

4a  +  9t  — 2c  +  2a  — 3c  +  4<i+76  +  c  — e* 

But  the  terms  4^  -f*  ^  being  formed  of  similar  quantities, 
may  be  united  in  one  sum  equal  to  6  a. 

Also  the  XBtmB  4«  9  b,  +  7  6  give  +  IBb. 

The  terms  —  2  c  and  -^3  0,  being  both  subtractive,  produce 
on  the  whole,  the  same  effect  as  the  subtraction  of  a  quantity 
equal  to  their  sum,  that  is  to  say,  as  the  subtraction  of  5  c ;  and 
as  by  virtue  of  the  term  -|-  c,  we  have  another  part  c  to  be  add- 
ed, there  will  remain  therefore  to  be  sul^tracted  only  4  c^ 

The  sum  of  the  expressions  proposed  then,  will  be  reduced  to 
6a+16  6  — 4c  +  4d—  c 

The  last  operation  exhibited  above,  by  whica  all  similar 
Uarna  are  united  in  on6,  whatever  signs  they  have,  is  called 
rtdudionm  It  is'  performed  by  taking  the  sum  of  similar  ^antities 
hamng  At  sign  +,  tha^  of  similar  quaiitiiits  having  the  sign  — , 
and  svbtracting  the  less  of  the  ttoo  sums  from  the  greater^  and  giving 
io  ifie  remainder  the  sign  of  the  greater, 

Alg.  4 
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It  is  to  be  remarked,  that  reduction  is  applicable  to  all  algebraic 
operations. 

The  following  examples  of  addition,  with  their  answers,  are 
intended  as  an  exercise  for  the  learner. 
1.  To  add  the  quantities 

7m  +  3n— 14/1  + 17r 
3a  +  9n  —  llm-|-    2r 
bp  — 4m-{-    8n 
lln  —  26  —  m  —  r  +  5. 


Answer,  7m+3n—  1 4;)+l 7r+3fl+9n — 1  lm+2r+5p— 4m+8n 
-f-lln  —  26  —  m  —  r  +  5. 
By  making  the  reduction,  this  quantity  becomes 

—  9m  +  31n  — 9p+18r+3a— 26  +  s, 
or  31  n —   9m  —  9p-{-18r+3a  —  26  +  5, 

bj  beginning  with  the  term  having  the  sign  +. 
2.  To  add  the  quantities 
ll6c  +  4a<2 —  8ac  +  5cfl 
8oc+  76c  —  2ac2  +  4mn 
2cd —  3a6  +  5ac  +  an 
9  on —  26c  —  2ad+  bed. 

116c+4ad —  8ac  +5  c  d+8flc+7  6c  — 2ail  +  4mn 
2cd —  3a6  +  5ac  -{-an  +9 on — 2  6c — 2ad+5c J. 
By  reducing  this  quantity  it  becomes 
16  6c+5ac+ 12  cd  +  4inn-— 3o6+ 10  an. 

Of  the,  Subtraction  of  Algebraic  QumUiiies. 

20.  The  subtraction  of  single  quantities,  according  to  estab- 
lished usage,  is  represented  by  placing  the  sign  —  between  the 
quantity  to  be  subtracted,  and  that  from  which  it  is  to  be  taken ; 
6  subtracted  from  a  is  written  a  -—  6. 

When  the  quantities  are  similar,  the  subtraction  is  performed 
directly  by  means  of  the  coefficients. 

If  3  a  be  subtracted  from  ba^  we  have  for  a  remainder  2  a. 

With  regard  to  the  subtraction  of  polynomials,  it  is  necssary 
to  distinguish  two  cases. 

1.  If  the  terms  of  the  quantity  to  be  subtracted  have  each  the 
sign  +,  we  must  clearly  give  to  each  the  sign  — ,  since  it  is 
required  to  deduct  successively  all  the  parts  of  the  quantity  to 
be  subtracted. 
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If  for  example,  from  5  a  —  96  +  ^^^^  would  take 
2d  +  3e  +  4/, 
wenmst  write    5a  —  96  + 2c  —  2d — Se  —  4/. 

2.  If  any  of  the  terms  of  the  quantity  to  be  subtracted  have 
the  sign  — )  we  must  give  them  the  sign  plus.  Indeed,  if  from 
the  quantity  a  we  would  take  b  —  c,  and  should  first  write  a  — -  b, 
we  should  thus  diminish  a  by  the  whole  quantity  b ;  but  the  sub- 
traction ought  to  have  been  performed  after  having  first  dimin^ 
ished  6  by  the  quantity  c ;  we  have  taken  therefore  this  last 
quantity  too  much,  and  it  is  necessary  to  restore  it  with  the 
sign  -f-,  which  gives  for  the  true  result  a  —  6  -f-  c. 

This  reasoning,  which  may  be  applied  to  all  similar  cases 
shows  that  the  sign  —  of  c  must  be  changed  into  the  sign  -{- ;  and 
by  connecting  this  result  with  the  preceding,  we  conclude,  that 
ike  sfAtraction  of  algebraic  quantities  is  performed  by  writing  them  in 
order  after  the  quantities^  from  which  they  are  to  be  taken^  having 
first  {hanged  ike  signs  -|-  into  —  and  the  signs  —  into  -(-• 

After  this  rule  has  been  applied,  the  quantities  are  to  be  re- 
duced when  they  will  admit  of  it,  according  to  the  precept  given 
ID  article  19,  as  may  be  seen  in  the  following  examples ; 

1.  To  subtract  from       17a  +  2m  — 96  ~  4c -f  23  d 
the  quantity  51a  —  27  6  -f-  1 1  c  —  4  d. 

Result  17a  +  2m~9  6  —4c  +  23d 

—  51a  +  276— llc  +  4d. 
When  reduced  it  becomes 

—  34a  +  2m  +  18  6  —  15c  +  27d, 
or  rather  2  m  —  340  +  186 — 15c+27d. 

2.  To  subtract  from  5ac  —  806  + 96c  —  4am 
the  quantity                            8am  —  2a6-|-llac —  7cd. 


Result  5ac  —  8a64-96c  —  4am 

—  8am  +  2a6  —  llac+7cd. 
Reduced  it  becomes 

—  6ac  —  6a6  +  96c —  12am  +  7cd, 
or  96c  —  6ac  —  6a6—  12  am  +  7cd. 

Of  the  Multiplication  of  Algebraic  Quantities* 

21.  So  far  as  letters  are  considered  as  expressing  the  numeri- 
cal values  of  the  quantities  for  which  they  stand,  multiplication 
in  algebra  is  to  be  regarded  like  multiplication  in  arithmetic. 
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{Arith.  21,  66.)  Tiius,  to  i^iultipiy  aiy  bifiQ  c^if^ptmi  v>ilhjllht 
quantity  rtpresentcd  by  a  mnather  quantify^  in  the  same  manner  as 
the  qiuintity  rgtresentei  by  b  is  joith  vmty. 

Wc  have  already  ejcplained,  in  anicle^  &  aad  7,^^gyiB  \»ed 
to  indicate  multiplication  ;  and  the  product  cf  a  1^  6ift  epLjxrefis- 
ed  Jby  a  X  by  or  by  a  .ir,  or  lastly,  by  a  fr. 

W.e  have  often  occasion  io  cxjpaeB^  seve;!^  ,«i|QqQ88iye  wuiltipti- 
cations,  as  that  of  a  by  (,  va^d  >hat  ^  Uie  pr Qduct  Mi  by  /^  akp 
t4)at  of  ibis  last  product  by  d,  and  so  on.  in  idi^tfa^G^  k  i9«?ir 
dent,  that  the  last  result  4s  a  number  havMig  Sf^tfiifilms  the  num- 
bers a,  6,  c,  dy  {Arkiu  2$);  and  to  give  a  general  effpre^ttion  ^ 
IJms  method,  voe  innate  the  produel  by  vmting  Ae  factors  fioiryos- 
^ing  it  in  order ^  one  qfter  the  other,  mihout  any  sign  ietwaen  itkemi 
we  have  accordingly  the  expression  abed. 

Reciprocally  every  expression,  such  as  ub cd formed  oS  «ev* 
eral  letters  written  in  oxder  one  after  t;be  oth€c,designales  alwajs 
the  product  of  the  numbers  represented  bj^  these  kftmrs* 

I  have  already  availed  myself  of  this  .method,  do  wbioh  the 
numerical  coefficients  are  also  included,  since  ihey  ane  evideody 
factors  of  the  quantity  proposed*  kideed  \5ubcd^  designaliQg 
the  quantity  abcA  taken  15  times,  expresses  likewise  the  {iro- 
duct  of  the  fiveiactors  15,  o,  b,  c,  d. 

4t  follows  from  this,  that  in  order  to  indicate  the  multiplication 
of  several  simple  quantities,  such  as  4  a  6  c,  5  d  e/,  3  m  n,  it  is 
necessary  to  write  the  quantities  in  order,  one  after  the  other^ 
without  any  sign  between  them,  and  it  becomes 

4abc  5  defSmn'y 
but  since,  as  is  dhown  in  arithmetic,  (art.  8!2)  the  order  of  the 
factors  of  a  product  may  be  changed  at  pleasure  without  afker- 
ing  the  value  of  this  product,  we  may  avail  ourselves  of  this 
principle,  to  bring  together  the  numerical  factors,  the  iaiiUjplica- 
tiou  of  which  is  performed  |)y  the  rules  of  arithmetic ;  to  express 
then  this  product,  as  indicated  in  the  order  4  •  5 . 3  a  bcdef^mt^ 
we  multiply  together  the  nawbers  4*  5,  3,  which  give  simply 
.60  g^icdefmn.^ 

*  As  the  use  of  algebraic  s3rmbols  abridges  very  muefa  the  demon* 
.stration  of  this  proposiiion,  I  hwi^  tbocight  H  p^wec  t9  m§glPU  here 
a  ipetfiod  by  .these  synslxrff • 
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23.  7be  ei^)i!eaaAMi  *ef  ibe  fweduct  -may  be  muok  abridged 
mh&k  k  contains  equal  factors.  Instead  of  writing  several  itioiee 
in  order,  the  letter  which  represents  one  of  the  jactors,  it  need 
be  wrklon  -onljr  lonce  with  a  BiiDiboi*  annexed,  showing  how 
many  times  it  ought  to  have  been  written  as  a  factor ;  but  as 
this  number  mdicates  successive  multiplications,  it  nought  to  be 
carefully  distinguished  iron)  a  coefficient,  which  indicates  only 
additions.  For  ^hjs  reason,  it  is  placed  on  the  right  of  the  letter 
and  a  litde  JSiigfaer  yp,  w^ile  a  coefficient  is  always  placed  on  the 
left  and-^4lie  same  jine* 

Agreeably  to  this  method,  the  product  of  a  by  a,  whidi  would 
Jbe  indicted  aec^iKiiiig  Ao  article  21,  by  .a  a  becomes  a*.  The 
3  raised,  denotes  that  the  number,  designated  by  the  letter  a,  is 
^wjcea  £Miorin'the  expressioD,  to  which  it  belongs.  It  ought 
not  to  be  confounded  with  3  a  which  is  only  an  s^bbseviation  of 
a  +  0.  T^  re9dar  evident  the  error,  which  would  arise  from 
mistaking  4mt  ior  Xh»  other,  it  is  sufficient  ^o  substitute  numbers 
instead  of  the  letters,  l{  we  have,  for  example  a=:5j2a  would 
heooat^i.b  ;=  10^  and  a'^0>ia;^5.5  =  2&. 

Sxtending  4liis  in0tho(l  we  should  denote  a  pnodact  in  wbich  a 
is  three  tiam  a  factor  by  writing  a'  instead  of  'Uas;  also  a' 
represents  a  product  in  vAiick  a  is  five^times  a  factor,  and  is 
equivalaBt  4p  a  a^  « tu 

34.  The  ^coducts  UaimBd  in  this  manner  by  the  successive 
oivUiplicatioasof  4  quantity,  ace  called  in  general />e20er5  of  that 
^laotity* 

The  quantity  itself,  as  a,  is  called  the  first  power. 

The  quantity  mnltij^ied  by  itself,  as  an,  or  a',  is  the  second 
pomer^    h  is  xralled  also  the  square. 

The  qnwtiQr  jpcdtiplied  by  itself  twice  in  succession,  as  a  a  a, 
or  a 3,  is  the  third  power,  and  is  called  also  the  cube,* 

iph^LBtge  the  order  of  the  factors  ^  the  product  tec  il  instead  of  d^ 
(^Jrith.  27)  it  becomes  ab.e  X  edxfy  or  ahcedf.  It  is  evident 
that  we  may,  by  analyzing  the  product  differently,  produce  any 
change  which  we  wish  in  the  order  of  the  factors  of  the  product  in 
question. 

*  The  denominations  square  and  cube  refer  to  geometrical  con- 
siderations. They  interrupt  the  uniformity  in  thp  nomenclature  of 
products  formed  by  equal  factors^  and  are  very  improper  in  algebra. 
But  they  are«frequently  used  for  the  sake  o(  conciseness. 
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In  geneftil,  any  power  whatever  is  designated  by  the  number 
of  equal  factors  from  which  it  is  formed;  a*  or  aaaaa  is  the^ 
fifth  power  of  a, 

I  take  the  number  3  to  illustrate  these  denominations,  and  I 
have 

Ist.  power  3 

2d.  3.3=9 

3d.  3  .  3  .  3  =    9  •  3  =  27 

4th.  3.3.3.3  =  27.3  =  81 

«th.  3  •  3  .  3  .  3  .  3  =  81  .  3  =  243 

&c. 
The  number  which  denotes  the  powerof  any  quantity  is  call* 
ed  the  exponent  of  this  quantity. 

When  the  exponent  is  equal  to  unity  it  is  not  written ;  thus  a 
is  the  same  as  a^ 

It  is  evident  then,  that  to  find  the  power  of  any  number^  it  is 
necessary  to  multiply  this  number  by  itself  as  many  times  less  one^ 
as  there  are  units  in  the  eaijfonint  of  the  power* 

25.  As  the  exponent  denotes  the  number  of  equal  factors, 
which  form  the  expression  of  which  it  is  a  part,  and  as  the  pro- 
duct of  two  quantities  must  have  each  of  these  quantities  as  fac- 
tors ;  it  follows  that  the  expression  a'  in  which  a  is  five  times  a 
factor,  multiplied  by  a',  in  which  a  is  three  times  a  factor,  ought 
to  give  a  product  in  which  a  is  eight  times  a  factor,  and  con- 
sequently expressed  by  a*,  and  that  in  general  the  product  of 
two  powers  of  the  same  number  ought  to  have  for  an  exponent  the 
sum  of  those  of  the  multiplicand  and  multiplier. 

26.  It  follows  from  this,  that  when  two  simple  quantities  hope 
common  letters^  we  may  abridge  the  expression  of  the  product  of  these 
qtumtities  by  adding  together  the  exponents  of  such  letters  of  the 
multiplicand  and  multiplier* 

For  example,  the  expression  of  the  product  of  the  quantities 
a*  6'  c  and  a*  b*  c«  d,  which  would  be  a*  6'  c  a*  6*  c*  d,  by  the 
foregoing  rule,  art.  21,  is  abridged  by  collecting  together  the 
factors  designated  by  the  same  letter,  and 
a'a^b^  b*  cc'  d, 
becomes  a«  6»  c'  d, 

by  writing  a*  instead  of  a*  a* 

6«  insteadof6»6» 
c*  instead  of  cc*  or  of  c*  c*^ 
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S7.  As  we  distinguish  powers  by  the  number  of  equal  factors 
{rom  which  they  are  formed,  so  also  we  denote  any  products  by 
the  number  of  simple  factors  or  firsts  which  produce  them  ;  and 
I  shall  give  to  these  expressions  the  name  of  degrees*  The  pro- 
duct a*  h^  c^  for  example,  will  be  of  the  sixth  degree,  because  it 
contains  six  simple  factors,  viz ;  3  factors  a,  3  factors  6,  and  1 
iiaictor  c.  It  is  evident  that  the  factors  a,  6,  and  c,  here  regarded 
as  firsts,  are  not  so,  except  with  respect  to  algebra^  which  does 
not  permit  us  to  decompose  them ;  they  may,  notwithstanding, 
represent  compound  numbers,  but  we  here  speak  of  them  only 
with  respect  to  their  general  import.* 

The  coefficients  expressed  in  numbers  are  not  considered  in 
estimating  the  degree  of  algebraic  quantities ;  we  have  regard 
only  to  the  letters. 

It  is  evident,  (21,  25)  that  when  we  multiply  two  simple  quan- 
tities the  one  by  the  other,  the  number  which  marks  the  degree 
of  the  product  is  the  sum  of  those  which  mark  the  degree  of 
each  of  the  simple  quantities. 

38.  The  multiplication  of  compound  quantities  consists  in  that 
of  smple  quantities,  each  term  of  the  multiplicand  and  multiplier 
being  considered  by  itself;  as  in  arithmetic  we  perform  the 
operation  upon  each  figure  of  the  numbers  which  we  propose 
to  multiply.  {Ariih.  33.)  The  particular  products  added  to- 
gether make  up  the  whole  product.  But  algebra  presents  a 
circumstance  which  is  not  found  in  numbers.  These  have  no 
negative  terms  or  parts  to  be  subtracted,  the  units,  tens,  hun- 
dreds, &c.  of  which  they  9onsist,  are  always  considered  as 
added  together,  and  it  is  vei^-  evident,  that  the  whole  product 
must  be  composed  of  the  sum  of  the  products  of  each  part  of 
the  multiplicand  by  each  part  of  the  multiplier. 

*  We  apply  the  term  dimensions^  generally  to  what  I  have  here 
called  degrees^  in  conformity  to  the  analogy  already  pointed  out  in 
the  note  to  page  29*  This  example  sufficiently  proves  the  absurdity 
of  the  ancient  nomenclature,  borrowed  from  the  circumstance,  that 
tiie  products  of  2  and  6  factors,  measure  respectively  the  areas  of  the 
sur£aLces  and  the  balks  of  bodies,  the  former  of  which  have  two  and 
the  latier  three  dimensions ;  but  beyond  this  limit  the  correspond- 
ence between  the  algebraic  expressions  and  geometrical  figures  fail9| 
as  extensioB  can  have  only  three  dimensions. 
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The  same  is  true  of  liteffll  expresBionstwben  all' the' terms  aire 
Gonnected  togetfaec  bj  the  sigat  -|4>w. 

The  product  ofi  a  -^  b 

nndtipiied  hy  e 

is  '  oc  +  6c 

and  is  obtained  by  multipljing,  each  part  of  the  multiplicand  by 
the  multiplier,  and  adding  together  the  two  particular  products 
ac  and  6  c,  The  operation  is  the  same  when  the  multiplicand 
contains  more  than  two  parts. 

If  the  multiplier  is  composed  of  several  terms,  it  is  manifest 
that  the  product  is  made  up  of  the*  sum  of  the  products  of  the 
multiplicand  by  each  term  of  the  multiplier. 

The  product  of  a  +  6 

multiplied  by  c  +  d 

5  ac  +  6c 

^  I  +ad  +  bd', 

for  by  multiplying  first  a  -f-  6  by  c,  we  obtain  crc  -f-  6  c,  then  by 
multiplying  a  +  6  by  the  second  term  ci  of  the*  multiplier,  we 
have  a  <i^-f>  6  d,  and  the  sumf  of  the  two  results*  gives 

ac  -f-  6c  -|-  ad('\-  bd 
for  the  whole. 

29i  When  the  multiplicand  contains  parts  to  lie  subtracted; 
the  products  of  these  parts  by  the  multiplier  nmst  be  taken  from 
the  others,  or  in  other  words,  have  the  sign  —  prefixed  to  thenr. 
For  example, 

the  product  of  a  —  6 

multiplied  by  c 

is  ac  —  6c; 

for  each  time  that  we  take  the  entire  quantity  a,  which  was  to 
hare  been  diminished  by  6  before  the  multiplication,  we  take  the 
qpaatity  6  too  much ;  the  product  a  c  therefore,  in  which  the 
whole  of  a  is  taken  aa  many  times  as  is  denoted  by  the  number 
(\..ezceed8  the  product  sought  by  the  quantity  6,  taken  as  many 
taoieft^  as  is  denoted  by  the  number  c^  that  it  by  the  product  6  c ; 
ii|ie:ought  thekt  to  sublraot  6  c  from  a  c,.which  give&^.a»  above^ 

£i,c-^  bck 
The  same  reas^ing  will  apply  to  each  of '  the  parts*-  ofTthe  mul- 
tiplicand, that  are  to  be  sobir&oted^  wliatevetvma5i:  b#-  thur  minv^ 
ber,  and  whatever  may  be  that  of  the  terms  of  the  multiplier,  pro- 
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vided  ihej  all  have  the  sign  +.  Recollecting  that  the  terms 
which  have  no  sign  are 'considered  as  having  th^  sign  -|-,  we  ^ee 
by  the  examples,  that  the  terms  of  the  multiplicand  affected  by 
the  sign  +-give  a  product  affected  by  the  sign  +,  while  those 
which  have  the  sign  — '  give  one  having  the  s^  — .  It  follows 
from  this,  that' when  the  multiplier  has  the  sign  -f-,  the  product  has 
the  same  sign  as  the  corresponding  part  of  the  multiplicand. 

30.  The  contrary  takes  place  when  the  niultiplier  contains 
parts  to  be  subtracted ;  the  products  arising  from  these  parts 
must  be  put  down  with  a  sign,  contrary  to  that  which  they 
would  have  had  by  the  above  rule.  This  may  be  shown  by 
the  following  example. 

Let  the  multiplicand  be  a  —  b 

and  the  multiplier  c  —  d 

the  product  will  be         <  _  ^  jT  5  ^  . 

for  the  product  of  the  multiplicand,  by  the  first  term  of  the  mul- 
tiplier, will  be  by  the  last  example  ac  —  bc\  but  by  taking  the 
whole  of  c  for  the  multiplier  instead  of  c  diminished  by  c2,  we 
take  the  quantity  a  —  6  so  many  times  too  much  as  is  denoted 
by  the  number  d;  so  that  the  product  ac  —  6c  exceeds  that 
sought  by  the  product  of  a  —  bhj  d.  Now  this  last  is,  by  what 
has  been  said,  ad^-bd^  and  in  order  to  subtract  it  from  the 
first  it  is  necessary  to  change  the  signs  (20).  We  h^ve  then 
ac  —  6c  —  ad  -{-id  for  the  result  required. 

31.  Agreeably  to  the  above  examples,  we  conclude,  that  the 
multiplication  of  polynomials  is  performed  by  multiplying  successively 
according  to  the  rules  given  for  simple  quantities  (21 — 26),  all  the 
terms  of  the  multiplicand  by  each  term  of  the  multiplier^  and  by 
observing  that  each  particular  product  must  have  the  same  sign^  as 
Ac  corresponding  part  of  the  multiplicand^  ^when  the  multiplier  has 
the  sign  -|-,  and  the  contrary  sign  when  the  individual  multiplier 
has  (he  sign  — *. 

If  we  develop  the  different  cases  of  this  last  rule,  we  shall  find, 

1.  That  a  term  having  the  sign  -f-,  multiplied  by  a  term  hav- 
ing the  sign  -f-^  gives  a  product  having  the  sign  +  5 

2.  That  a  term  having  the  sign  — ,  multiplied  by  a  term  hav- 
ing the  sign  4-9  g^ves  a  product  which  has  the  sign  — ; 

3.  That  a  term  having  the  sign  -{-,  multiplied  by  a  term  having 
the  sign  — ,  gives  a  product  which  has  the  sign  —  j 

Alg.  5 


34  Ekmenis  of  Algebra. 

4.  That  a  term  having  the  sign  — ,  multiplied  by  a  term  hav- 
ing the  sign  — ,  gives  a  product  which  has  the  sign  +. 
^  It  is  evident  from  this  table,  that  when  ike  mulliplicand  and 
multiplier  have  the  same  sign,  the  product  has  the  sign  +,  and  thai 
when  they  have  different  signs,  the  product  has  the  sign  — • 

To  facilitate  the  practice  of  the  multiplication  of  polynomials, 
I  have  subjoined  a  recapitulation  of  the  rules  to  be  observed. 

1.  To  determine  the  sign  of  each  particular  product  according  to 
the  rule  just  given ;  this  is  the  rule  for  the  signs. 

3.  To  form  the  coefficients  by  taking  the  product  of  those  of  each 
multiplicand  and  multiplier  (23) ;  this  is  the  rule  for  the  coeffi- 
cients. 

3*  To  write  in  order^  one  after  the  other,  the  different  letters  con- 
tained  in  each  multiplicand  and  multiplier  (21);  this  is  the  rule 
for  the  letters* 

4.  To  give  to  the  letters,  common  to  the  multiplicand  and  multi' 
plier,  an  expontnt  equal  to  the  sum  of  the  exponents  of  these  letters 
in  the  multiplicand  and  multiplier  (25) ;  this  is  the  rule  for  the 
exponents. 

32.  The  example  below  will  illustrate  all  these  rules. 
Mulliplicand       5  a*     —  2  a'  fc    +  4  a«  6* 
Multiplier  a»     —  4  a«  i    +2  6= 


f|3 


C  5a^  —  2a«6  +  4a«  63 
&evera  1  g^^e  j  +  8  a»  6«  —  16  a*  6> 
products.  ^^jQ^,^,  :i  4^3  64+    8a«6* 

Result  reduced  5a''— 22a»6+12a*6«— 60*6= — 4a=»6*-|-8a«6*. 
The  first  line  of  the  several  products  contains  those  of  all  the 
terms  of  the  multiplicand  by  the  first  term  a*  of  the  multiplier ; 
this  term  being  considered  as  having  the  sign  -|-,  the  products 
which  it  gives  have  the  same  signs  as  the  corresponding  terms 
of  the  multiplicand  (31). 

The  first  term  5  a*  of  the  multiplicand  having  the  sign  plus, 
we  do  not  write  that  of  the  first  term  of  the  product,  which  would 
be  -|-  ;  the  coefficient  5  of  a*  being  multiplied  by  the  coefficient 
1  of  a',  gives  5  for  the  coefficient  of  this  product;  the  sum  of 
the  two  exponents  of  the  letter  a  is  4  -{-  3,  or  7,  the  first  term  of 
the  product  then  is  5  a^. 

The  second  term  —  2  a^  6  of  the  multiplicand  having  the  sign 
— ,  the  product  has  the  sign  minus ;  the  coefficient  2  of  a'  6  mul- 
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tiplied  by  the  coefficient  1  of  a*,  gives  2  for  the  coefficient  of  the 
product ;  the  exponent  of  the  letter  a,  common  to  the  two  terms 
which  we  multiply,  is  3  +  3,  or  6,  and  we  write  after  it  the 
letter  6,  which  is  found  only  in  the  multiplicand.  The  second 
term  of  the  product  then  is  —  2  a"  6. 

The  third  term  -|-  4  a*  6'  gives  a  product  affected  with  the 
sign  +?  and  by  the  rules  applied  to  the  two  preceding  terms,  we 
find  it  to  be  +  4  a»  6». 

The  second  line  contains  the  products  of  all  the  terms  of  the 
multiplicand  by  the  second  term  — -  4  a'  6  of  the  multiplier.  This 
last  having  the  sign  — ,  all  the  products  which  it  gives  must 
have  the  signs  contrary  to  those  of  the  corresponding  terms  of 
the  multiplicand ;  the  coefficients,  the  letters,  and  the  exponents 
arc  determined  as  in  the  preceding  line. 

The  third  line  contains  the  products  of  all  the  terms  of  the 
multiplicand  by  the  third  term  -f-  2  6'  of  the  multiplier.  This 
term  having  the  sign  -|-)  ^^^  the  products  which  it  gives  have  the 
same  sign  as  the  corresponding  terms  of  the  multiplicand. 

After  having  formed  all  the  several  products  which  compose 
the  whole  product,  we  examine  carefully  this  last,  to  see  whether 
it  does  not  contain  similar  terms ;  if  it  does,  we  reduce  them 
according  to  the  rule  (19),  observing  that  two  terms  are  similar, 
which  consist  of  the  same  letters  under  the  same  exponents.  In 
this  example  there  are  three  reductions,  viz ; 

—  2a«A  and  —  20a«6,     which  give — 32  a*  6; 
+    4 a*  6*  and  +    8  a*  6*,  which  give  +  12  a*  b' ; 

—  16  a*  6*  and  +  10a*  6',  which  give  —    6  a*  6«. 
These  reductions  being  made,  we  have  for  the  result  the  last 
line  of  the  example. 

See  another  example  to  exercise  the  learner,  which  is  easily 
performed  after  what  has  been  said. 
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33.  From  the  manner  of  proceeding  in  multiplication,  it  is 
evident  that  if  all  the  terms  of  the  multiplicand  are  of  the  same 
degree  (27),  and  those  of  the. multiplier  are  also  of  the  same 
degree,  all  the  terms  of  the  product  will  be  of  a  degree  denoted 
bjr  the  sum  of  the  numbers,  which  mark  the  degree  of  the  terms 
of  each  of  the  factors. 

In  the  first  example,  the  multiplicand  is  of  the  fourth  degree, 
the  multiplier  of  the  third ;  and  the  product  is  of  the  seventh. 

In  the  second  example,  the  multiplicand  is  of  the  sixth  degree, 
the  multiplier  of  the  third ;  and  the  product  is  of  the  ninth. 

Expressions  of  the  kind  just  referred  to,  the  terms  of  which 
are  all  of  the  same  degree,  are  called  homogeneous  expressions. 
The  above  remark,  with  respect  to  their  products,  may  serve  to 
prevent  occasional  errors,  which  one  may  commit  by  forgetting 
some  of  the  factors  in  the  several  parts  of  the  multiplication. 

34.  Algebraic  operations  performed  upon  literal  quantities,  sis 
they  permit  us  to  see  how  the  several  parts  of  the  quantities 
concur  to  form  the  results,  often  make  known  some  general  pro- 
perties of  numbers  independent  of  every  system  of  notation. 
The  multiplications  that  follow,  lead  to  conclusions  of  the  great- 
est importance,  and  of  frequent  use  in  the  subsequent  parts  of 
this  wortc. 


a  +  b 
a  —  b 

a*  +  ab 
—  a  fc  —  6» 

+  2a6 
+  6 

a  +  b 
a  +  b 

o»  +ab 
+  ab  +  b* 

o»  —  b* 

a* 
a 

o»  +  3ab  +  b* 
+  b' 

a' 
+  o»5 

+  2o«6 
+  2o5» 

+  ab' 
+  6» 

a*  +  3  a«  6  +  3  a  6«  +  6». 

It  appears  from  the  first  of  these  products,  that  the  quantity 
n  +  i,  multiplied  by  a  —  i,  gives  a*  —  6*  ;  whence  it  is  evi- 
dent  thaty  t/^  ve  mult^bf  4he  sum  of  two  numbers  by  their  differesice, 
the  product  will  be  the  difference  of  the  squares  of  these  numbers. 

If  we  take,  for  example,  the  sum  1 1  of  the  numbers  7  and  4, 
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and  multiply  it  by  the  difference  3  of  these  numbers,  the  product 
3  X  11)  9r  33,  will  be  equal  to  the  difference  between  49,  the 
square  of  7,  and  16,  the  square  of  4. 

By  the  second  example,  in  which  a  -|-  b  is  twice  a  factor,  we 
learn ;  that  tlie  second  power^  or  the  square  of  a  quantity  composed 
of  two  parts  a  and  b  contains  the  square  of  the  first  part^  plus  double 
the  product  of  the  first  part  by  the  second^  plus  *the  square  of  the 
second. 

The  third  example,  in  which  we  have  multiplied  the  second 
power  of  a  +  '^  '^J  ^^®  fi^'st,  shows;  that,  the  third  power  or  cube 
of  a  quantity  composed  of  two  parts  contains  the  cube  of  the  first, 
plus  three  times  the  square  of  the  first  multiplied  by  the  second,  plus 
three  times  the  first  multiplied  by  the  square  of  the  second  plus  the 
cube  of  the  second. 

35.  As  we  have  often  occasion  to  decompose  a  quantity  into 
its  factors,  and  as  the  algebraic  operations  are  dispensed  with, 
when  it  can  be  done,  in  order  to  exhibit  the  formation  of  the 
quantities  to  be  considered,  as  distinctly  as  possible,  it  is  neces- 
sary  to  fix  upon  some  signs  proper  to  indicate  multiplication 
between  complex  quantities* 

'^e  use  indeed  the  marks  of  a  parenthesis  to  comprehend  the 
factors  of  a  product.     The  expression 

(5a*  —  3a»6*  +  6*)  (4a6*  —ac*  +  d*)  (b»  —  <^*)j 
for  example,  indicates  the  product  of  the  compound  quantities 

5a4  _3a»i«  +  6*,  4afc>  —  ac«  +  d^,  and  6*  —  c«. 
Bars  were  used  formerly  by  some  authors  placed  over  the  fac- 
tors thus, 

5a*  —  3o»  6«  +b*  X  4a6»  —ac^  +  d^  X  fc*  —  c»  ; 
but  as  these  may  happen  to  be  too  long  or  too  short,  they  are 
liable  to  more  uncertainty  than  the  marks  of  a  parenthesis, 
which  can  never  admit  of  any  doubt  with  respect  to  the  quantity 
belonging  to  each  factor.  They  have  accordingly  been  preferred. 

Of  the  Division  of  Algebraic  Quantities. 

36.  Algebraic  division,  like  division  in  arithmetic,  is  to  be 
regarded  as  an  operation  designed  to  discover  one  of  the  factors 
of  a  given  product,  when  the  other  is  known.  According  to  this 
definition,  the  quotient  multiplied  by  the  divisor  must  produce 
anew  the  dividend. 
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By  appljring  what  is  here  said  to  simple  quantities  we  shall 
see  bj  art.  21,  that  the  dividend  is  formed  from  the  factors  of  the 
divisor  and  those  of  the  quotient ;  whence,  by  suppressing  in  the 
dividend  all  the  factors  which  compose  the  divisor,  the  result  will  be 
the  quotient  sought, 

Lfet  there  be,  for  example,  the  simple  quantity  72  a'  6*  c'  J  to 
be  divided  by  the  simple  quantity  9  a'  6  c'  ;  according  to  the 
rule  above  given,  we  must  suppress  in  the  first  of  these  quantities 
the  factors  of  the  second,  which  are  respectively 

9,  a',  6,  and  c*. 
It  is  necessary  then,  in  order  that  the  division  may  be  perform* 
ed,  that  these  factors  should  be  in  the  dividend.  Taking  them 
in  order,  we  see  in  the  first  place  that  the  coefiicient  9  of  the  divi« 
sor,  ought  to  be  a  factor  of  the  coefiicient  72  of  the  dividend,  or 
that  9  ought  to  divide  72  without  a  remainder.  This  is  in  fact 
the  case,  since  72  =  9  X  8.  By  suppressing  then  the  factor  9, 
there  will  remain  the  factor  8  for  the  coefiicient  of  the  quotient. 

It  follows  moreover,  from  the  rules  of  multiplication  (25),  that 
the  exponent  5  of  the  letter  a  in  the  dividend,  is  the  sum  of  the 
exponents  belonging  to  the  divisors  and  quotient ;  this  last  ex- 
ponent therefore  will  be  the  diflference  between  the  two  others, 
or  5  —  3  =  2.  Thus  the  letter  a  has  in  the  quotient  the  expo- 
nent 2.  For  the  same  reason,  the  letter  b  has  in  the  quotient  an 
exponent  equal  to  3  —  1,  or  2.  The  factor  c'  being  common  to 
the  dividend  and  divisor  is  to  be  suppressed,  and  we  have 

8  aa  6»  d 
for  the  quotient  required. 

The  same  will  apply  to  every  other  case ;  we  conclude  then, 
that,  m  order  to  effect  the  division  of  simple  quantities,  the  course  to 
be  pursued  is, 

To  divide  the  coefficient  of  the  dividend  by  that  of  the  divisor  ; 

To  suppress  in  the  dividend  the  Utters  which  are  commoyi  to  it  and 
the  divisor,  when  they  have  the  same  exponent  ;  and  when  the  expo*' 
neni  is  not  the  same,  to  subtract  the  exponent  of  the  divisor  from 
that  of  the  dividend,  the  remainder  being  the  exponent  to  be  affixed 
to  the  letter  in  the  q^titnt  ; 

To  write  in  the  quotient  the  letters  of  the  dividend  which  are  not 
in  the  divisor, 

87.  If  we  apply  the  rule  now  given  for  obtaining  the  expo* 
nent  of  the  letters  of  the  quotient,  to  a  letter  which  has  the  same 
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exponent  in  the  dividend  and  divisor,  we  shall  find  zero  to  be 
the  exponent  which  it  ought  to  have  in  the  quotient;  a'  divided 
by  a',  for  example,  gives  a*.  To  understand  what  is  the  im- 
port of  such  an  expression,  it  is  necessary  to  go  back  to  its  ori- 
gin and  to  consider,  that  if  we  represent  the  quotient  arising 
from  the  division  of  a  quantity  by  itself,  it  ought  to  answer  to 
unity,  which  expresses  how  many  times  any  quantity  is  contain- 
ed in  itself.  It  follows  from  this,  that  iht  expression  ^*  is  a  sym^ 
bol  equivalmt  to  unity ^  and  may  consequently  be  rqtresenied  by  1. 
We  may  then  omit  writing  the  letters  which  have  zero  for  their 
exponent,  since  each  of  them  signifies  nothing  but  unity.  Thus 
a'  6  c*  divided  by  a*  b  c",  gives  a*  6«  c*,  which  becomes  a,  as  is 
very  evident  by  suppressing  the  common  factors  of  the  dividend 
and  divisor. 

We  sec  by  this,  that  the  proposition,  every  quantity  which  has 
zero  for  its  exponent^  is  equal  to  1,  is  nothing,  properly  speaking, 
but  the  explanation  of  a  conclusion  to  which  we  are  brought  by 
the  common  manner  of  writing  the  powers  of  quantities  by  ex- 
ponents. 

In  order  that  the  division  may  be  performed,  it  is  necessary, 
1.  that  the  divisor  should  have  no  letter  which  is  not  found  in 
the  dividend ;  2.  that  the  exponent  of  any  letter  in  the  divisor 
should  not  exceed  that  of  the  same  letter  in  the  dividend ;  3* 
that  the  coefficient  of  the  divbor  should  exactly  divide  that  of 
the  dividend. 

'  38.  When  these  conditions  do  not  exist,  the  division  can  only 
be  indicated  in  the  manner  pointed  out  in  the  2d  article.  Still 
we  should  endeavour  to  simplify  the  fraction  by  suppressing 
such  factors,  as  are  common  to  the  dividend  and  divisor,  if  there 
are  any  such;  for  {Arilh.  57)  it  is  manifest,  that  the  theory  of 
arithmetical  fractions  rests  upon  principles  which  are  indepen- 
dent of  every  particular  value  of  their  terms,  and  which  would 
a^ply  to  fractions  represented  by  letters,  as  well  as  to  those 
which  are  represented  by  numbers. 

^  According  to  these  principles,  we  in  ihe  first  place  suppress  the 
numerical  factors  common  to  the  dividend  and  divisor^  and  then 
the  letters  which  are  common  to  th^  dividend  and  divisor^  and  which 
have  the  same  exponent  in  each*  When  the  eocponent  is  not  the  same 
in  each^  we  subtract  the  less  from  the  greater^  and  affix  the  remain" 
ier,  as  the  exponent  to  the  letter,  which  is  written  only  in  that  term 
of  the  fraction  which  has  the  highest  exponent. 
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The  fellowing  exBmpie  will  illustrate  ttds  role. 
Let  48  a^  b^t^  d  be  divided  by  64  <t*  6'  c^  <^  the  quotient  can 
«Bly  be  indicated  io  the  form  of  a  fraction 

64  a»  63  c*  € 
Bat  the  coefficients  48  and  64  being  divisible  by  16,  by  sup- 
pressing this  common  factor,  the  coefficient  of  the  numerator  be- 
comes 3,  and  that  of  the  denominator  4.  The  letter  d  having 
tfie  same  exponent  3  in  the  two  terms  of  t^  faction,  it  follows 
that  a'  is  a  factor  common  to  the  divide^^  and  ^i^isor,  a^od  may 
Qonsequently  be  suppressed. 

To  find  the  number  of  factors  h  c^nunon  to  ithe  iw^  terms  of 
the  firactioo,  we  must  divide  the  higher  b^  by  the  lower  fr^,  ae* 
cording  to  the  rule  above  given,  and  the  quotient  b^  shjowe,  that 
fc<  =  6'  X  &'•  Suppressing  then  the  coqimon  factor  6^,  there 
will  remain  in  the  numerator  the  factox  ^'* 

With  respect  to  the  letter  c,  the  higher  factor  being  c^  of  the 

'  de&ominator,  if  we  divide  it  by  c>  we  shall  decf^mpose  it  inU^ 

c*  X  c*  ;  and  by  suppressing  the  factor  o*  coimnon  to  the  two 

terms,  this  letter  disappears  from  the  numerator,  but  will  ranain 

in  the  denominator  with^the  exponent  £• 

Finally,  the  letters  d  and  ^  wiH  remain  m  their  respecd^ie 
places,  since  in  the  state  in  which  they  are,  they  incKcate  no 
fector  comHion  to  both. 

By  these  several  operations  the  proposed  fraction  is  redvced  to 

86^d, 

and  it  is  the  most  simple  expression  of  the  quotient,  except  we 
give  namerical  values  to  the  letters ;  in  which  cascf  it  ,might  be 
further  reduced  by  cancelling  the  common  factors  as  liefore. 

39r  It  ought  to  i>e  remarked,  that,  if  all  the  factors  of  the  divi- 
dend enter  into  the  divisor,  which  besides  contains  otfaere  pecu- 
liar to  it,  it  is  necessary  after  suppressing  the  former  Xp  put  unity 
Jn  the  place  of  the  dividend,  as  the  numerator  of  the  fraction.  In 
ihis  case  indeed  we  may  suppress  all  the  terms  of  the  numera- 
tor, or,  in  other  words,  divide  the  two  terms  of  the  fraction  by 
the  iiumerator ;  but  this  being  divided  by  itself  must  give  unity 
/or  the  .quotient,  which  becomes  the  new  numerator. 

Suppose  for  example' the  fraction 

4a^be 
12  a*  6'  c  rf ' 

Alg.  6 
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the  factors  19,  a',  &*,  and  c  maj  be  divided  respectively  by  the 
factors  4,  a',  i,  and  c,  or  we  may  divide  the  two  terms  of  the 
fraction  by  the  numerator  4  a'  be.  Now  the  quantity  Aa'  bcy, 
divided  by  itself,  gives  1  for  the  quotient,  and  the  quantity 
12  a'  6'  c  d,  divided  by  the  first,  gives  by  the  above  rules  3  b'  d^ 
the  new  fraction  then  is 

1 
sfd' 

40.  It  follows  from  the  rules  of  multiplication,  th^t  when  a 
compound  quantity  is  multiplied  by  a  simple  quantity,  this  last 
becomes  a  factor  common  to  all  the  terms  of  the  former.  We 
may  make  use  of  this  observation  to  simplify  fractions  of  which 
the  numerator  and  denomimitor  are  polynoiutals,  having  factor!^ 
that  are  common  to  all  their  terms* 

Let  there  be  the  expression 

6a*—3a'bc+124^c'^ 
9a»6— 15aac+24a»' 
by  examining  the  quantity  Ba^  —  Sa'  be  -{-  12  a'  c',  we  see  * 
that  the  factor  a'  is  common  to  all  the  terms,  since  a*  :=a'  X  a', 
and  that,  besides^  6,  3,  and  12  are  divisible  by  3 ;  so  that, 
6a*  —  SaHc  +  12a>c«  =;  2a«  X  3a»  —bcX  3a«  +  4€«  X  3a«. 
Also  the  denominator  has  for  a  common  factor  3  a';  for  the 
factors  a'  and  3  enter  into  all  the  terms,  and  we  have 
9a«fc— I5a«c  +  24a»=;36x  3a«— 5cX  3a»  +8aX3a«. 
Suppressing  therefore  the  3  a*  as  often  in  the  numerator  as  in 
the  denominator,  the  proposed  fraction  will  become 

2fl3_ft<;4.4C« 

3  6  —  5c  +  8  a  ' 

41.  I  pass  now  to  the  case  where  the  numerator  and  denomi- 
nator are  both  compound,  and  in  which  one  cannot  perceive  at 
first  whether  the  divisor  is  or  b  not  a  factor  of  the  dividend. 

As  the  divisor  multiplied  by  the  quotient  must  produce  the 
dividend,  it  is  necessary  that  this  last  should  contain  all  the  sev- 
eral products  of  each  term  of  the  divisor  by  each  term  of  the 
quotient ;  and,  if  we  could  find  the  pr6ducts  arising  from  each 
particular  term  of  the  divisor,  by  dividing  them  by  thk  term, 
which  is  known,  we  should  obtain  those  of  the  quotient,  after  the 
same  manner  as  in  arithmetic  we  discover  all  the  figures  of  the 
quotient  by  dixriding  successively  by  the  divisor  the  numbers, 
which  we  regard  as  the  several  products  of  this  divisor  by  the 
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diSerent  figures  of  the  quotient.  But  in  numbers  the  several 
products  present  themselves  in  order,  beginning  with  the  units  at 
the  last  place  on  the  left,  on  account  of  the  subordination  estab- 
lished between  the  units  of  each  figure  of  the  dividend  according 
to  the  rank  which  they  hold.  But  as  this  is  not  the  case  in  alge- 
bra, we  supply  the  want  of  such  an  arrangement  by  disposing  all 
the  terms  of  the  dividend  and  divisor  in  the  order  of  the  expo- 
nents of  the  power  of  the  same  letter,  beginning  with  the  highest 
and  proceeding  from  left  to  right,  as  may  be  seen  with  reference 
to  the  letter  a  in  the  quantities 

5a^  — 22a«fc-f  12a»6>  —  6a«6»  — 4a«t*  +  8a«6», 

5a*  — 2a»6  +  4a"  i«, 

of  which  one  b  the  product  and  the  other  the  multiplicand  in  the 

example  of  art,  32.  This  is  called  arrangtiig  the  proposed  quan* 

tities. 

When  they  are  thus  disposed,  it  is  evident,  that  whatever  be 
the  factor  by  which  it  is  necessary  to  multiply  the  second  to  ob- 
tain the  first,  the  term  5  a'',  with  which  this  begins,  results  from 
the  multiplication  of  5  a*,  with  which  the  other  begins,  by  the 
term  in  the  factor  sought,  in  which  a  has  the  highest  exponent, 
and  which  takes  the  first  place  in  this  factor  when  the  terms  of  it 
are  arranged  with  reference  to  the  letter  a.  By  dividing  then 
the  simple  quantity  5  a''  by  the  simple  quantity  5  a*,  the  quotient 
a'  will  be  the  first  term  of  the  factor  sought.  Now  as  the  entire 
product  ought  by  the  rules  of  multiplication  to  contain  the  several 
particular  products  arising  from  the  multiplication  of  the  whole 
multiplicand  by  each  term  of  the  multiplier,  it  follows  that  the 
quantity  here  taken  for  the  dividend,  ought  to  contain  the  pro- 
ducts of  all  the  terms  of  the  divisor,  5  a«  — -  2  a'  fc  -f  4  a*  b*,  by 
the  first  term  of  the  quotient  a* ;  and  consequendy,  if  we  subtract 
from  the  dividend  these  products,  which  are5a''-«2a*fc-f-4a'6', 
the  remainder  —  20a*  6  -f-  8  a»  6"  — 6a«  *•  ~4a»  6*  +  8a«  6« 
will  contain  only  those,  which  result  from  the  multiplication  of 
the  divisor  by  the  second,  third,  &c«  terms  of  the  quotient. 

The  remainder  then  may  be  considered  as  a  part  of  the  divi- 
dend, and  its  first  term,  in  which  a  has  the  highest  exponent,  can- 
not be  obtained,  otherwise  than  by  the  multiplication  of  the  first 
term  of  the  divisor  by  the  second  term  of  the  quotient.  But  the 
first  term  of  this  part  of « the  dividend  having  the  sign  ----,  it  is 
necessary  to  assign  that  which  is  to  be  prefixed  to  the  corres-. 
ponding  term  of  the  quotient.    This  i«  easily  done  by  the  first 
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rule  art.  31,  for  the  quantity  —  20  a«  6,  being  regarded  as  a  part, 
of  the  product,  having  a  sign  contrary  to  that  of  the  multiplicand 
5  n^,  it  follows  that  the  multiplier  must  have  the  sign  ^.  Divi* 
sion  then  being  performed  upon  the  simple  quantities,  —  20  a*  t 
and  5a^^  gives  —  4tf*  6  for  the  second  term  of  the  quotient* 
If  now  we  multiply  this  by  all  the  terms  of  the  divisor,  and  sub* 
tract  the  product  from  the  partial  dividend,  the  remainder 
+  10  a*  6>  —  4  o^  6*  +  8  a«  b*  will  contain  only  the  products 
of  the  third  &c.  terms  of  the  quotient. 

Regarding  this  remainder  as  a  new  dividend,  its  first  term 
10  a*  b^  must  be  the  prodcict  of  the  first  tertu  of  the  divisor  by 
the  third  of  the  quotient,  and  consequently  this  last  is  obtained 
by  dividing  the  simple  quantities,  10a*  6^  and  5  a*,  the  one  by 
the  other.  The  quotient  26^  being  multiplied  by  the  whole  6f 
the  divisor  furnishes  products,  the  subtraction  of  which,  exhaust* 
ing  the  remaining  dividend,  proves  that  the  quotient  has  only 
tthree  terms. 

If  the  questidn  bad  been  such  as  to  require  a  greater  number 
of  terms,  they  might  evidently  have  been  found  like  the  preceding, 
and  if,  as  we  haive  supposed,  the  dividend  has  the  divisor  for  a 
factor,  the  subtraction  of  the  product  of  this  divisor  by  the  last 
term  of  the  quotient  ought  always  to  exhaust  the  correspondii^ 
dividend. 

42.  To  facilitate  the  practice  of  the  above  rules ; 

1.  We  dispose  the  dividend  and  divisor^  as  for  the  division  of 
nufftber^,  by  arranging  them  with  reference  to  some  ktter^  that  is,  bjf 
writing  the  tertl^  in  the  order  of  the  eofponeats  of  this  letter^  b^i^ 
mng  woith  the  highest ; 

2.  fVe  divide  the  first  term  of  the  dioidend  by  the  first  term  of 
the  divisor,  and  write  the  result  in  the  place  of  the  quotient ; 

S.  Wb  miultiphf  the  whole  divisor  by  the  term  of  the  quotient  juat 
found,  subtratt  it  from  the  dividend,  and  reduce  similar  terms* 

4.  We  regard  this  remainder  as  a  new  dividend,  the  first  term  of 
which  we  divide  by  the  first  term  cf  the  divisor,  and  write  the  resuU 
as  the  second  term  of  the  quotient,  and  continue  the  (yfteration  till  all 
the  terms  of  the  dividend  are  exhatAsledm 

Recollecting  that  when  a  pt-oduct  has  the  same  sign  as  the 
mukiplicand,  the*  multiplier  has  the  sign  +,  and,  that  when  a 
product  has  the  contrary  sign  to  that  of  the  multiplicand,  the 
multiplier  has  the  sign  — (31),  we  infer  that,  when  Ae  term  ^ 
ihe  dividend  «mi  thefir$t  Urm  tf  th^  divisor  hme  Ae  same  siph,  the 
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fuoiietil  im^  to  have  Ae  sign  -f-i  ond^  \fthty  have  contrary  signs^ 
the  quolienl  ought  to  have  the  ngn  —  ;  this  is  the  rule  for  the  signs. 

The  individual  parts  of  the  operation  are  performed  by  the 
rule  for  the  division  of  simple  quantities. 

fFe  divide  the  coejficierU  of  the  dividend  by  thai  of  the  divisor  ; 
this  15  the  rule  for  the  coefficients. 

ffe  write  in  Ae  quotient  the  letters  common  to  the  dividend  and 
divisor  with  an  exponent  equal  to  the  difference  of  the  exponents  of 
Aese  Utters  in  the  two  ttrms^  and  the  Utters  which  belong  only  to  the 
dividend;  these  are  the  rules  for  the  letters  and  exponents. 

4S«  To  apply  these  rules  to  the  quantities, 

5  fl^  ^ 22  a»  fc  +  12  a*  t»  —  6 a*  6^^  —  4 a*  t*  +  8 a»  tV 
6o*— 2a»6  +  4a»6*, 
whicii  have  been  employed  as  an  example  above,  we  place  them 
as  we  place  the  dividend  and  divisor  in  arithmetic. 


Dividend. 
5fl»— 22a«i+12a«6«^a*63-4a»t*+8a»6» 
— 5o^+2a«6—  4a*b' 


Divisor, 
6a*— 2a3fc+4a«t« 


Quotientm 
a3_4aak+2i« 


Rem.— 20a*4+8a»i«— 6a«i'— 4a3i*4-8a»i* 
4-20a»fr— 3a«4«  +  16a*i3 

rem.  +10a*i' — 4o't«+8a«i» 

— 10a*t'+4a»4*— 8a»6» 


0. 

The  sign  of  the  first  term  5  a''  of  the  dividend  being  the  same 
as  that  of  5  a*,  the  first  term  of  the  divisor,  the  sign  of  the  quo- 
tient must  be  -|-i  but,  as  it  is  the  first  term,  the  sign  is  omitted. 

By  dividing  6  a^  by  5  a*,  ye  have  for  the  quotient  a^,  which 
we  write  under  the  divisor. 

Multiplying  successively  the  three  terms  of  the  divisor  by  the 
first  term  a'  of  the  quotient,  and  writing  the  products  under  the 
corresponding  terms  of  the  dividend,  the  signs  being  changed  to 
deaote  their  subtraction  (-20),  we  have  the  quantity 

—  5a''  +  2a*6— 4a«6S 

which  with  the  dividend  being  reduced,  we  obtain  for  a  remainder 

—  20a*6  +  8a»  i«  —  6a*  5^  —  4a«  4*  +8a»4». 

By  continuing  the  division  with  this  remainder,  the  first  term 
—  20a«  6,  divided  by  5  a*,  will  give  for  a  quotient  4  a^  4,  this 
quotient  having  the  sign  — j  9^  the  dividend  and  divisor  have 
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different  signs.     Multiplying  it  by  all  the  terms  of  the  divisor 

and  changing  the  signs,  we  obtain  the  quantity 

20a»6  — 8a»6«  -f-  16a*6», 

which  taken  with  the  dividend  and  reduced,  gives  for  a  remainder 

4-  I0rt*6»  — 4£»»i*  -j-  8a«  t». 

Dividing  the  first  term  of  this  new  dividend,  10  a*  6',  by  the 
first  term,  5a^^  of  the  divisor,  and  multiplying  the  whole  divisor 
by  the  result  +  2  6',  writing  the  products  under  the  dividend, 
the  signs  being  changed,  and  making  the  reduction,  we  find  that 
nothing  remains,  which  shows  that  4-  ^b^  is  the  last  term  of  the 
quotient  sought.  The  quotient  therefore  has  for  its  expression 
a»  _4a5»6  +  2i3.  * 

44.  It  is  proper  to  remark  here,  that  in  division,  the  multipli- 
cation of  the  different  terms  of  the  quotient  by  the  divisor  often 
produces  terms  that  are  not  to  be  found  in  the  dividend,  and 
which  it  is  necessary  to  divide  by  the  first  term  of  the  divisor. 
These  terms  are  such  as  destroy  themselves,  since  the  dividend 
has  been  formed  by  the  multiplication  of  the  two  factors,  the 
quotient  and  the  divisor.  See  a  remarkable  example  of  these 
reductions ; 

Let  a'  —  6*  be  divided  by  o  —  b. 

Division. 
fl3  —  J3     .a  — b 


—  o3  4.  a*  6  ja»  +ab  +  b' 

—  a^b  +  ab^ 

+  ab^—b^ 
—  ab^  +6» 


Multiplication, 
a    —  b 
a*  +ab  +  bl 


0» 

—  a'b 

+ 

a'b 

—  ab* 

+ 

ab* 

—  b* 

* 


Result  03  _  J3. 


0  0 

The  first  term  a'  of  the  dividend,  divided  by  the  first  term  a 
of  the  divisor,  gives  for  the  quotient  a'  ;  multiplying  this  quotient 
by  the  divisor,  and  changing  the  signs  of  the  products,  we  have 
—  a^  -(-  o«  6  ;  the  first  term  —  a^  destroys  the  first  term  of  the 
dividend,  but  there  remains  the  term  a'  i,  which  is  not  found  at 
first  in  the  dividend.  As  it  contains  the  letter  a,  we  can  divide 
it  by  the  first  term  of  the  divisor,  and  obtain  +  ab.  Multiplying 
this  quotient  by  the  divisor,  and  changing  the  signs  of  the  pro- 
ducts, we  have  —  a«  6  -f-  o  6" ;  the  term  —  a'  6  cancels  the  one 
above  it,  but  there  remains  the  term  +  «  **,  which  is  not  in  the 
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dividend.  This  being  divided  by  a  gives  for  the  quotient  -|-  b*  ; 
multiplying  this  quotient  by  the  divisor  and  changing  th^  signs,  we 
have  —  a  4*  +  i*  ;  the  first  term  —  ab^  destroys  the  first  term 
of  the  dividend,  and  the  second  +  t*  destroys  the  other  —  6'. 

The  mechanical  part  of  the  operation  will  be  better  under- 
stood, if  we  look  for  a  moment  at  the  multiplication  of  the  quo- 
tient a*  +  ab  +  b^  by  the  divisor  a  —  6.  We  see  that  all  the 
terms  reproduced  in  the  process  of  dividing  are  those  which 
destroy  each  other  in  the  result  of  the  multiplication. 

45.  It  sometimes  happens  that  the  quantity,  with  reference  to 
which  the  arrangement  is  made,  has  the  same  power  in  several 
terms  both  of  the  dividend  and  divisor.  In  this  case,  the  terms 
should  be  written  in  the  same  column,  one  under  the  other,  the 
remaining  ones  being  disposed  with  reference  to  another  letter. 

Let  there  be 

to  be  divided  by  a*  —  i«  —  c». 

Arranging  the  first  of  these  quantities  wifh  reference  to  the 
letter  a,  we  place  in  the  same  column  the  terms  —  a*  b'  and 
^  2  a*  c*,  in  another,  the  terms  +  o»  b*  and  —  a'  c*  '^  and  in 
the  last  column,  the  three  terms  +  4*5  +  2  b*  c*,  +  6«  c*,  dispos- 
ing them  with  reference  to  the  letter  &,  as  may  be  seen  in  the 
next  page. 

The  first  term  o*  of  the  dividend  being  divided  by  the  first 
term  a*  of  the  divisor,  gives  for  the  first  term  of  the  quotient 
—  tf*  ;  forming  the  producis  of  this  quotient  by  all  the  terms  of 
the  divisor,  changing  the  signs  of  the  products, in  order  to  sub- 
tract them  from  the  dividend,  and  placing  in  the  same  column 
the  terms  containing  the  same  power  of  a,  we  have,  after  the 
reduction  of  similar  terms,  the  first  remainder,  which  we  take  for 
the  second  dividend. 

The  first  term  —  2  a*  b^  of  this  new  dividend,  being  divided 
by  a*,  gives  for  the  second  term  of  the  quotient  —  2  o"  6"  ;  form- 
ing the  products  of  this  quotient  by  all  the  terms  of  the  divisor, 
changing  the  signs  of  the  products  to  indicate  their  subtraction 
from  the  dividend,  and  placing  in  the  same  column  the  terms  con- 
tainmg  the  same  power  of  a,  we  have,  after  the  reduction  of  simi- 
lar terms,  the  second  remainder,  whiph  we  take  for  the  third 
dKridend. 

The  operation  being  continued  in  the  same  manner  with  the 


48  Elemmis  of  Algebra* 

second  remamder  and  the  f#lIowing  ones,  we  &ha11  hate  three 
terms  in  'the  quotient.  The  last  being  multiplied  by  all  the 
terms  of  the  divisor,  furnishes  products  which,  being  subtracted 
from  the  fourth  remainder,  exhaust  it  entirely.  As  the  division 
admits  of  being  exactly  performed,  it  follows,  that  the  divisor  is 
a  factor  of  the  dividend. 


—  a«—    a*b^+a*b^+b^ 

«t— it_c« 

^-2a4c«  JL.a«c*  +  26*c» 
—  a^c^ 

_a*  — 2o»t»— M 

Iflt.  rem.  —  2  a*  6«  +  a»  6*  +  6« 

+     a*  c'  —a^c*  +2  b*  c» 
+     6«c* 

—  2  o«  6>  c* 


2d  rem. 

+ 

a* 

• 

_    a«64      -|.J# 

—  2a«6*c«  4-26*c^ 

—  a«  c*      +  6*  c* 

"""" 

a« 

c« 

+     o«  6»  c« 

3d  rem. 

—  b*  c« 

4th  rem. 

—  t^c* 

0  0 

46.  The  form  under  which  a  quantity  appears,  will  sometimes 
immediately  suggest  the  factors  into  which  it  may  be  decom- 
posed.    If  we  have,  for  example,  ' 

8  a»  —  4  a»  6«  +  4  o»  +  2a»  —  6«  +  1, 
to  be  divided  by  2  a'  —  6*  +  ^  5  a^  the  divisor  forms  the  three 
last  terms  of  the  dividend,  it  is  only  necessary  to  see  if  it  is  a  fac- 
tor of  the  three  first ;  but  these  have  obviously  for  a  common  fac- 
tor4a%for8fl«  — 4a3  6«  +  4a?  =4a»  {2a^^b*  +  l). 


Algebraic  Fractions.  49 

The  dividend  then  may  be  represented  by 

4a»(2o»— 6«  +  1)  +  2o»— 6*  +  1, 
or  (2  a^  —  i«  +  1)  (4  a'  +  1). 

The  division  is  performed  at  once  by  suppressing  the  fact<M: 
2  a' — *■  +  li  equal  to  the  divisor,  and  the  quotient  will  be 
4o»  +  1. 

After  a  little  practice,  methods  of  this  kind  will  readily  occur, 
by  which  algebraic  operations  are  abridged. 

By  frequent  exercise  in  examples  of  this  kind,  the  resolution  of 
a  quantity  into  its  factors  is  at  length  easily  performed ;  and  it  is 
often  rendered  very  conspicuous,  when,  instead  of  performing 
Che  operations  represented,  they  are  only  indicated. 

Of  Algebraic  Fractions. 

AT.  When  we  apply  the  rules  of  algebraic  division  to  quanti- 
ties, of  which  the  one  is  not  a  factor  of  the  other,  we  perceive 
the  impossibility  of  performing  it,  since  in  the  course  of  the  oper- 
ation we  arrive  at  a  remainder,  the  first  term  of  which  is  not 
divisible  by  that  of  the  divisor.  See  an  example ; 
a3  -f-  fl3  6  +  26'  I  «•  +6* 
—  a'    —ab^ 


A> 


h» 


1st  rem.       a*  6  —  ab^  +  26' 
_a>6  — A» 


a    +b 


^3. 


—  o6«  +b^ 

The  first  term,  —  o  6*,  of  the  second  remainder  cannot  be  divid* 
ed  by  a',  the  first  term  of  the  divisor;  so  that  the  process  is 
arrested  at  this  point.    We  can  however,  as  in  arithmetic,  annex 

ab'  +6' 

to  the  quotient  a  +  6  the  fraction  rTT&i — »  having  the  re- 
mainder for  the  numerator,  and  the  divisor  for  the  denominator; 
and  the  quotient  will  be 

6'  — a6« 

It  is  evident,  that  the  division  must  cease,  when  we  come  to  a 
remainder^  the  first  term  of  which  does  not  contain  the  letter  zoith 
reference  to  which  the  terms  are  arranged,  or  to  a  power  inferior  to 
that  of  the  same  letter  in  the  first  term  of  the  divisor. 

48.  When  the  algebraic  division  of  the  two  quantities  cannot 
be  performed,  the  expression  of  the  quotient  remains  indicated 
under  the  form  of  a  fraction,  having  the  dividend  for  the  nume- 

Alg.  7 


so  Ehmenis  of  Algebra* 

rator,  and  the  divisor  for  the  denominator ;  and  to  abridge  it  as 
much  as  possible,  we  should  see  if  the  dividend  and  divisor  have 
not  common  factors,  which  may  be  cancelled  (38).  But  when 
the  terms  of  the  fraction  are  polynomials,  the  common  factors  are 
not  so  easily  found,  as  when  they  are  simple  quantities.  They 
are  in  general  to  be  sought  by  a  method  analogous  to  that,  which 
is  given  in  arithmetic  for  finding  the  greatest  common  divisor  of 
two  numbers. 

We  cannot  assign  the  relative  magnitudes  of  algebraic  expres- 
sions, as  we  do  not  give  values  to  the  letters  which  they  contain ; 
the  denomination  of  greatest  common  divisor  therefore,  applied  to 
these  expressions,  ought  not  to  be  taken  altogether  in  the  same 
sense  as  in  arithmetic. 

In  algebra,  we  are  to  understand  by  the  greatest  common  divisor 
of  two  expressions,  that  which  contains  the  most  factors  in  all 
its  terms,  or  which  is  of  the  highest  degree  {21).  Its  determi- 
nation rests,  as  in  arithmetic,  upon  this  principle ;  Every  common 
divisor  to  two  quantities  must  divide  the  remainder  after  their  division. 

The  demonstration  given  in  arithmetic  (art.  61)  is  rendered 
clearer  by  employing  algebraic  symbols.  If  we  represent  the 
common  divisor  by  .D,  the  two  quantities  proposed  might  be 
expressed  by  the  products  AD  and  £J>,  formed  from  the  comr 
mon  divisor  and  the  factor  by  which  it  is  multiplied  in  each  of 
the  quantities.  This  being  supposed,  if  Q  stands  for  the  entire 
quotient,  and  R  for  the  remainder  resulting  from  the  division  of 
AD  by  BD,  we  have  AD  =  BD  x  Q  +  R  {Arith.  61) ;  divid- 
ing  now  the  two  members  of  the  equation  by  17,  we  obtain 

and  since  the  first  member,  which  in  this  case  must  be  composed 
of  the  same  terms,  as  the  second,  is  entire,  it  must  follow,  thatj;: 

R 

•=r  is  reduced  to  an  expression  without  a  divisor,  that  is  to  say, 

that  R  is  divisible  by  D. 

According  to  this  principle,  vje  begin^  as  in  arithmetic^  h/ 
inqtUring  whether  one  of  the  quantities  is  not  itself  tlu  divtsor  of  the 
other ;  if  the  division  cannot  be  exactly  performed^  we  divide  the 
first  divisor  by  the  remainder^  and  so  on ;  and  that  remainder^ 
which  will  exactly  divide  the  preceding,  will  be  the  greatest  common 
divisor  of  the  two  quantities  proposed.    But  it  will  be  necessary,  in 
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ihe  divisions  indicated,  to  have  regard  to  what  belongs  to  the 
nature  of  algebraic  quantities. 

We  are  not,  in  the  first  place,  to  seek  a  common  divisor  of  two 
algebraic  quantities,  except  when  they  have  common  letters ; 
and  we  must  select  from  them  a  letter,  with  reference  to  which 
the  proposed  expressions  are  to  be  arranged,  and  that  is  to  be 
taken  for  the  dividend  in  which  this  letter  has  the  highest  expo- 
nent, the  other  being  the  divisor. 

Let  there  be  the  two  quantities 

Sa^  —  Sa^b  +  ab*  —  6», 
4a^  b  —  5ab^  +  t>, 
wfaicfa  are  already  arranged  with  reference  to  the  letter  a ;  we 
take  the  first  for  the  dividend,  and  "the  second  for  the  divisor. 
A  difficulty  immediately  presents  itself,  which  we  do  not  meet 
with  in  numbers,  and  this  is,  that  the  first  term  of  the  divisor 
will  not  exactly  divide  the  first  term  of  the  dividend,  on  account 
of  the  factors  4  and  6  in  the  one,  which  are  not  in  the  other* 
But  the  letter  6  being  common  to  all  the  terms  of  the  divisor  and 
not  to  those  of  the  dividend,  it' follows  (40)  that  b  is  a  factor  of 
the  divisor,  and  that  it  is  not  of  the  dividend.    Now  every  divi- 
sor common  to  two  quantities,  can  consist  only  of  factors  which 
are  common  to  the  one  and  to  the  other ;  if  then  there  be  such  a 
divisor  with  respect  to  the  two  quantities  proposed,  it  is  to  be 
kK>ked  for  among  the  factors  of  the  quantity  4 a'  —  Sab  +  h*, 
which  remains  of  the  quantity  4  a*  6  —  5  at*  -|-  6*,  after  sup- 
pressing 6;  so  that  the  question  reduces  itself  to  finding  the 
greatest  common  divisor  of  the  two  quantities 
3o3  —  3a«6  +  a6«  —6% 
4a^—5ab    +  6^ 

For  the  same  reason  that  we  may  cancel  in  one  of  the  pro- 
posed quantities  the  factor  6  which  is  not  in  the  other,  we  may 
likewise  introduce  into  this  a  new  factor,  provided  it  is  not  a 
factor  of  the  first.  By  this  step,  the  greatest  common  divisor, 
which  can  consist  only  of  terms  common  to  both,  will  not  be 
afiected.  Availing  myself  of  this  principle,  I  multiply  the  quan- 
tity 3  a'  —  Sa^  b  +  ab^  —  6'  by  4,  which  is  not  a  factor  of 
the  quantity  4  o*  —  5  a  t  +  6^,  in  order  to  render  the  first  term 
of  the  one  divisible  by  the  ^rst  term  of  the  other. 

I  shall  thus  have  for  the  dividend,  the  quantity 
12a>  ~  12a«6  +  4at«  — 4  63, 
for  the  divisor  the  quantity 
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4a'  —  5ab  +  6«, 
and  the  quotient  will  be  3  a. 

Multiplying  the  divisor  by  this  quotient,  and  subtracting  the 
product  from  the  dividend,  1  have  for  a  remainder 

3a'b  +  ab^  —Ab^  ; 
a  quantity  which,  according  to  the  principle  stated  at  the  com- 
mencement of  this  article,  must  have  with  4  a»  —  5  a  t  +  6*,  the 
same  greatest  common  divisor  as  the  first. 

Profiting  by  the  remarks  made  above,  I  suppress  the  factor  6, 
common  to  all  the  terms  of  this  remainder,  and  multiply  it  by  4, 
in  order  to  render  the  first  term  divisible  by  that  of  the  divisor; 
I  have  then  for  a  dividend,  the  quantity 

12a2  -j-4a6—  166«, 
and  for  a  divisor,  the  quantity 

4  aa  _  5  a  6  +  6*  ; 
and  the  quotient  thence  arising  is  3. 

Multiplying  the  divisor  by  the  quotient,  and  subtracting  the 
product  from  the  dividend,  we  obtain  the  remainder 

19a6—  196% 
and  the  question  is  reduced  to  finding  the  greatest  common  divi« 
sor  to  this  quantity,  and 

4a'  —  5ab  +  b^.   ^ 
But  the  letter  a,  with  reference  to  which  the  division  is  made,  not 
being  in  the  remainder,  except  of  the  first  degree,  while  it  is  of 
the  second  degree  in  the  divisor,  it  is  this  which  must  be  taken 
for  the  dividend,  and  the  remainder  must  be  made  the  divisor. 

Before  beginning  this  new  division,  I  expunge  from  the  divisor 
19  a  b  —  19  6^,  the  factor  19  6,  common  to  both  the  terms,  and 
which  is  not  a  factor  of  the  dividend ;  I  have  then  for  a  dividend, 
the  quantity 

4a^  — 5a6  +  6% 
and  for  a  divisor 

a  —  6. 
The  division  leaves  no  remainder ;  so  that  a  —  6  is  the  greatest 
common  divisor  required. 

By  retracing  these  steps,  we  may  prove  a  posUriori^  that  the 
quantity  a  —  b  must  exactly  divide  the  two  quantities  proposed, 
and  that  it  is  the  most  compounded  of  those  which  will  do  it.  In 
dividing  by  a  —  b  the  two  quantities  proposed, 

3  a^  —  3  a»  6  +  a  6«  —  6a,  4  aU  —  5  a  6^  +  6% 
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we  resolve  them  as  follows ; 

(3  a'  +  6«)  (a  —  6),  (4  a  6  —  b^)  (a  —  6). 
49.  When  the  quantity,  which  we  take  for  a  divisor,  contains 
several  terms  having  the  letter,  with  reference  to  which  the 
arrangement  is  made,  of  the  same  degree,  there  are  precautions 
lobe  used,  without  which  the  operation  would  not  terminate. 
See  an  example  of  this. 
Let  there  be  the  quantities 

a'  b  +  ac^  —  d^,    ab  —  ac  +  d*  ; 
if  we  make  the  preparation  as  for  common  division, 
a*  b  -\-  ac'  —  d^     \  ab  —  ac  -{-  d* 
—  a^b  +  a^c  —  ad^  \a  '^j 

Rem.  a'  c  +  ac^  —  ad^  —  d', 

by  dividing,  first,  a*  b  by  a  6,  we  have  for  the  quotient  a;  multi- 
plying the  divisor  by  this  quotient,  and  subtracting  the  products 
from  the  dividend,  the  remainder  will  contain  a  new  term,  in 
which  a  will  be  of  the  second  degree,  namely,  a'  c,  arising  from 
the  {xt)duct  of  —  a  c  by  a.  Thus  no  progress  has  been  made ; 
for  by  taking  the  remainder 

a'  c  +  ac^  —  ad*  —  d^ 
ibr  a  dividend,  and  multiplying  by  6,  to  render  the  division  pos- 
sible by  a  6,  we  have 

a*6c  +  aftc* — abd^ — ftd*  I     ab  —  ac  +  d' 

—  a'  be  '\'  a'  c'  —  acd*  \     ac 

rem. a*  c»  -{-  abc'  —  acd^  —  abd* — bd^, 
and  the  term  —  ac  produces  still  a  term  a*  c>,  in  which  a  is  of 
the  second  degree. 

To  avoid  this  inconvenience,  it  must  be  observed,  that  the 
divisor  ab  —  o c  -j-  df  =  a  (6  —  c)  -|-  cZ",  by  uniting  the  terms  '' 
ab —  ac  in  one  ;  and,  for  the  sake  of  shortening  the  operation,  / 
making  b  —  c  =  ni,  we  have  for  the  divisor  am  ^  d^  ',  but  then 
the  whole  dividend  must  be  multiplied  by  the  factor  m,  to  make 
a  new  dividend,  the  first  term  of  which  may  be  divided  by  a  m, 
the  first  term  of  the  divisor ;  the  operation  then  becomes 


a^  bm'\-  ac^  m — d^  m 
-a*  bm  —  abd^ 


am'{'  d' 


ab  +  c^ 


1st.  rem. — a6d«   -|- etc*  m  —  d^  m 
—  ac^  m — c^  d^ 

2d  rem.    —  abd^  —  c^  d*  —  d'  m. 
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The  terms  involving  a*  now  disappear  from  the  dividend,  and 
there  remain  only  the  terms  which  have  the  first  power  of  a. 
To  make  these  disappear,  we  first  divide  the  term  a  c*  m  by  a  m, 
and  it  gives  for  a  quotient  c^  ?  multiplying  the  divisor  by  this 
quotient,  and  subtracting  the  products  from  the  dividend,  we 
obtain  the  second  remainder.  Taking  this  second  remainder  for 
a  new  dividend,  and  suppressing  the  factor  d',  which  is  not  a 
factor  of  the  divisor,  we  have 

—  ab  —  c^  —  dwi, 
which  being  multiplied  anew  by  w,  becomes 


—  abm  —  c^  m  —  dm^ 
-{-abm  +bd^ 


am  -\-  d' 


—  6 


Rem.    +  bd'    —  c^  7n  —  d  m^ . 

*rhe  remainder  bd^  — c^  m  —  dm-  of  this  last  division,  not 
involving  a,  it  follows,  that  if  the  proposed  quantities  have  a  com- 
mon divisor,  it  is  independent  of  the  letter  a. ' 

Having  arrived  at  this  point,  we  can  continue  the  division  no 
longer  with  reference  to  the  letter  a ;  but  it  will  be  observed, 
that  if  there  be  a  common  divisor,  independent  of  a,  to  the  quan- 
tities bd^  —  c^  m  —  dm^  and  am  +  d^,  it  must  divide  separ- 
ately the  two  parts  a  m  and  d^  of  the  divisor ;  for  if  a  quantity 
is  arranged  with  reference  to  the  powers  of  the  letter  a,  every 
divisor  of  this  quantity,  independent  of  a,  must  divide  separately 
the  quantities  multiplied  by  the  different  powers  of  this  letter. 

To  be  convinced  of  this,  we  need  only  observe,  that,  in  this 
case,  each  of  the  quantities  proposed  must  be  the  product  of  a 
quantity  depending  on  a,  and  of  the  common  divisor,  which  does 
not  depend  upon  it.  Now  ifwe  have,  for  example,  the  expression 

A  a*  +  Ba^  +  Cla^  +  D  a  +  JS, 
in  which  the  letters  A,  J5,  C,  /),  E,  designate  any  quantities 
whatever,  independent  of  o,  and  it  be  multiplied  by  a  quantity  Jlf, 
also  independent  of  a,  the  product 

MAa*  +  MBa^  +  MC  a^  +  MDa  +  ME, 
arranged  with  reference  to  a,  will  contain  still  the  same  powers 
of  a  as  before ;  but  the  coefficient  of  each  of  these  powers  will 
be  a  multiple  of  M. 

This  being  supposed,  if  we  restore  the  quantity  (6  —  c)  in  the 
place  of  m,  we  have  the  quantities 

bd^  —c^  (6  —  c)  —  d{b  —  cy, 
a  (6  —  c)  +  d^  ; 
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and  it  is  evident,  that  b  —  c  and  d^  have  no  common  factor ; 
the  two  quantities  then  under  consideration  have  not  a  common 
divisor. 

If  it  were  not  evident  by  mere  inspection,  that  there  is  no 
common  divisor  between  b  —  c  and  J^,  it  would  be  necessary  to 
seek  their  greatest  common  divisor  by  arranging  them  with 
reference  to  the  same  letter,  and  then  to  see  if  it  would  not  also 
divide  the  quant^^ 

50.  Instead  o|^tting  off  to  the  end  of  the  operation,  the  inves- 
tigation of  the  greatest  common  divisor  independent  of  the  letter 
with  reference  to  which  the  quantities  are  arranged,  it  is  less 
trouble  to  seek  it  at  first,  b^pause,  for  the  most  part,  the  opera- 
tion becomes  more  compl^^cd  at  each  step  as  we  advance,  and 
the  process  is  rendered  n^p^  ditTicult. 
Let  there  he,  for  examplb,  the  quantities 

a*  b*  +  a^  6'  +  b*  c^  —  a*  c'  —  a^bc^  ^  b^  c^ 

a^  b  +  ab^  +  b^  —  a^  c  —  abc  —  t^  c ; 

having  arranged  them  with  reference  to  the  letter  a,  we  have 

(6«  _  c3)  a*  +  (63  _  i  c^)  a3  ^  b*  c'  —  b^  c*, 

(6  —  c)a'  +  (63  _  6  c)  a  +  t'  —  b'  c, 

I  observe,  in  the  first  place,  that  if  they  have  a  common  divisor 

which  is  independent  of  a,  it  must  divide  each  of  the  quantities, 

multiplied  by  the  different  powers  of  a  (49),  as  well  as   the 

quantities  6*  c^  —  6*  c*  and  b^  —  6*  c,  which  do  not  contain  this 

letter. 

The  question  is  reduced  then  to  finding  the  common  divisors  of 
the  two  quantities  6*  —  c^  and  b  —  c,  and  determining  whether 
among  these  divisors  there  is  to  be  found  one  which  will  divide 
at  the  same  time 

6«— 6c«  and6«  — 6c,  6*  c«— 6^  c*  ^ndb^  —  b^c. 
Dividing  6*  —  c^  by  6  —  c,  we  find  an  exact  quotient  6  +  c ; 
b  —  c  then  is  a  common  divisor  of  the  quantities  6*  —  c*  and 
b  —  c,  which  evidently  admit  of  no  other,  since  the  quantity  6 —  c 
b  divisible  only  by  itself  and  by  unity.  We  must  now  see 
whether  6  —  c  will  divide  the  other  quantities  referred  to  above, 
or  whether  it  will  divide  the  two  quantities  proposed;  it  is  found 
that  it  will,  and  it  gives 

(6  ^  c)a^  +  (6»  +  6  c)  o3  +  63  c«  +  6*  c% 
a^  ^ba  +  b\ 
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To  bring  these  last  expressions  to  the  greatest  degree  of  sim- 
plicity, wo  should  see  if  the  first  is  not  divisible  by  6  -f  «;  k 
appears  upon  trial  that  it  is,  and  we  have  only  to  find  a  commoB 
divisor  to  the  quantities 

a*  +  ba'  +6»c«, 
a^  +ba    +  6«. 

By  proceeding  with  these  as  the  rule  prescribes,  we  come, 
after  the  second  division,  to  a  remainder  containing  the^tter  a  of 
the  first  power  only ;  and  as  this  remainder  is  not  the  common 
divisor,  we  conclude  that  the  letter  a  does  not  make  a  part  of 
the  common  divisor  sought,  which  therefore  can  consist  only  of 
the  factor  b  —  c. 

If,  beside  this  common  divisor,  another  had  been  found,  involv- 
ing the  quantity  a,  it  would  have  been  necessary  to  multiply 
these  two  divisors  together  to  obtain  the  common  divisor  sought. 

These  remarks  will  enable  the  learner,  after  a  little  practice 

in  analysis,  to  find  in  every  case  the  greatest  common  divisor. 

He  will  determine  without  difficulty  that  the  quantities. 

6  a»  -f  15  a*  6  —  4  a'  c>  —  10a«  b  c«, 

9fl»6  — 27a»6c— 6a6ca  +  184c% 

have  for  their  greatest  common  divisor  the  quantity  3  a*  —  2  c*. 

51.  The  four  fundamental  operations,  addition,  subtraction, 
multiplication  and  division,  we  perform  in  algebra  as  in  arithme- 
tic, observing  merely"  to  proceed,  in  the  operations  prescribed 
by  the  rules  of  arithmetic,  according  to  the  methods  given  for 
algebraic  quantities.  I  shall,  therefore,  merely  suggest  these 
methods,  giving  an  example  of  the  application  of  each.  I  shall 
begin  as  I  did  in  arithmetic,  with  the  multiplication  and  division 
of  fractions,  as  they  require  no  preparatory  transformations. 

1.  For  multiplication,  we  have 

?  X  c  =  ^  {Arilh.  53), 


2.  For  division, 

yc,  gives  ^or?X 

ad 


T  divided  by  c,  gives  r-  or  r  X  -  {Arilh.  54,  70), 


T  divided  by  %,  gives  r  X  -  =  -r-  {Arilh.  73). 
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S.  The  fractions  ^  ^  being  reduced  to  the  same  denomina- 
tor, become  respectively 

The  fractions, 

a     c     e     g 

by  the  same  reduction,  become  respectively 

adfh    ehfh    ebdh    ghdf 
bdfV  hdfV  hdfTC  bdfh' 

52,  1  hate  given,  in  art.  79  of  aritbmetie,  a  process  for  obtain- 
ing, in  certain  cases,  a  denominator  more  simple,  than  that  which 
results  from  the  general  rule;  it  may  be  much  simplified  by 
means  of  algebraic  symbols,  as  we  shall  see. 

If,  for  example,  we  have  the  two  fractions  r-,  r-^.,  it  is  easy  to 

see  that  the  two  denominators  would  be  the  same,  if  /  were  a 
factor  of  the  first,  and  c  a  factor  of  the  second ;  we  mukiply  then 
the  two  terms  of  the  first  fraction  by  ^^  and  the  two  terms  of  the 

second  by  c,  which  rives  r^~r  and  /-^,  more  simple  than  ,,  "^ 
■^    '  ^       bcf         bcf  *^  bbcf 

and  --£ — >9  obtained  by  multiplying  by  the  original  denominators. 
bbcf 

In  general,  to  form  the  cwnmon  denominator,  we  colkct  info  one 

product  all  the  different  factors  raised  to  the  highest  power  found  in 

the  denominators  of  the  proposed  fractions  ;  and  it  remains  only  to 

multiply  the  numerator  of  each  fraction  ^y  the  factors  of  this  prO' 

duct,  which  are  wanting  in  the  denominator  of  the  fraction* 

Having,  for  example,  the  fractions  ^j— ,  ^  and  — ,  I  form  the 

product  b*  cfg ;  I  multiply  the  numerator  of  the  first  fraction 
by/g,  that  of  the  second  by  6  eg,  that  of  the  third  by  6*/,  and  I 
obtain 

^fg  bcdg  b^  ef 

6«  cfg'         b'  cfg'  fta  cfg 

53.  The  sum  of  the  fractions 

a  b  c 

5'       W       5' 

which  have  the  same  denominator,  or 

■%  8 
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The  difference  of  the  fractions 

which  have  the  same  denominator,  or 

a       b  a  —  h 

The  whole  of  a  added  to  the  fraction  -,  or  the  expression 


a  +  -  =  —  +-  =  --I—  {Anih.  81). 

Q  t^  Q  C 

Aifb,  the  expression 


b ac       h  ac  —  b 

c        c        c  c 

Reciprocally, 

.                  .        acA-b       ac    ,    b  ,    b 

the  expression    ■ —  = 1 —  =  «H — > 

,  .        ac — b       ae       b  b 

the  expression    = =  a , 

c  c         c  c 

The  terms  of  the  preceding  fractions  were  simple  quantities, 
but  if  we  had  fractions,  the  terms  of  which  were  polynomials,  we 
should  have  to  perform,  by  the  rules  given  for  compound  quan- 
tities^ the  operations  indicated  upon  simple  quantities ;  it  is  thus 
that  we  have 

fl«  +  fe«       a—b  _  (fl«  +  fe«)(fl— fe)  _  a»-|-fl6«— a«fe  — 63 
c  +  d    ^  c  —  d^    (c  +  d)(c  — d)"^  c«— rf* 

The  quotient  of  the  fraction 

^     ,    -   divided  by  ^^-^^> 
c-j-rf  "^  c — d 

.    g»+fe«       e  —  d  _{a'  +b'){e  —  d)  ^a'c  +  b'e—a^d^b^d 

c  +  d        a  —  b         (c-(-«?)  («  —  b)        ac'{'ad — be  —  6d' 

and  so  of  other  operations. 

54.  Understanding  what  precedes,  we  can  resolve  an  equation 

of  the  first  degree,  however  complicated. 

If  we  have,  for  example,  the  equation 

(«  +  6)(.      c)  ^ oc 

a  —  b  '  3a  +  b' 

we  begin  by  making  the  denominators  to  disappear,  indicating 

only  the  operations  ;  it  becomes  then 

(a+b){x^)  (3a+6)+45(a-4)(3a+6)=2a:(ar-6)(3a+i)-«c(a^) ; 

performing  the  multiplications,  we  have 

3o«2?+  4aia?  +  6»a?  — 3a»c— 4rtftc— i«c+12a2fc_8a6a_4&»  = 

6a^  X  —  iabx  —  2b'  x  —  a'  c-\-abc', 
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transposing  to  one  member  all  the  terms  involving  a?,  it  becomes 
— 3a«*+8aix+36«a?=2a*c+5a6c+6«c— 12a»6+8a6«+46% 
from  which  we  deduce 

__  2q»c  +  5gfec+  h^  e  —  12  a»  6  +  8  q  6«  +  4  6=> 
*■"  —Sa^  +Sab  +  3b' 

Of  Questions  haivir^  two  Unknown  Quantities^  and  of  JYegatioe 

Quantities, 

55.  The  questions,  which  we  have  hitherto  considered,  involve 
only  one  unknown  quantity,  by  means  of  which,  with  the  known 
quantities,  are  expressed  all  the  conditions  of  the  question.  It  is 
often  more  convenient,  in  some  questions,  to  employ  two  unknown 
quantities,  but  then  there  must  be,  either  expressed  or  implied, 
two  conditions,  in  order  to  form  two  equations,  without  which  the 
two  unknown  quantities  cannot  be  determined  at  the  same  time. 
The  question  in  art.  3,  especially  as  it  is  enunciated  in  art.  4, 
presents  itself  naturally  with  two  unknown  quantities,  that  is, 
with  both  the  numbers  sought.    Indeed,  if  we  denote 

the  least  by  a?, 

the  greatest  by  y, 

their  sum  by  a, 

their  difference  by  6, 
we  have,  by  the  enunciation  of  the  question, 

y  —  a?  =  6. 
Each  of  these  two  equations  being  considered  by  itself,  we 
can  determine  one  of  the  unknown  quantities.     If  we  take  the 
second,  for  example,  we  deduce  the  value  of  y,  which  is 

y  =  6  +  a:, 
a  value,  which  seems  at  first  to  teach  us  nothing  with  regard  to 
what  we  are  seeking,  since  it  contains  the  quantity  ^r,  which  is 
not  given ;  but  if,  instead  of  the  unknown  quantity  y  in  the  first 
equation,  we  put  this,  its  equivalent;  the  equation,  containing 
now  only  one  unknown  quantity  x,  will  give  the  value  of  x  by 
the  process  already  taught. 
We  have  in  fact  by  this  substitution, 
a?  +  6  -|-  X  =  a, 
or  2  a? '+  k  =  fl? 

or  lastly,  x  =  ^^ ; 


^ 
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and  putting  this  value  of  «  in  the  expression  for  y, 

we  have  then  for  the  two  unknown  numbers  the  same  expres- 
sions as  in  art.  3. 

It  is  easy  to  see  indeed,  that  the  above  solution  does  not  differ 
essentially  from  that  of  art,  3 ;  only  I  have  supposed  and  resolv- 
ed the  second  equation  y  —  oj  =  6,  which  I  contented  myself 
with  enunciating  in  common  language  in  the  article  cited ;  and 
from  it  I  deduced,  without  algebraic  calculation,  that  the  greater 
number  was  «  -f*  b. 

56.  I  tkke  another  question. 

A  labourer  having  worked  for  a  person  12  days,  and  having  with 
him,  during  the  first  7  days,  his  wife  and  son,  reuived  74  francs  ; 
he  worked  afterward  with  the  same  person  8  days  more,  during  5  of 
which,  he  had  with  him  his  wife  and  son,  and  he  received  at  this  time 
50  francs  ;  how  much  did  he  earn  per  day  himself,  and  how  much 
did  his  wife  and  son  earn  ? 
Let  X  be  the  daily  wages  of  the  man, 

y  that  of  his  wife  and  son  ; 
19  days^  work  of  the  man  will  amount  to  12  j?, 
7  days'  work  of  his  wife  and  son,  7y ; 

we  have  then  by  the  first  statement  of  the  question, 
12a?  +  7y  =  74; 
8  days'  work  of  the  man  will  give        8  x, 
and  5  days'  work  of  his  wife  and  son  5  y  \ 

we  have  then  by  the  second  statement 

8  a;  +  5y  =  50. 
Proceeding  as  in  the  preceding  question,  we  take  the  value  of 
y  in  the  first  equation,  which  is 

74  — 12x 

y  =  — ^. 

and  substitute  this  value  in  the  second,  multiplying  it  by  5,  the 

coefficient,  and  it  becomes 

370  —  602 
8  X  H =  50, 

an  equation,  which  contains  only  the  unknown  quantity  x.    By 
reducing  it,  we  have 

56  0?  -f  370  —  60  a?  =  350, 
370—    4«  =  350; 
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transposing  —  4  x  to  the  second  member,  and  350  to  the  first, 
we  obtain 

3T0  — 350  =  4« 
20  =  4« 

y=    X 

5  =     X. 
Knowing  x,  which  we  have  just  found  equal  to  5,  if  we  place 
this  Talue  in  the  formula 

74  — 12x 

y  =  — 7— . 

the  8ec<md  member  will  be  determined,  for  we  have 

,  _  74—12X5  _  74—60  _  14  _ 
S- f =  — y y-2. 

thus  y  =  2- 

The  man  then  earned  5  francs  per  day,  while  his  wife  and  son 
earned  only  3. 

57.  The  reader  has  perhaps  observed,  that  in  resolving  the 
above  equation  370  —  4  x  =  350,  I  have  transposed  4  x  to  the 
second  member.  I  have  proceeded  thus  to  avoid  a  slight  diflS- 
cultjr,  that  would  otherwise  have  occurred,  and  which'  I  will 
now  explain. 

By  leaving  4  x  in  the  first  member,  and  transposing  370  to  the 
second,  we  have 

—  4  X  =  350  —  370 ; 
and  reducing  the  second  according  to  the  rule  in  art.  19,  there 
will  result  from  it 

—  4x  =  —  20. 

But  as  we  have  avoided,  in  the  preceding  article,  the  sign  — , 
which  affects  the  quantity  4  x,  by  transposing  this  quantity  to 
the  other  member ;  and  as  in  like  manner  the  quantity  350  —  370 
becomes  by  transposition  370  —  350 ;  and  since  a  quantity,  by 
being  thus  transferred  from  one  member  to  the  other,  changes 
the  sign  (10),  it  is  evident  that  we  may  come  to  the  same  result 
by  simply  changing  the  sign  of  each  of  the  quantities  —  4  x^ 
+  350  —  370,  which  gives 

4  X  =  —  350  +  370, 
or  4  X  =       370  —  350, 

which  is  the  same  as 

370  —  350  =  4  X. 
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We  might  also  change  the  signs  after  reduction,  and   the 
equation 

—  4  a?  =  —  20 
becomes,  as  above,  « 

Ax  =  20. 
It  follows  from  this,  that  loe  may  transpose  indifferently^  to  one 
member  or  to  the  other,  all  the  terms  involving  the  unknown  quantity^ 
observir^  merely  to  change  the  signs  of  the  two  metnbers  in  the  result^ 
when  the  unknown  quantity  has  the  sign  — • 

68.  Having  undertaken,  by  means  of  letters,  a  general  solu- 
tion of  the  problem  of  art.  56,  I  will  now  examine  a  particular 
case.  I  suppose  the  first  sum  received  by  the  labourer  to 
be  46  francs,  and  the  second  30,  the  other  circumstances  remain- 
ing as  before ;  the  equations  of  the  question  will  then  be 
12a?  +  7y  =  46, 
8  cc  +  6  y  =  30.  # 

The  first  gives 

46  — 12aj 
y  = f 5 

multiplying  this  value  by  5,  in  order  to  substitute  it  in  the  place 

of  5  y,  in  the  second,  we  have 

,    230  —  602       ^^ 

8  a?  +  -^ = =  30; 

7 

the  denominator  being  made  to  disappear,  it  becomes 

56  X  +  230  —60  a?  =  210, 
or  56  a?  —  60a?  =  210  —  230, 

or  —  4  a?  =  —  20, 

and  the  signs  being  changed  agreeably  to  what  has  just  been 
remarked, 

4  a?  =  20, 
a?  =  y  =  5. 
If  we  substitute  this  value  instead  of  x  in  the  expression  for  t/,  it 
will  become 

46  —  60 

y  = 


or 


7 
—  14 


7 

Now  how  are  we  to  interpret  the  sign  — ,  which  affects  the  in- 
sulated quantity  14  ?  We  understand  its  import,  when  there  are 
two  quantities  separated  from  each  other  by  the  ^ign  — ,  and 
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trhen  the  quantity  to  be  subtracted  is  less  than  that  from  which 
it  is  to  be  taken ;  but  how  can  we  subtract  a  quantity  when  it  is 
not  connected  with  another  in  the  member  where  it  is  found  ? 
To  clear  up  this  difficulty,  it  is  best  to  go  back  to  the  equations, 
which  exjnress  the  conditions  of  the  question ;  for  the  nearer  wc 
approach  to  the  enunciation,  the  closer  shall  we  bring  together 
the  circumstances  which  have  given  rise  to  the  present  uncer- 
tainty. 
I  resume  the  equation 

12a?  +  7y  =  46; 
I  pot  in  the  place  of  a?  its  value  5,  and  it  becomes 

60  +  7y  =  46. 
This  equation,  by  mere  inspection,  presents  an  absurdity.     It  is 
impossible  to  make  the  number  46  by  adding  any  thing  to  the 
number  GO,  which  exceeds  it  already. 
I  take  also  the  second  equation, 

8  0?  +  6  y  ==  30, 
and  putting  5  in  the  place  of  x,  I  find 

.     40  +  5y  =  30; 
the  same  absurdity  as  before,  since  the  number  30  is  to  be  form- 
ed by  adding  something  to  the  number  40. 

Now  the  quantities  12  x  or  60  in  the  first  equation,  8  x  or  40 
in  the  second,  represent  what  the  labourer  earned  by  his  own 
work;  the  quantities  ly  and  5y  stand  for  the  earnings  of  his 
wife  and  son,  while  the  numbers  46  and  30  express  the  sum  given 
as  the  common  wages  of  the  three ;  we  must  see  then  at  once  in 
what  consists  the  absurdity. 

According  to  the  question,  the  labourer  earned  more  by  him- 
self, than  he  did  by  the  assistance  of  his  wife  and  son ;  it  is 
impossible  then  to  consider  what  is  aUowed  to  the  woman  and 
son,  as  augmenting'the  pay  of  the  labourer. 

But  if,  instead  of  counting  the  allowance  made  to  the  two  lat- 
ter persons  as  positive,  we  regard  it  as  a  charge  placed  to  the 
account  of  the  labourer,  then  it  would  be  necessary  to  deduct  it 
from  his  wages;  and  the  equations  would  no  longer  involve  a 
contradiction,  as  they  would  become 

60  — 7y  =  46, 
40  —  5  y  =  30  ; 
we  deduce  from  the  one  as  well  as  from  the  other 

y  =  2; 
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and  we  conclude  from  it,  that  if  the  labourer  earned  5  francs 
per  day,  his  wife  and  son  were  the  occasion  of  an  expense  of  3 
francs,  which  may  otherwise  be  proved  thus. 

For  12  days'  labour  he  received 

5  X  13  or  60  francs; 
the  expense  of  his  wife  and  son  for  7  days  is 

3  X  7  or  14  francs; 
there  remain  then  46  francs. 

For  8  days'  labour  he  receives 

5  X  B  or  40  francs ; 
the  expense  of  his  wife  and  son  for  5  days  is 

2  X  5  or  10  francs, 
there  remain  30  francs. 

It  is  very  clear  then,  that  in  order  to  render  the  proposed 
problem  with  the  first  conditions  possible,  instead  of  the  enun- 
ciation in  article  56,  we  must  substitute  this ; 

A  labourer  worked  for  a  person  12  days,  having  had  mth  him  the 
first  7  days,  his  wife  and  son  at  a  certain  expense,  and  he  received 
4S  francs ;  he  worked  afterwards  8  days,  during  5  of  which  he  had 
with  him  his  wife  and  son  at  an  expense  as  before,  and  he  received 
SO  francs*  It  is  required  to  find  how  much  he  earned  per  day,  and 
what  was  the  sum  charged  him  per  day  on  account  of  his  wife  and 
son. 

Calling  X  the  daily  wages  of  the  labourer,  and  y  the  daily 
expense  of  wife  and  son,  the  equations  of  the  problem  will  evi- 
dently be 

12a?  —  7y  =  46, 
8  X  —  5  y  =  30 ; 
and  being  resolved  after  the  manner  of  those  in  art.  56,  they 
will  give 

«  =  5  francs,    y  =  2  francs. 

59.  In  every  case,  where  we  find,  for  the  value  of  the  unknown 
quantity,  a  number  afiected  with  the  sign  — ,  we  can  rectify  the 
enunciation  in  a  manner  analogous  to  the  preceding,  by  exam- 
ining, with  care,  what  that  quantity  is,  among  those,  which  are 
additive  in  the  first  equation,  which  ought  to  be  subtractive  in 
the  second ;  but  algebra  supersedes  the  use  of  every  inquiry  of 
this  kind,  when  we  have  learnt  to  make  a  proper  use  of  expres- 
sions affected  with  the  sign  — ;  for  these  expressions,  being 
deduced  from  the  equations  of  the  problem,  must  satisfy  those 
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equations ;  that  is  to  say^  bj  subjecting  them  to  the  operations 
indicated  in  the  equation^  we  ought  ib  find  for  the  first  member 

a  value  equal  to  that  of  the  second.    Thus  the  expression  ^^^ 

drawn  from  the  equations 

12a?  +  7y  =  46, 

8a?  -|-  5y  =  30, 

must,  consistently  with  the  value  of  x  =  5,  as  deduced  from 

these  same  equations,  verify  them  both. 

The  substitution  of  the  value  of  x  gives,  in  the  first  place, 

60  +  7»  =  46, 

40  +  5y  =  30. 

It  remains  to  make  the  substitution  of  ^^^^  in  the  place  of  y  $ 

and  for  this  purpose  we  must  multiply  by  7  and  by  5,  having 
regard  to  the  sign  — ,  with  which  the  numerator  of  the  fraction 
is  affected. 

If  we  apply  the  rule  relative  to  the  signs  given  in  art.  42  for 
division,  we  have 

—  14 

besides,  by  the  rule  for  the  signs  in  multiplication,  we  find 
7  X  — 2  =  — 14,  . 
6  X  —  2  =  —  10, 
Hence  the  equations 

60+7y  =  46,    and     40  +  5y  =  30, 
become  respectively 

60  —  14  z=  46,  and  40  —  10  =  30, 
and  are  verified,  not  by  adding  the  two  parts  of  the  first  member, 
bat  in  reality  by  subtracting  the  second  from  the  first,  as  was 
done  above,  after  considering  the  proper  import  of  the  equations. 
60.  The  problem  in  art.  58  does  not  admit  of  a  solution  in 
the  sense  in  which  it  is  first  enunciated ;  that  is  to  say,  by  addi- 
tion, or  regarding  as  an  accession  the  sum  considered  with 
reference  to  the  wife  and  son  of  the  labourer ;  neither  does  the 
second  enunciation  consist  with  the  data  of  the  problem  in  art. 

50a 

If  we  were  to  consider  in  this  case  ^,  as  expressing  a  deduc* 
tion,  the  equations  thus  obtained 
Alg.  9 
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would  give 


12^— 7y=  74, 
8  a;  —  5y  =  60, 


•?  =  5,    and     y  =  -y-  ; 


and  the  substitution  of  the  value  of.x  would  immediately  change 
the  equations  to 

60— 7y  =  74, 
40  — 5y  =  60. 

The  absurdity  of  these  results  is  precisely  contrary  to  that  of 
the  results  in  art.  58,  since  it  relates  to  remainders  greater  than 
the  numbers  CO  and  40,  from  which  the  quantities  7y  and  By 
are  to  be  subtracted. 

The  sign  minus,  which  belongs  to  the  expression  of  2^,  implies 
an  absurdity ;  but  this  is  not  all,  it  does  it  away  also ;  for,  ae- 
cording  to  the  rule  for  the  signs, 

7     ^        ^' 
and  —  7  X  —  2  =  +  14, 

—  5  X  —  2  =  +  10. 
Thus  the  equations 

60  —  7y  =  74,         40  —  6y  =  60, 
become 

60  +  14  ^  74,  40  +  10  =  60, 
and  are  verified  by  addition ;  consequently,  the  quantities  —  7  y 
and  —  6y,  transformed  into  +  14,  -|-  10,  instead  of  expressing 
expenses  incurred  by  the  labourer,  are  regarded  as  a  real  gain. 
We  are  brought  back  then,  in  this  case,  also  to  the  true  enuncia- 
tion of  the  question. 

61.  We  perceive  by  the  preceding  examples,  that  there  may  be, 
in  the.  enunciations  of  a  problem  of  the  first  degree^  tertain  contra- 
dictions^ which  algebra  not  only  makes  known^  but  points  out  also 
how  they  may  be  reconciled^  by  rendering  mbtractive  certain  quan- 
tities  which  had  been  regarded  as  additive,  or  additive  certain  quan' 
tities  which  had  been  regarded  as  subtractive^  or  by  giving  to  the 
^Ankfunon  quantities  values  affected  with  the  sign  — -^ 

See  then  what  is  to  be  understood,  when  we  speak  t>f  values 
affected  by  the  sign  — ,  and  of  what  are  called^nega/toe  solutions^ 
resolving,  in  a  sense  oj^site  to  the  enunciation,  the  question  in 
which  they  occur. 
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It  follows  from  this,  that  we  may  regard,  as  but  one  single 
question,  those,  the  enunciations  of  which  are  connected  together 
in  such  a  manner,  that  the  solutions,  which  satisfy  one  of  the 
enunciations,  will,  by  a  mere  change  of  sign,  satisfy  the  other  also. 

62.  Since  negative  quantities  resolve  in  a  certain  sense  the 
problems,  which  give  rise  to  them,  it  is  proper  to  inquire  a  little 
more  particularly  into  the  use  of  these  quantities,  and  to  settle 
once  for  all  the  manner  of  performing  operations  in  which  they 
are  concerned. 

We  have  already  made  use  of  the  rule  for  the  signs,  which  had 
been  previously  determined  for  each  of  the  fundamental  opera- 
tions; but  the  rules  have  not  been  demonstrated  with  reference 
to  insulated  quantities.  In  the  case  of  subtraction,  for  example, 
we  supposed  that  there  was  to  be  taken  from  a,  the  expression 
h  —  c,  in  which  the  negative  quantity  c  was  preceded  by  a  posi- 
tive quantity  6.  Strictly  speaking,  the  reasoning  does  not  de- 
pend upon  the  value  of  h ;  it  would  still  apply  when  b  =  0,  which 
reduces  the  expression  b  —  c  to  —  c.  But  the  theory  of  nega- 
tive quantities  being  at  the  same  time  one  of  the  most  important 
and  most  difficult  in  algebra,  it  should  be  established  upon  a  sure 
basis.  To  effect  this,  it  is  necessary  tp  go  back  to  the  origin  of 
negative  quantities. 

The  greatest  subtraction,  that  can  be  made  from  a  quantity,  is 
to  take  away  the  quantity  itself,  and  in  this  case  we  have  zero 
for  a  remain^r ;  thus  a  —  a  =  0.  But  when  the  quantity  to  be 
subtracted  exceeds  that  from  which  it  is  to  be  taken,  we  cannot 
subtract  it  entirely ;  we  can  only  make  a  reduction  of  the  quan- 
tity to  be  subtracted,  equal  to  the  quantity  from  which  it  was  to 
be  taken.  When,  for  example,  it  is  required  to  subtract  5  from 
3,  or  when  we  have  the  quantity  3—-  5;  to  take,  in  the  first  place, 
3  from  5,  we  decompose  5  into  two  parts  3  and  2,  the  successive 
subtraction  of  which  will  amount  to  that  of  5,  and  thus,  instead 
of  3  -—  5,  we  have  the  equivalent  expression  3  —  3  —  2,  which 
is  reduced  to  —  3.  The  sign  — ,  which  precedes  2,  shows  what 
is  necessary  to  complete  the  subtraction  ;  so  that,  if  we  had  add- 
ed 2  to  the  first  of  the  quantities,  we  should  have  had  3  +  2 —  6, 
or  zero.  We  express  then,  with  the  help  of  algebraic  signs,  the 
idea  that  is  to  be  attached  to  a  negative  quantity  —  a,  by  form- 
ing the  equation  a-—  rt  =  Q,  or  by  regarding  the  symbols  a  —  a^ 
b  —  6,  &c.,  as  equivalent  to  zero. 
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This  being  supposed,  it  will  be  understood,  that  if  we  add  to 
any  quantity  whatever  the  symbol  b  —  6,  which  in  reality  is 
only  zero,  we  do  not  change  the  value  of  this  quantity,  and  that, 
consequently,  the  expression  a  +  ^  —  *»  is  nothing  else  but  a 
different  manner  of  writing  the  quantity  a,  which  is  also  evident 
from  the  consideration,  that  -|-  b  and  —  b  destroy  each  other. 

But  having  by  this  change  of  form  introduced  -f-  6  and  —  b 
into  the  same  expression  with  a,  we  see,  that  in  order  to  subtract 
any  one  of  these  quantities,  it  is  sufficient  to  efface  it.-  If  it  were 
-|-  b  that  we  would  subtract,  we  efface  it,  and  there  remains 
a  — '  b,  .which  accords  with  the  rule  laid  down  in  art.  2;  if  on 
the  other  hand  it  were  —  6,  we  efface  this  quantity,  and  there 
would  remain  a  -|-  6,  as  might  be  inferred  from  art.  20. 

With  respect  to  multiplication,  it  will  be  observed,  that  the 
product  of  fl  —  a  by  +  ^  njust  be  a  6  —  a  6,  because  the  multi* 
plicand  being  equal  to  zero,  the  product  must  be  zero;  and  the 
first  term  being  a  6,  the  second  must  necessarily  be  —  a  6  to 
destroy  the  first. 

We  infer  from  this,  that  —  a,  multiplied  by  +  6,  must  give 

—  ab. 

By  multiplying  a  by  6  —  6,  we  have  still  ab  —  at,  because 
the  multiplier  being  equal  to  zero,  the  product  will  also  be  equal 
to  zero  5  it  is  therefore  necessary  that  the  second  term  should  be 

—  a  fc,  to  destroy  the  first  +  a  6. 

Whence  -|-  a,  multiplied  by  —  fc,  must  give  give  r-  ab» 

Lastly,  if  we  multiply  —  a  by  6  —  6,  the  first  term  of  the 
product  being,  according  to  what  has  just  been  proved,  —  a  6,  it 
is  necessary  that  the  second  term  should  be  +  o6,  as  the  product 
must  be  nothing  when  the  multiplier  is  nothing. 

Whence  —  a,  multiplied  by  —  6,  gives  -|-  a  6. 

By  collecting  these  results  together  we  may  deduce  from  them 
the  same  rules  as  those  in  art.  31  (A). 

As  the  sign  of  the  quotient,  combined  with  that  of  the  divisor^ 
according  to  the  rules  proper  for  multiplication,  must  produce 
the  sign  of  the  dividend,  vvc  infer  from  what  has  just  been  said, 
that  the  rule  for  the  signs  given  in  art.  42,  corresponds  with  that, 
which  it. is  necessary  to  observe  in  fact,  and  that  consequently, 
simple  quantities^  when  they  are  insulated^  are  combined  with  respect 
to  their  signs^  in  the  same  manner^  as  when  they  make  a  pari  of 
polynomials. 
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63.  According  to  these  remarks,  we  may  always,  when  we 
meet  with  negative  values,  go  back  to  the  true  enunciation  of  the 
question  resolved,  by  seeking  in  what  manner  these  values  will 
satisfy  the  equations  of  the  proposed  problem ;  this  will  be  con- 
firmed by  the  following  example,  which  relates  to  numbers  of  a 
different  kind  from  those  of  the  question  in  art.  56. 

64.  Two  couriers  set  out  to  meet  each  other  at  the  same  time  from 
two  citieSj  the  distance  of  which  is  given ;  we  know  how  many 
miles  (a)  each  travels  per  hour^  and  we  inquire  at  what  point  of  the 
route  hetzoeen  the  two  cities  they  will  meet. 

To  render  the  circumstances  of  the  question  more  evident,  I 
have  subjoined  a  figure,  in  which  the  points  A  and  6  represent 
the  places  of  departure  of  the  couriers.    - 

A  ^  R  B 

I  denote  the  things  given,  and  those  required,  in  the  usual  way, 
by  small  letters. 

ff,  the  distance  in  miles  of  the  points  of  departure  A  and  B, 
b,  the  number  of  miles  per  hour,  which  the  courier  from  A 

travels, 
r,  the  number  of  miles  per  hour,  which  the  courier  from  B 
travels. 
The  letter  R  being  placed  at  the  point  of  meeting  of  the  two 
couriers,  1  shall  call  x  the  distance  AR  passed  over  by  the  first, 
y  the  distance  BR  passed  over  by  the  second^  and  as 
AR-^-  BR=z  AB, 

I  have  the  equation, 

00  -{-y  =  a. 

Considering  that  the  distances  x  and  y  are  passed  over  in  the 

same  time,  we  remark  that  the  first  courier,  who  travels  a  number 

h  of  miles  in  an  hour,  will  employ,  in  passing  over  the  distance 

x,  a  time  denoted  by  - . 

Also  the  second  courier,  who  travels  c  miles  in  an  hour,  will 

employ,  in  passing  over  the  distance  y,  a  time  denoted  by  -  ;  we 

c 

have  then 

^  —  y 

(a)  In  the  original  the  distance  is  given  in  kilometres.  It  is  here 
expressed  by  miles  to  avoid  perplexing  the  learner. 
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The  equations  of  the  question  therefore  will  be 

*  _y 

b-c' 
Making  the  denominator  b  of  the  second  to  disappear,  we  have 

by 
^  =  T' 
putting  this  value  in  the  place  of  x  in  thq  first  equation,  it  be- 
comes 

and  we  deduce  from  it 

ac 


by  -{-  cy  =  ac,        whence        y  = 


b  +  c 

Substituting  this  value  of  y  in  the  expressfon  for  the  value  of 
»,  we  obtain 

b  v.,     ^c  abc      /^^v 

a?  =  -  X  ^1—,        or        a?  =    ,,   ,    .  (31), 
c        6  -|-  c  c  (6  +  c)  ^ 

or  lastly 

As  the  sign  —  does  not  enter  into  the  values  of  x  and  y,  it  is 
evident  that  whatever  numbers  are  put  for  the  letters  abc^  we 
shall  always  find  x  and  y  with  the  sign  4"?  ^^d  therefore  the 
question  proposed  will  be  resolved  in  the  precise  sense  of  the 
enunciation.  Indeed  it  is  readily  perceived,  that  in  every  case 
where  two  persons  set  off  from  different  points  and  travel  toward 
each  other,  they  must  necessarily  meet. 

65.  I  will  now  suppose,  that  the  two  couriers  proceed  in  the 
same  direction,  and  that  the  one  who  sets  out  from  A  is  pursu-* 
ing  the  one  who  sets  out  from  B^  and  who  is  travelling  toward 
the  same  point  C,  placed  beyond  B,  with  respect  to  A. 

A  B  R  C 

It  is  evident  that  in  this  case,  the  courier  who  starts  from  the 
point  A,  cannot  come  up  with  the  courier  who  sets  off  from  the 
point  B,  except  he  travels  faster  than  this  last,  and  the  point  of 
coming  together,  /{,  cannot  be  between  A  and  B,  but  must  be 
beyond  5,  wilh  respect  to  A* 

Having  the  same  things  given  as  before,  and  observing  that 
when 

AR  —  BR  =  AB, 
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we  have 

ix:  —  y=za. 
The  second  equation, 

ft  ~c' 
expressing  only  the  equality  of  the  times  employed  by  the  cou- 
riers in  passing  over  the  distances  AR  and  BRj  undergoes  no 
change. 
The  above  equations,  being  resolved  like  the  former  ones,  give 

c' 
—  —  y  =  ff»        by  —  cy  =  ac, 
ac 

b  ac  abe 

OP  =-  X 


c        b  —  c        c{b  —  c)' 

and  lastly  x  =  =; . 

0  —  c 

Here  the  values  of  x  andy  will  not  be  positive,  except  whea 
h  is  taken  greater  than  c,  that  is  to  say,  except  the  courier  start- 
ing from  the  point  A  be  supposed  to  travel  faster  than  the  other. 

]f,  for  example,  we  make 

6  =  20,        c  =  10, 
we  have 

X  = 

y  = 

from  which  it  follows,  that  the  point  of  their  coming  together  is 
distant  from  the  point  A  twice  AB. 
If  we  now  suppose  b  smaller  than  c,  and  take,  for  example, 
5  =  10,        c  =  20, 
we  find 

_      10  g      _,"  10  g 

*  ""  10  —  20  "~  —  10  ""        ^' 

^  ■"  10  —  20  "^  H^  ^  ^' 

These  values  being  affected  with  the  sign  — ,  make  it  evident, 
that  the  question  cannot  be  resolved  in  the  sense  in  which  it  is 
enunciated ;  and  indeed  it  is  absurd  to  suppose  that  the  courier 


20  a 

: 

20  a 
10 

10  a 
10 

= 

2a, 

20  —  10 
10a 

20—  10 
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setting  out  from  the  point  A^  and  proceeding  only  10  miles  in  an 
hour,  should  ever  be  able  to  overtake  the  courier  setting  out  from 
the  point  6,  and  travelling  20  miles  per  hour,  and  who  is  in  ad- 
vance of  the  first. 

66.  Nevertheless,  these  same  values  resolve  the  question  in 
a  certain  sense ;  for,  by  substituting  them  in  the  equations 

X  —  y  =  a, 
X  _  y 

we  have  by  the  rule  for  the  signs 

—  a  -}-  2  a  =  cr, 

a  _        2a 

To  "*  20' 
equations  which  are  satisfied  ;  since,  by  making  the  reductions, 
the  first  member  becomes  equal  to  the  second  ;  and  if  we  attend 
to  the  signs  of  the  terms,  which  compose  the  first,  we  shall  see 
how  it  is  necessary  to  modify  the  enunciation  of  the  question,  in 
order  to  do  away  the  absurdity. 

Indeed,  it  is  the  distance  a  corresponding  to  x,  and  passed 
over  by  the  first  courier,  which  is  in  reality  subtracted  from  the 
distance  2  a,  corresponding  to  y,  and  passed  over  by  the  second 
courier ;  it  is  then  just  as  if  we  had  changed  y  into  a?,  and  x  into 
y,  and  had  supposed  that  the  courier  starting  from  the  point  B^ 
had  run  after  the  other. 

This  change  in  the  enunciation,  produces  also  a  change  in^he 
direction  of  the  routes  of  the  couriers ;  they  are  no  longer  tra- 
velling toward  the  point  C,  but  in  an  opposite  manner  toward 
the  point  C',  as  represented  in  the  figure  below ; 


O  R'  A  B  R  C 

and  their  coming  together  takes  place  in  R'.    The  result  from 
this  is 

BR'  —  AR'  =  AB, 
which  gives  s 

y  —  X  =  a ; 
we  have  besides  constantly 

X  _  y 

and  we  find 

—   ^^    —      ^Qg     _ 
*  ""  7^b  ""  20  —  10  ""  ^' 
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ae  20  a 

positive  values,  which  resolve  the  question  in  the  precise  sense 

in  which  it  is  enunciated.  7^ 

67.  The  question  we  have  been  considering  presents  a  case,  io  \ 
which  it  is  in  every  sense  absurd.  This  occurs  when  we  sup- 
pose the  two  couriers  to  travel  equally  fast.  It  is  evident,  that  in 
whatever  direction  we  suppose  them  to  move,  they  can  never 
come  together,  since  they  preserve  constantly  the  intei-val  of  their 
points  of  departure.  This  absurdity,  which  no  modification  in  the 
enunciation  can  remove,  is  very  conspicuous  in  the  equations. 

We  have  now  6  =  0,  since  the  couriers,  travelling  equally  fast, 
pass  over  the  same  space  in  an  hour ;  the  equation 

5  — ? 

b        c 

becomes  ■  r  =  ?> 

0  0 

ind  gives  a?  =  y. 

Thus  the  equation  a?  —  y  =  « 

reduces  itself  to  x  —  x  =  a   or    0  =  a, 

a  result  sufficiently  absurd,  since  it  supposes  a  quantity  a,  the 

magnitude  of  which  is  given,  to  be  nothing. 

68.  This  absurdity  shews  itself  in  a  manner  very  singular  in 
the  values  of  the  unknown  quantities 

ab  ac 

their  denominator  becoming  0  when  b  =  c,  we  have 
ab  ac 

^  =  -0'  J'  =  -o- 

We  do  not  easily  perceive  what  may  be  the  quotient  of  a  di- 
TisioD  when  the  divisor  is  zero ;  we  see  merely,  that  if  we  con* 
sider  b  as  nearly  equal  to  c,  the  values  of  x  and  y  become  very 
great     To  be  convinced  of  this,  we  need  only  take 
b  =±  S  miles,  c  =  5,8  miles. 


we  then  have 

»=P  =  «'- 

*  =  ^  =  ^«- 

If  further  we  take 

6=6,             C  =: 

Alg. 
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we  have 


"k 

6a 

:60o, 

y       0,1 

=  59  a. 

If  moreover  we 

make 

it  becomes 

b 

=  6, 

c  =  6,9J 

6a 
*  ~  0,01  ~ 

r  600  0, 

5^« 

=  599  a, 

0,01 

and  it  is  manifest,  that  as  the  divisor  diminishes  in  proportion  to 
the  smallness  of  the  assumed  difference  of  the  numbers  6  and  c, 
we  obtain  values  more  and  more  increased  in  magnitude. 

But  as  a  quantity,  however  minute,  can  never  be  taken  for 
zero,  it  follows,  that  however  small  we  make  the  difference  of 
the  numbers  represented  by  the  letters  6  and  c,  and  however 
great  may  be  the  consequent  values  of  x  and  y^  we  nevdr  attain 
to  those  which  answer  to  the  case  where  6  =  c. 

Since  these  last  cannot  be  represented  by  any  number,  how- 
ever great  we  suppose  it,  they  are  said  lo  be  infinite ;  aijd  every 

expression  of  the  form  --,  the  denominator  of  which  is  zero,  is 

regarded  as  the  symbol  of  infinity. 

This  example  shows  that  mathematical  infinity  is  a  negative 
idea,  since  we  at  length  get  it  only  by  the  impossibility  of  assign- 
ing a  quantity  that  can  resolve  the  question. 

We  may  ask  here,  how  the  values 

ah  ac 

*  =  ¥'  y  =  -0' 

satisfy  the  equations  proposed ;  for  it  is  an  essential  character- 
istic of  algebra,  that  the  symbols  of  the  values  of  unknown  quan- 
tities, whatever  they  may  be,  being  subjected  to  the  operations 
indicated  upon  these  quantities,  shall  satisfy  the  equations  of  the 
problem. 

By  substituting  them  in  the  equations 
x  —  y  =  0, 

which  answer  to  the  case  where  b  =  c,  we  have  by  the  first, 
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ab       ab 

■o --0  ="' 

ab  —  ab  ,  ,  ^^  ^ 

or  — =  a,    or    ab  —  06  =  0x0, 

or  lastly,  0  =  0,        since        a  X  0  =  0. 

The  second  equation  gives,  under  the  same  condition, 

ab     ab    ^ 

9X  b^OyTb' 
the  two  members  of  each  equation  becoming  equal,  the  equations 
are  satisfied. 

It  remains  still  to  explain  how  the  notion  indicated  by  the 

expression  — ,  removes  the  absurdity  of  the  result  found  in  art. 

67.    For  this  purpose,  let  the  two  members  of  the  equation 

a:  —  y  =  a, 
be  divided  by  x,  which  gives 

X  X 

and  as  the  equation 

i  —  ^y 
b       b 

gives  a?  =:  y,  the  first  becomes 

l_l=:«         or        0=?. 

X  X 

The  error  here  consists  in  the  quantity  -,  by  which  the  sec- 
ond member  exceeds  the  first ;  but  this  error  becomes  smaller 
and  smaller,  in  proportion  to  the  assumed  magnitude  of  x»  It  is 
then  with  reason,  that  algebra  gives  for  x  an  expression,  which 
cannot  be  represented  by  any  number,  however  great,  but  which, 
as  it  proceeds  in  the  order  of  numbers  becoming  greater  and 
greater,  points  out  in  what  manner  we  may  reduce  more  and 
more  the  error  of  the  supposition. 

69.  If  the  couriers  travelling  equally  fast,  and  in  the  same 
direction,  had  set  out  from  the  same  point,  their  coming  together 
could  not  be  said  to  take  place  at  any  particular  point,  since 
they  would  be  together'  through  the  whole  extent  of  their  route. 
It  may  be  worth  while  to  see  how  this  circumstance  is  represent- 
ed by  the  values,  which  the  unknown  quantities  x  and  y  assume 
in  this  case. 
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B 


A  C 

The  points  A  and  B  being  coincident,  we  have  on  this  suppo- 
sition a  =  0,  and  constantly  6  =  c ;  it  follows  then,  that 
_  0.*  _  0  _  0.C  __  0 

^~"^""0'        ^"""o"  ""0' 
In  order  to  interpret  these  values,  that  indicate  a  division,  in 
which  the  dividend  and  divisor  are  ea«h  nothing,  I  go  back  to 
the  equations  of  the  question.    The  first  becoitiing 

a?  —  y  =  0,    gives    a?  =  y ; 
and  substituting  this  value  in  the  second  equation,  which  is 

^  =  f ,      it  becomes     r  =  r- 

O  a  0  0 

The  last  equation  having  its  two  members  identical^  that  is  to  say, 
composed  of  the  same  terms  with  the  same  sign,  is  verified,  what- 
ever value  is  assigned  to  y,  and  this  unknown  quantity  can  never 
be  determined.     Besides,  it  is  evident  that  the  equation 

-  =  ?     becomes  x  =:  Vi 

and  consequently  can  express  nothing  mere  than  the  first.*  The 
only  result,  both  from  the  one  and  from  the  other,  is,  that  the  two 
couriers  are  always  together,  since  the  distances  x  and  y  from  the 
point  A  are  equals  their  value  in  other  respects  remains  indeter- 
minate. The  expression  $  then,  is  here  a  symbol  of  an  inde- 
terminate quantity.  I  say  here,  for  there  are  cases  where  it  is 
not ;  but  the  expression  has  not  then  the  ^ame  origin  as  the  pre- 
ceding. 

70.  To  give  an  example,  let  there  be 

q(Qa_6a) 
6  (a— 6)' 
ThLs  quantity  becomes  ^  in  its  present  form,  when  tf  =  fc;  but  if 
yfe  reduce  it  first  to  its  most  simple  expression,  by  suppressr 
ing  the  factor  a  —  6,  common  to  the  numerator  and  denominator, 
we  find 

*  For  the  sake  of  conciseness,  analysts  apj^y  to  the  same  equations 
the  epithet,  identical. 

f  f  =:  I  is  an  identical  equation,  6  —  3a:  =  5  —  3a:  is  another, 

0  0 

and  when  two  equations  express  only  the  same  thing,  we  say  that 
these  equations  also  are  identical. 
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a{a  +  b) 

b      ' 
which  gives  2  a,  when  a  =  6. 

It  is  not  the  same  with  the  values  of  x  and  y,  found  in  the 
preceding  article,  for  they  are  not  susceptible  of  being  reduced 
to  a  more  simple  expression. 

It  follows,  from  what  I  have  just  said,  that  when  we  meet 
with  an  expression  which  becomes  {,  it  is  proper,  before  pro- 
nouncbg  upon  its  value,  to  see  if  the  numerator  and  denominator 
have  not  a  common  factor,  which  becoming  nothing,  renders  the 
two  terms  at  the  same  time  equal  to  zero,  and  which  being  sup- 
pressed, the  true  value  of  the  proposed  expression  is  obtained. 
There  are,  notwithstanding,  some  cases  which  elude  this  method, 
bat  the  limits  of  this  work  will  only  allow  me  to  note  the  analyti- 
cal foci.  It  belongs  properly  to  the  differential  calculus,  to  give 
the  general  processes  for  finding  the  true  value  of  quantities, 
which  become  {. 

71.  It  is  very  evident,  from  what  has  been  said,  that  algebraic 
solutions  either  answer  perfectly  to  the  comlitions  of  a  problem,  when 
xi  is  possible^  or  they  indicate  a  modification  to  be  made  m  the  enun* 
cialiofi,  when  the  things  gi»en  imply  contradiction  that  cannot  be 
reconciled;  or  lastly,  they  make  known  an  absolute  impossibility, 
sfcen  there  is  tuf  method  of  resohing  with  the  same  things  given,  a 
fustion  analogous  in  a  particular  sense  to  the  one  proposed, 

72.  It  may  be  remarked,  that  in  the  different  solutions  of  the 
preceding  question,  the  changing  of  the  signs  of  the  unknown 
quantities  x  and  y,  corresponds  to  a  change  in  the  direction  of  the 
journeys  represented  by  the  unknown  quantities.  When  the  un- 
known quantity  y  was  counted  from  B  towards  A,  it  had  in  the 
equation 

«  +  y  ^  «» 

the  sign  -}-,  and  it  takes  the  sign  —  for  the  second  case,  when 
the  motion  is  in  the  opposite  direction  from  B  towards  C,  art. 
65,  since  we  had  for  the  first  equation 

x—y=za. 
By  changing  the  sign  in  the  second  equatk>n, 

»  — y 

we  have 

X  _—y 
b^'^c' 


cj- 
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a  result  which  differs  from  that  given  in  the  article  cited ;  but  it 
should  be  observed,  that  the  journey  y,  being  made  up  of  multi- 
ples of  the  space  c  passed  over  in  an  hour  by  the  courier  from 
£,  and  this  space  having  the  same  direction  as  the  space  y,  ought 
to  be  supposed  to  have  the  same  sign,  and  consequently  to  take 
the  sign  — ,  when  —  is  applied  to  y  ;  we  have  accordingly, 

A  simple  change  of  sign  then  is  sufficient  to  comprehend  the 
second  case  of  the  question  in  the  first,  and  it  is  thus  that  algebra 
gives  at  the  same  time  the  solution  of  several  analogous  questions. 

We  have  a  striking  example  of  this  in  the  problem  of  art.  15. 
It  is  here  supposed  that  the  father  owed  the  son  a  sum  d ;  if 
we  would  resolve  the  question  on  the  contrary  hypothesis,  that 
is,  by  supposing  that  the  son  owed  the  father  the  sum  d,  it  would 
be  sufficient  to  change  the  sign  of  d  in  the  value  of  x,  and  we 
have 

bc  —  d 
a-^b 
If  we  suppose  neither  to  owe  the  other  any  thing,  we  must  make 
<J  =  0,  and  then  the  equation  would  be 

be 

a  +  6 
Nothing  can  be  easier  than  to  verify  the  two  solutions,  by  put- 
ting anew  the  problem  into  an  equation  for  each  of  the  cases, 
which  we  have  enunciated. 

'  73.  It  was  only  to  preserve  an  analogy  between  the  problems 
56  and  64,  that  I  have  employed  two  unknown  quantities  in  the 
second.  Each  may  be  resolved  with  only  one  unknown  quanti- 
ty ;  for  when  we  say  that  the  labourer  received  74  francs  for  12 
days'  work  performed  by  himself  and  7  days'  work  by  his  wife 
and  son,  it  follows,  that  if  we  call  y  the  daily  wages  of  the  wo- 
man and  son,  and  take  ly  from  74  francs,  there  will  remain 
74  —  7y  for  the  12  days'  labour  of  the  man;  from  which  we 

infer  that  he  earned  — — -?  per  day. 

By  a  similar  calculation  for  the  8  days'  service,  we  find  that 

he  earned  — ~    ^  per  day. 

o 

Putting  the  two  quantities  equal  to  each  other,  we  form  the 
equation 
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74  — 7y  _  50  — 5y 
12  8       " 

Also  in  the  question  of  art.  64, 

A  R  B 

if  X  represent  the  course  AR  of  the  courier  from  w3,  BR  =z  a  —  x 
would  be  that  of  the  courier  ^ho  set  off  from  B  towards  A* 
These  two  distances  being  passed  over  in  the  same  time  bj  the 
couriers,  whose  rate  of  travelling  per  hour  in  miles  is  denoted  by 
numbers  b  and  c  respectively,  we  have 

I a  —  % 

I  ""  ~"' 
whence 

ex  =  ab  —  6  a;, 

ab 

X   =  T— ; . 

The  difference  between  the  solutions,  which  I  have  now  given, 
and  those  of  articles  56  and  64,  consists  merely  in  this,  that  we 
have  formed  and  resolved  the  first  equation  by  the  assistance  of 
ordinary  language,  without  employing  algebraic  characters,  and 
it  is  manifest,  that  the  further  we  carry  this,  the  less  will  remain 
to  be  effected  by  the  other. 

74.  We  sometimes  add  to  the  problem  of  art.  64  a  circum- 
stance, which  does  not  render  it  more  difficult. 

A  R  C  B 

We  suppose  that  the  courier ^  who  starts  from  B,  sets  off'  a  number 
d  of  hours  before  the  other^  who  goes  from  A. 

It  is  evident,  that  this  amounts  only  to  a  change  of  the  point 
of  departure  of  the  first,  for  if  be  travelled  a  number  c  of  miles 
per  hour,  he  would  pass  over  the  space  BC  =:  cd  in  d  hours, 
and  would  be  at  the  point  C,  when  the  other  courier  set  off  from 
A ;  so  that  the  interval  of  the  points  of  departure  would  be 
AC  =  AB  —  BC  =  a—cd. 
By  writing  then  a  —  cd  in  the  place  of  a  in  the  equation  of 
the  preceduig  article,  we  have 

X a — cd — X 

b- — i — ' 

ab  —  bed 
If  the  couriers  proceeded  in  the  same  direction,  the  interval  of 
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A  B  C  R 

the  points  of  departure  would  be 

AC  i=AB  +  BC  =  a+  cd; 
and  the  distance  passed  over  by  the  courier  from  the  point  A 
would  be  AR,  while  that  passed  over  by  the  other  courier  would 
be         -  CR  =  AR  —  ACi 


we  have  then 
whence 


X z  —  a —  cd 

6~  I  ' 


ab  +  hcd 

9 C 


75.  Enunciated  in  this  manner,  the  problem  presents  a  case,  ia 
which  the  interpretation  of  the  negative  value  found  for  x  is 
attended  with  sdtne  difiBculty ;  it  is  when  the  couriers  being  sup- 
posed to  proceed  in  opposite  directions,  we  give  to  the  number  d 
a  value  such,  that  the  space  BC  represented  by  c  d,  becomes 
greater  than  o,  which  represents  AB. 


C  R  A  B 

Now  the  courier  from  the  point  B  arrives  at  C  on  the  other  side 

of  A  at  the  moment  when  the  courier  from  A  sets  off  towards  B; 

there  is  then  an  absurdity  in  supposing  that  the  two  couriers  can 

thus  come  together. 

If  we  should  take,  for  example, 

a  =  400^,    6  =  12'»>^,     c  =  e"*--,     d  =  60>', 

there  would  result  from  it  cd  =  480*^,  thus  the  point  C  would 

be  80^*  on  the  other  side  of  A^  with  respect  to  the  point  B  j  but 

we 'find, 

_  400.12  —  60.8.12  _  400.3  —  60.2.12 

*""  8  +  12       ,       ""  2 +  3 

_  1200  —  1440  240  ..     ' 

-  5 =  -  —  =  -  48. 

Thus  the  coming  together  of  the  couriers  takes  place  in  a  point 
R,  48"***  on  the  other  side  of  the  point  A^  but  between  A  and  C; 
although  it  seems  that  the  courier  from  JB,  being  supposed  to 
continue  his  journey  beyond  the  point  C,  can  be  overtaken  by 
the  other  courier  only  after  he  has  passed  this  point. 

To  understand  the  question  resolved  in  this  sense,  we  may 
substitute  in  the  place  of  x  the  negative  member  —  m,  and  the 
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equation  becomes 

« a  — cd  +  w 

—  J-         1         ' 
or  by  changing  the  signs  in  the  two  members, 

m cd  —  a— in 

b 'c 

We  see  that  the  distance  passed  over  by  the  courier  from  the 
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point  B^iscd  —  a  —  m,or  what  remains  of  BC  after  AB  and 
AR  are  subtracted,  that  is  CR^  and  that  AC  =z  cd  —  a.  This 
is  just  what  would  take  place  if  the  second  courier  had  started 
immediately  from  the  point  C,  ^here  he  is,  at  the  departure  of 
the  first ;  but  as  they  travel  in  opposite  directions,  they  must 
necessarily  meet  between  A  and  C.  ThuSi  this  case  is  similar 
to  the  first  of  those  of  art.  74,  where  it  is  sufficient  to  change 
a  —  cd  into  cd  —  a,  in  order  to  obtain  the  value,  which  m  has 
according  to  the  above  equation.'*^ 

76.  The  problem  of  art.  56,  taken  in  its  most  enlarged  sense, 
may  be  enunciated  as  follows ; 

A  lahourtr  having  passed  a  number  a  of  days  in  a  family^  and 
having  with  him  his  wife  and  son  during  a  number  h  of  daysj 
received  a  sum  c ;  he  lived  afterward  in  the  same  family  a  number 
d  of  days  ;  he  had  with  him  this  time  his  wife  and  son^  duriiig  a 
number  e  of  days,  and  he  received  a  sum  f ;  we  inquire  what  he 
earned  per  day,  and  what  was  allowed  per  day  to  his  wife  and  son* 

Let  X  represent  constantly  the  daily  wages  of  the  labourer, 
and  y  that  of  his  wife  and  son ;  for  the  number  a  of  days,  he  has 
a X,  and  for  the  number  b  of  days,  his  wife  and  son  have  by,  so 
that, 

aa?  +  6y  =  c; 
for  the  number  d  of  days,  he  has  dx,  and  for  the  number  e  of 
days,  his  wife  and  son  have  ey^  thus, 

dx  +  ey  =zf 
These  are  the  general  equations  of  the  question. 

We  deduce  from  the  first 

^-      a      ' 
multiplymg  this  value  by  d,  in  order  to  substitute  it  in  the  place 

*  See  note  at  the  end  of  the  Elements  of  Alg;ebr«. 
Alg.  1 1 
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of  X  in  the  second  equation,  we  have 

dx  =z ^, 

a 

and  consequently, 

ed — hdy    .  ^ 

By  making  the  denominator  to  disappear,  we  obtain 

cd  —  bdy  +  aey  zz:  af, 
whence  (^^y  - —  ^f^y  ==  ctf-^  cd, 

^ff—cd       • 
y-ae-hd' 
Having  the  value  of  t/,  if  we  substitute  it  instead  of  y  in  the 
expression  foi  x,  this  last  will  be  known, 

ae  —  bd 


a 

To  simplify  this  expression,  we  should,  in  the  first  place,  perforin 
the  muUiplication  indicated  upon  the  quantities 

which  gives 

a  bf —  bed 
ae  —  bd 


a 

and  then  reduce  c  to  a  fraction  having  the  same  denominator  as 
the  fraction  which  accompanies  it,  and  perform  the  subtraction 
of  this  fraction  (53) ;  and  it  becomes 

ace —  bed  —  abf-^-  bed 

ae  — bd 

x=i , 

or  by  being  reduced 

u  ee  —  a bf 

ae  —  bd   * 

X  = .* 

i 

*  There  might  be  some  doubt  as  to  the  meaning  of  this  expres« 

sion  ;  but  it  is  obviated  by  attending  to  the  bar  denoting  division, 

which  is  placed  in  the  middle  of  the  line.    Thus,  in  the  expression 

A 
x:=  -=,  A  represents  the  dividend,  whether  integral  or  fractional,  and 

B  the  divisor,  which  may  also  be  a  whole  number  or  a  fraction.  So  also 
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Dividing  by  a  (51)  we  have 

ace  —  a hf 

'^  a^  e  —  abd* 
Suppressing  the  factor  a,  common  to  the  numerator  and  denomi- 
nator (38),  we  find 

^_ce  —  hf 
ae  —  bcT 
The  vaUies 

ce  —  bf        af —  c  d 

*  —  ae^bd'    ^  "" ae  —  bd^ 
are  applied  in  the  same  manner  as  those,  which  we  before  found 
for  literal  equations,  with  only  one  unknown  quantity ;  we  sub- 
stitute in  (he  place  of  the  letters,  the  particular  numbers  in  the 
example  selected. 
We  shall  obtain  the  results  in  art.  66,  by  making 
a  =  12,      6  =  7,       c  =  74, 
cl=    8,      e  =  5,      /=50, 
and  those  of  art.  58,  by  making 

a  =  12,  6  =  7,  c  =  46, 
d=  8,  «  =  5,  /=  30. 
77.  The  values  of  x  and  y  are  adapted  not  only  to  the  pro- 
posed question ;  they  extend  also  to  all  those,  which  lead  to  two 
equations  of  the  first  degree  with  two  unknown  quantities,  since 
it  is  evident,  that  these  equations  are  necessarily  comprehended 
in  the  formulas, 


Q 

the  expression  z  =  -^  signifies,  that  x  is  equal  to  the  quotient  of  the 

fraction  -^  divided  by  £,  and  the  expression  s:  =  p  indicates  for  x  the 

C 
qaotient  arising  fi-om  A  divided  by  the  fraction  y^;  and  lastly,  we  de- 

A 
Bote  by  the  expression  2^  =  n?  ^^^  quotient  resulting  from  the  divi^- 

D 

A  B 

ion  of  the  fi^ction  -^  by  the  fraction  fz. 

It  will  be  perceived  by  these  remarks,  that  it  is  necessary  to  placo 
rh«  bars  according  to  the  result,  which  we  propose  to  express. 
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ax  -^^  by  z=z  c, 

dx  +  ey  =/, 
provided  the  letters  cf,  t,  d,  c,  denote  the  whole  of  the  givea 
quantities,  by  which  the  unknown  quantities  x  and  y  are  respec- 
tively multiplied,  and  the  letters  c  and/  the  whole  of  the  known 
terms,  transposed  to  the  second  member. 

Of  the  resolution  of  any  given .  number  of  Equations  of  the  First 
Degree  J  containing  an  equal  number  of  unknown  Quantities* 

78.  When  a  question  has  as  many  distinct  conditions,  as  it 
contains  unknown  quantities,  each  of  these  conditions  furnishes 
an  equation,  in  which  it  often  happens,  that  the  unknown  quan- 
tities are  involved  with  others,  as  we  have  seen  already  in  the 
problems  with  two  unknown  quantities ;  but  if  these  unknown 
quantities  are  only  of  the  first  degree,  according  to  the  method 
adopted  in  the  preceding  articles,  we  take  in  one  of  the  equations 
the  value  of  one  of  the  unknown  quantities^  as  if  all  the  rest  were 
known^  and  substitute  this  value  in  all  the  other  equations^  which  will 
then  contain  only  the  other  unknozon  quantities* 

This  operation,  by  which  we  exterminate  one  of  the  unknown 
quantities,  is  called  elimination.  In  this  way,  if  we  have  three 
equations  with  three  unknown  quantities,  we  deduce  from  them 
two  equations  with  only  two  unknown  quantities,  which  are  to 
be  treated  as  above ;  and  having  obtained  the  values  of  the  two 
last  unknown  quantities,  we  substitute  them  in  the  expression  for 
the  value  of  the  first  unknown,  quantity. 

If  we  have  four  equations  with  four  unknown  quantities,  we 
deduce  from  them,  in  the  first  jplace,  three  equations  with  three 
unknown  quantities,  which  are  to  be  treated  in  the  manner  just 
described  ;  having  found  the  value  of  the  three  unknown  quanti- 
ties, we  substitute  them  in  the  expression  for  the  value  of  the 
first,  and  so  on. 

See  an  example  of  a  question,  which  contains  three  unknown 
quantities  and  three  equations. 

79.  Jl  person  buys  separately  three  loads  of  grain ;  thejirst^  which 
contained  30  measures  of  rye^  20  of  barley ^  and  10  of  wheats  cost 
230  francs  ^ 

The  second,  which  contained  15  measures  of  rye,  G  of  barley,  and 
12  of  wheat,  cost  IZS  francs  ; 
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Tke  ihird^  which  contained  10  tntasures  ofrye^  5  of  barley^  and  4 
•f  aAeol,  cast  75  francs  ; 

It  is  asked,  what  the  rye,  barley  and  wheat  cost^  each  per  tneaHLref 
Let  X  be  the  price  of  a  measure  of  rye, 
y,      that  of  a  measure  of  barley, 
z,       that  of  a  measure  of  wheat. 
To  fulfil  the  first  condition,  we  observe,  that 
30  measures  of  rye  are  worth  30^, 
SO  measures  of  barley  are  worth  20  y, 
10  measures  of  wheat  are  worth  10  r ; 
and  as  the  whole  must  make  230  francs,  we  have  the  equation 
30x  +  20y  +  lOz  =  230. 
For  the  second  condition,  we  have 

15  measures  of  rye,  worth  15x, 
6  barley  6  y, 

12  wheat         12z, 

and  consequently, 

15a?  +  6y  +  122=  138. 
For  the  third  condition,  we  have 

10  measures  of  rye  worth  lO^v, 
5  barley         5y, 

4  wheat  4  z, 

and  consequently, 

10a?  -f-  6y  +  4z  =  75. 
The  proposed  question  then  will  be  brought  into  three  equations; 
30*  +  20y  +  10  2  =  230, 
15ar+    Sy  +  \2z  =  138, 
10  a?  +    5y+    4z=    75. 
Before  proceeding  to  the  resolution,  I  examine  the  equations, 
to  see  if  it  is  not  possible  tQ  simplify  them  by  dividing  the  two 
members  of  some  one  of  them  by  the  same  number  (12),  and  I 
find  that  the  two  members  of  the  first  may  be  divided  by  10, 
and  those  of  the  second  by  3.  Having  performed  these  divisions, 
I  have  only  to  occupy  myself  with  the  equations 
3x  +  2i/+    z  =  23, 
5ar+  2y  +  42  =  46, 
lOx  +  5y  +  42=  75. 
As  I  can  select  any  one  of  the  unknown  quantities  in  order  to 
deduce  its  value,  I  take  that  of  z  in  the  first  equation,  because 
this  unknown  quantity  having  no  coefiicient,  its  value  will  be  en- 
tire or  without  a  divisor,  as  follows  ;  i 
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z  =z  23  —  3x  —  2y. 
This  value  being  substituted  for  z  in  the  second  and  third  equa- 
tions, they  become 

5  a;  +  2y  +  92  —  12  a;  —  8y  z=  46, 
10a?  +  5y  +  92—  12  a?—  8y  =  75; 
and  reducing  the  first  member  of  each,  we  find 
92— 7  a?  — 6y  =  46, 
92—  2  a?  — 3y  =  75. 
To  proceed  with  these  equations,  which  contain  only  two  un- 
known quantities,  I  take  in  the  first  the  value  of  the  unknown 
quantity  i/,  and  I  obtain 

92  — 46  — 7a:  46  — 7x 

»= 6 .     or    y=— g— , 

and  by  substituting  this  value  in  the  second  equation,  it  becomes 

4fi 7t 

92  — 2a?— 3  X         r       =  75. 
o 

The  denominator,  G,  may  be  made  to  disappear  by  the  usual 

method,  but  observing  that  the  denominator  is  divisible  by  3,  I 

ean  simplify  the  fraction  by  multiplying  it  by  3,  agreeably  to 

article  54  of  Arithmetic.    I  have  then 

*x«       r>  46  —  Tx   ^    „^ 

92  —  2  a? —  =  75. 

2 

The  denominator  2  being  made  to  disappear,  it  becomes 
184  — 4  a?  — 46  +  7  a;  =  150; 
the  first  member  being  reduced,  gives 

138  4-  3a?  =  150, 
whence 

150  — 1S8        12 

X  = =  -:r?    or    «  =  4. 

S  3 

Substituting  this  value  in  the  expression  for  that  of  ^,  I  find 

46  —  7x4       46  — 28*     18 

y  = 6 =  -6— =  T'     ""'    2(  =  3; 

and  by  substituting  these  values  in  the  expression  for  that  of  z, 
we  obtain 

z=23  —  3  X  4  —  2  X  3  =  23  —  12  —  6,  orz  =  5. 
It  appears  then,  that  the  price  of  the  rye  per  measure  was  4  fr., 
that  of  the  barley  3, 

that  of  the  wheat  5. 

This  example,  while  it  illustrates  the  method  given  in  the  pre- 
ceding article,  ought  to  be  attended  to,  on  account  of  the  abbre- 
viations of  calculation,  which  are  performed  in  it. 
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80.  I  proceed  now  to  resolve  the  following  problem. 
A  man^  who  undertook  to  transport  some  porcelain  vases  of  three 
Jiffereni  sizes^  contracted  that  he  would  pay  as  much  for  each  vessel 
that  he  brake^  as  he  received  for  those  which  he  delivered  safe* 

He  had  committed  to  him  two  small  vases^  four  of  a  middle  size^ 
and  nine  large  ones ;  he  broke  the  middle  sized  ones^  delivered  all 
ike  others  safe^  and  received  the  sum  of2B  francs. 

There  were  afterwards  committed  to  him  seven  small  vases^  three 
sf  the  middle  size,  and  five  large  ones  ;  he  rendered  this  time  the 
small  and  the  middle  sized  ones,  but  broke  the  Jive  large  ones,  and  he 
received  only  3  francs* 

Lastly^  he  took  charge  of  nine  small  vases^  ten  middle  sized  ones^ 
and  eleven  large  ones ;  all  these  last  he  broke,  and  received  in  conse- 
fuenee  only  4  francs* 

It  is  asked  what  was  paid  him  for  carrying  a  vase  of  each  size  ? 
Let  X  be  the  sum  paid  for  carrying  a  small  vase, 
y^  that  for  carrying  a  middle  sized  one, 
z,  that  for  carrying  a  large  one. 
It  is  evident,  that  each  sum  which  the  porter  received,  is  the 
difference  between  what  was  due  to  him  for  the  vessels  delivered 
safe,  and  what  he  had  to  pay  for  those  which  were  broken ;  ac* 
cordingly,  the  three  conditions  of  the  problem  furnish  respectively 
the  following  equations ; 

2a?—.    4y  +    92  =  28, 
7a?+    Zy —    52=    3, 
Sx+  lOy—  llz  =    4. 
The  first  of  these  equations  gives 

2S  +  4y  —  9z 

X  =  ! — -^ ; 

2  ' 

and  by  substituting  this  value,  the  second  and  third  equatioi& 
become 

252  +  36y  — 8l2    ,    ,^  ,-  . 
-2- \-  10  y  —  11  z  =  4. 

IMaking  the  denominators  to  disappear,  we  have 

196  +  28y— 63z+    6y— 10z=:6, 
252  +  36y  —  81  2  +  20y  —  22  2  =  8  ; 

reducing  the  first  member  of  each,  we  obtain 
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196  +  34y—   73z  =  6, 
252  + 56y  — 103«  =  8j 
taking  the  value  of  y  in  the  first  of  these  equations,  we  find 

_73z  — 190 
^ ""        34       * 
By  means  of  this  value,  the  second  equation  becomes 

252  +  56  X  ^^^~^^  _  I03z  =  8 ; 
34 

being  cleared  of  the  denominator  34,  it  is  changed  into 

34  X  252  +  56  X  732  —  56  X  190—34  X  103z=34X  8, 

or  into 

8568  +  4088  z  —  10640  —  3502  z  =  272. 
The  reduction  of  the  first  member  of  this  resuh,  gives 

586  z  —  2072  =  272, 
whence  we  deduce 

2344 
^  =  •586'     ^"     ^  =  ^- 
By  going  back  with  the  value  of  z  to  that  of  y,  we  have 
73  X  4  — 190        292  — 190        102  ^ 

2'= 34 =  — sr-=3T'     ""    *  =  "' 

and  with  these  two  values,  we  find 

.    _  28  +  4X3—9X4        28  +  12  —  36  _  4      ^^     ^  _  « 
2  2  2' 

The  prices  then  were  2  fr.  for  carrymg  a  small  vase, 

3  •  one  of  a  middle  size, 

4  a  large  one. 

This  example  is  sufiicient  to  show  how  to  proceed  in  all  simi- 
lar cases. 

81.  It  sometimes  happens,  that  all  the  unknown  quantities  do 
not  enter  at  the  same  time  into  all  the  equations ;  the  method, 
however,  is  not  changed  by  this  circumstance ;  it  is.  sufficient, 
carefully  to  examine  the  connexion  of  the  unknown  quantities,  in 
order  to  pass  from  one  to  the  others. 
Let  there  be,  for  example,  the  four  equations, 
3tt  —  2y  =    2, 
2  a?  +  3  y  =  39, 
5a?  — 7z  =  11, 
4y  +  3z  =  41, 
containing  the  unknown  quantities,  u,  v^  y,  and  z. 

With  a  little  attention  we  see,  that  by  taking  the  value  of  x 
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in  the  second  equation,  and  substituting  it  in  the  third,  the  result 
eontaining  only  y  and  2,  will,  by  being  combined  with  the  fourth 
equation,  give  the  values  of  these  two  quantities ;  and  having  the 
value  of  y,  we  obtain  those  of  ix  and  x,  by  means  of  the  first  and 
second  equations.    The  following  is  the  process ; 


X 

_S9 

2 

ll 

39- 

_3y 

2 

— 

7z 

= 

11, 

5  X 

BT  195  — 15y— 14z  ==  22, 

or  I5y+Uz=i  173         (57). 

The  two  equations 

15y+  142:  =  173, 
4y+    3z=    41, 
being  resolved,  give 

y  =  5,     z=7; 
and  by  means  of  these  values,  we  have 

=  y,    or    x=  12, 
^,    or     u  =  4. 


X 

__39 

—  3X5  _^ 

2 

39—15 

2 

=  ■ 

u  = 

2  +  2y_ 
3 

2  +  10_ 
3 

12 
3' 

The  numbers  sought  then  are 

4,  12,  5,  and  7. 

82.  The  method  now  explained  is  applicable  to  literal  equa- 
tions, as  well  as  to  numerical  ones ;  but  the  multitude  of  letters, 
which  it  is  necessary  to  employ  to  represent  generally  the  things 
given,  when  the  number  of  equations  and  unknown  quantities 
exceeds  two,  has  led  algebraists  to  seek  for  a  more  simple  man- 
ner of  expressing  them.  I  shall  trent  of  this  in  the  following 
article  5  but  in  order  to  furnish  the  reader  with  the  means  of 
exercising  himself  in  putting  a  problem  into  an  equation,  and 
resolving  it,  1  have  subjoined  a  number  of  questions,  and  have 
placed  at  the  end  of  each  the  answer  that  is  required. 

1.  A  father^  being  asked  the  af^f  of  his  son^  said^  {f  fio^  double 
the  age  that  he  is  of  noio,  you  subtract  triple  of  what  he  was  six 
years  ago^  you  haoe  his  present  age. 

Answer.     The  child  was  9  years  old. 

3*  Diophantus^  the  author  of  the  most  ancient  book  on  Algebra^ 
that  has  come  down  to  us^  passed  a  s'xth  part  of  his  life  in  infancy, 
m  twelfth  part  of  it  in  youth  ;  afterward  he  was  married  and  passed 

Alg.  12 
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in  this  state  a  seventh  part^  and  five  years  mere^  when  he  had  a  somf 
whom  he  survived  four  years^  and  who  attained  only  to  half  the  ag/e 
of  his  father^  what  was  the  age  of  Diophantus  when  he  died  f 
Answer,  84  ytars. 

3.  A  merchant  drew,  every  year,  upon  the  stock  he  had  in  tradtf 
the  sum  of  1000  francs  for  the  expense  of  his  family ;  still  his  pro- 
perty  increased  every  year,  by  a  third  part  of  what  remained  afler 
this  dedibction^  and  at  the  end  of  three  year<s  it  was  doubled  ;  ham 
much  had  he  at  the  banning  of  the  first  year  f 

Answer,  1 4800 /ranc^. 

4.  A  merchant  has  two  kinds  of  tea,  the  first  at  14  francs  a  pound, 
the  second  at  IS  francs  ;  how  much  ought  he  to  tcdce  of  each  to  make 
up  a  chest  of  100  pounds,  which  should  be  worth  1680 /ranc*  ? 

Answer,  30  pounds  of  the  first  and  70  of  the  second* 

5.  A  person  filled,  in  13  minutes,  a  vessel  containing  39  gallons^ 
with  water^  by  means  of  two  fountains,  which  were  made  to  run  m 
succession,  and  one  discharged  4  gallons  per  minute  and  the  other 
3,  how  long  did  each  fountain  run  ? 

Answer,  the  first  3  minutes,  and  the  second  9. 

6.  At  noon  the  hour  and  minute  hands  of  a  watch  are  together,  at 
what  point  of  tlie  dial  will  they  next  be  in  cotijunction  ? 

Answer,  at  1  hour  b  minutes  and  /|-. 

Obs.  This  problem  refers  itself  to  that  of  art.  65. 

7.  A  man,  meeting  some  beggars,  wishes  to  give  them  35  cents 
each,  but  finds  upon  counting  his  money,  that  he  wants  10  cents  in 
order  to  do  it ;  he  then  gives  them  only  30  cents  each,  and  has  35  unts 
left ;  how  much  money  had  he,  and  what  was  the  number  of  beggars  ? 

Answer,  he  had  $1,65,  and  the  number  of  beggars  was  7. 

8.  Tliree  brothers  purchased  an  estate  fr  ')0000  francs,  and  tlie 
the  first  wanted,  in  order  to  complete  the  wittif.  payment,  half  of  the 
property  of  the  second  ;  the  second  would  have  paid  the  entire  sum  with 
the  help  of  a  third  of  what  the  first  owned,  and  the  third  required,  to 
make  the  same  payment,  in  addition  to  what  he  had,  a  fourth  par^ 
of  what  the  first  possessed ;  what  was  the  amount  of  each  one^s  pro^ 
perty  ? 

Answer,  the  first  had  30000  francs,  the  second  40000,  and  the 
third  42500. 

9.  Three  players  after  a  game  count  their  money,  one  had  losi^ 
the  other  two  had  gained  each  as  much  as  he  had  brought  to  the  play  ; 
after  the  second  game,  one  of  the  players,  who  liad  gained  before,  lost 
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^nd  ike  two  others  gamed  each  a  sum  equal  to  what  he  had  at  the 
banning  of  this  second  game ;  at  the  third  game^  the  player^  who 
had  gained  till  now,  lost  mth  each  of  the  others  a  sum  equal  to  that, 
^hich  each  of  them  possessed  at  the  beginning  of  this  last  game ;  th^ 
Am  squirated^  each  having  130  francs  ;  how  much  had  they  each, 
vhen  they  commenced  playing  ? 

Answer,  he  who  lost  at  the  first  game,  had  195 /ranc#, 

he  who  lost  at  the  second  105, 

he  who  lost  at  the  third  60.  ^j-^^ 

-Gencroi  formulas  for  the  resolution  of  Equations  of  the  First  Degree.    ^  \  ^ 

83.  To  obviate  the  inconvenience  referred  to  in  the  beginning 
of  the  last  article^  we  shall  represent  all  the  coefiScients  of  the 
same  unknown  quantity  bj  the  same  letter,  but  distinguish  them 
bj  one  or  more  accents,  according  to  the  number  of  equations. 

General  equations  with  two  unknown  quantities  are  written 

thus; 

ax  +  by  =:  c, 

of  X  +  b^y  =  &. 
The  coefficients  of  the  unknown  quantity  x  arc  both  represented 
by  a,  those  of  y  by  6  ;  but  from  the  accent,  which  is  placed  over 
the  letters  in  the  second  equatbn,  it  may  be  seen,  that  they  are 
not  considered  as  having  tlie  same  value,  as  the  corresponding 
ones  in  the  first.  Thus  a'  is  a  quantity  difierent  from  a,  6^  a 
quantity  difierent  from  b. 

If  there  arc  three  equations,  they  are  expressed  thws; 
a   a?  +  6  y  +  c   z  =  d, 
of  X  +  1/  y  +  &  z  =  &^ 
d'x  +  fc"y  +  c"z  =  d». 
All  the  coefficients  of  the  unknown  quantity  x  are  designated  by 
the  letter  a,  those  of  y  by  6,  those  of  th'j  c\  but  the  several  let- 
ters are  distinguished  by  different  accents,  which  show,  that  they 
denote  difierent  quantities.     Thus  a,  of  of',  are  three  difierent 
quantities.     The  same  may  be  said  of  &,  y,  V,  &c. 

Following  this  method,  if  we  have  four  unknown  quantities} 
and  four  equations,  we  may  write  them  thus ; 

a    a?-^fc    y  +  c    z  +  d    tt  =  c, 
afx'^b'y  +  cfz  +  d'u^e', 
of'  x  +  l/'  y  +  &'  z  +  df'  u  =  e\ 
at"  X  +  6"'y  +  c'"  ^  +  d'" u  =  e'\ 
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84.  To  avoid  fractions,  and  simplify  the  calculation,  we  may 
vary  the  process  of  elimination  in  the  following  manner. 
Let  there  be  the  equations 

a  X  '\-  by  =  c, 

it  is  evident,  that  if  one  of  the  unknown  quantities,  x,  for  exaitt- 
pie,  has  the  same  coefficient  in  the  two  equations,  we  have  only 
to  subtract  one  of  these  equations  from  the  other,  in  order  to 
make  this  unknown  quantity  disappear.  This  may  be  seen  at 
once  in  the  equations 

10a?4-ny  =  27, 
10a?  4-    9y  =  15, 
which  give 

11  y —  9y  =  27  —  15,  or  2y  =  12,  or  y  =  6. 
It  is  evident,  that  the  coefficients  of  x  may  be  immediately  made 
equal  in  the  equations 

o  a?  +  6  y  =  c, 

o'a?  +  i/y  =  {/, 

by  multiplying  the  two  members  of  the  first  by  af^  the  coefficient 

of  X  in  the  second,  and  the  two  members  of  the  second  by  a,  the 

coefficient  of  x  in  the  first ;  we  thus  obtain, 

aafx  +  afbyzizafc,  •* 

aafx  +  at/y  =.  ad. 
Then  subtracting  the  first  of  these  from  the  second,  the  unknowa 
quantity  x  disappears ;  and  we  have 

{aV  —  afb)y=.  ad  —  a' c^ 
an  equation,  which  contains  only  the  unknown  quantity  y ;  from 
this  we  may  deduce, 

ad  —  ca! 

^^ah'  —  ha'' 
The  method,  we  have  just  employed,  may  always  be  applied 
to  equations  of  the  furst  degree,  to  exterminate  any  one  of  the 
unknown  quantities. 

By  exterminating,  in  the  same  manner,  the  unknown  quantity 
y,  we  may  find  the  value  of  a;. 

If  we  apply  this  process  to  three  equations,  containing  x^y^  and 
z,  we  may  first  exterminate  x  from  the  first  and  second,  then 
from  the  first  and  third ;  we  thus  obtain  two  equations,  which 
contain  only  y  and  z,  from  which  we  may  exterminate  y. 

When  this  calculation  is  performed,  the  equation  containing  z, 
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to  which  we  arrive,  will  have  a  factor  common  to  all  its  terms, 
and  consequently  will  not  be  the  most  simple,  which  may  be 
obtained. 

B5.  B^zout  has  given  a  very  simple  method  for  exterminating 
at  once  all  the  unknown  quantities  except  one,  and  for  reducing 
the  question  immediately  to  equations,,  which  contain  one  un- 
known quantity  less,  than  the  equations  proposed.  Although 
this  process  is  necessary,  only  when  equations  with  three  un- 
known quantities  are  employed,  we  shall,  in  order  to  give  a  com- 
plete view  of  the  subject,  begin  by  applying  it  to  those,  which 
contain  only  two. 

Let  there  be  the  equations 

a  X  -^  h  y  =  c^ 
afx  4"  t^y  =  C; 
HMddplying  die  first  by  any  indeterminate  quantity  m,  we  have 

amx  +  bmy  =  mc; 
subtracting  from  this  result  the  equation 
a'a?  -f-  I/y  =  </, 
there  remains 

amx^^  of  X  "{^  bmy  —  l/y  =  cm  —  c', 
or  {am  —  a')  a?  +  (fr m  —  6')  y  =  c m  —  &• 

Since  m  is  an  indeterminate  quantity,  we  may  suppose  it  to  be- 
such,  that  hm  =z  V.  In  this  case,  the  term  multiplied  by  y  dis- 
afypears,  and  we  have 

cm  ^^c* 


--am  — a/' 

but  smce  b  m 

=  f, 

it  follows  that, 
b' 

therefore 

X 

b         "        cb'  —  bc' 
~  ah'            ~ah'  —  ba'' 

If,  instead  of  supposing  67n  =  fr',  we  make  am^=:a\  the  term, 
which  contains  x,  will  vanish,  and  we  shall  have  ^ 

cm  —  d 

y-'bm  —  b'' 
the  value  of  m  will  not  be  the  same  as  before ;  for  we  shall  have 

a' 
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and  by  substituting  this  in  the  expression  for  y,  we  find 

caf  —  ac' 

^-^ba'  —  ab'' 
If  we  change  the  signs  of  the  numerator  and  denominator  of  this 
ralue  of  y,  the  denoniinator  will  become  the  isame,  as  that  in  the 
expression  for  x,  since  we  shall  have 

ac^  —  caf 

y—  ab'  —  bi^* 
86.  Next  let  there  be  the  three  equations 
a  x-|-6  y  +  c  r  =  d, 
a'  x  +  b'  y  +  &  z=zdfj 
a"x  +  6^'^/  +  C'z  =  d''; 
we  shall  be  led,  bj  an  obvious  analogy,  to  multiply  the  first  of 
these  equations  by  m,  and  the  second  by  n,  m  and  n  being  inde- 
terminate quantities,  to  add  together  the  results,  and  from  the 
sum  to  subtract  the  third ;  by  this  means,  all  the  equations  will 
be  employed  at  the  same  time,  and  the  two  new  quantities  m  and 
n,  which  we  may  dispose  of,  as  we  please,  will  admit  of  any 
determinate  value,  which  may  be  necessary  to  make  both  the 
unknown  quantities  disappear  in  the  result.    Having  proceeded 
ID  this  manner,  and  united  the  terms  by  which  the  same  unknown 
quantity  is  multiplied,  we  shall  have 

^am  +  o'n  — a'0«  +  (*"»  +  ^'»  — ^Oy  +  Cc'^  +  ^w  — O* 
=  dm  +  i'n  —  d". 
If  we  would  make  the  unknown  quantities  x  and  y  disap- 
pear, we  must  take  the  equations 

im  +  i'n  =  ft'', 
and  then  we  obtain 

dm^dln  —  d!' 

From  the  two  equations,  in  which  m  and  n  are  the  unknown 
quantities,  it  is  easy  to  deduce  the  value  of  these  quantities,  by 
means  of  the  results  obtained  in  the  preceding  article  ;  for  it  is 
only  necessary  to  change  in  these  results  x  into  m,  y  into  n,  and 
to  write  instead  of  the  letters 

whkh  gives 
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m  = 


n  = 


a  b'  —  b  a'' 

ah"  —  h  a" 


fl  6'  —h  of' 

Substituting  these  values  in  the  expression  for  z,  and  reducing  all 
the  terms  to  the  same  denominator,  we  have,t 

_  d(h'  a''  —  a^  b'')  +  if  (a y^  —  6  af')  —  d''  (ab* —  b of) 
^  ■"  c  (6'  a''  —  a'  6")  +  c'  (a  6"  —  6  a")  —  c"  (a  &'  —  6  a'/ 
If  we  had  made  the  terms  containing  x  and  z  to  disappear,  we 
should  have  had  y ;  the  letters  m  and  n  would  have  depended 
upon  the  equations 

am'{'afn  =  a'^j        c m  -^^  & n  =z  &\ 
and  proceeding  as  before,  we  should  have  found 

_  rf(c/  fl//  —  fl/  g//)  -j, rf/  (g c/>  _ c a!')  —  rf^^  (ad—caf) 
^~h{c'  a!'  —  a'  c")  +  6'  («  «"  -co'')  —  6''  (a  c'  —  cV)* 
Lastly,  by  assuming  the  equations 

6  m  -f  f  n  =  f ',         c  m  4-  </  n  =  c'", 
we  make  the  terms  multiplied  by  y  and  z  to  disappear ;  and  we 
have 

_  d  {d  h"  —  b'  c^O  +  d'  {h  c"  —  e  h")  —  d"  {he'  —  c  h') 
^  "  a{c'  b"  —  b'  c")  -f  a'  (6  c"  —  c  6")  —  a''  (6 c'  —  i:  ft')" 
These  values  being  developed  in  such  a  manner,  as  to  make 
the  terms  alternately  positive  and  negative,  if  we  change,  at  the 
same  time,  the  signs  of  the  numerator  and  denominator,  in  the 
first  and  third,  we  shall  give  them  the  following  forms ; 

__  ab'  d"  —  ad'  b"  +  dafb"  -^bafd"  +  bd'  a"  —  db'af' 
^  "^  aVc"  —at/b''  +  ca!b''  —ba!c"  +  be'a"  —  cb' a'" 
_  a^d'  —ad  d"  •)^cafd"  —  d a!  c"  +  dc'ni'  —  td' a!' 
^'^  ab'd*  —adb'*  +ea'  h"  —  ba'  d'  -f  6c' a"  —  cb' a"* 
_  dh'  d'  —dd  b"  ^cd'h'*  —b d'  d'  +hd  d'—cb'd"  . 
^"^  ab*  d'  —  adb"  +  ca'  k"  —ba'  d'  +  6c'  a"  — c6'a"' 
87.  Let  there  be  the  four  equations 

a  j?  +  6  y  +  c   z  '\'  d  ii  =  c, 
a'x  +  Vy+dz  +  d'u^id, 
af'x  +  b^'y  +  d'z  +  df'u  =  d', 
af"x  +  V"y  +  d''z  +  df"u  =  d" ; 

a!» b*  —  6"  g'  g6"  — 6fl"  _  .„  ah' —  b  a* 

^      _  a  b'  —  b   af'^a h'  —ha' _a b'  —  ha' 

"  "■  af'h'  —  'h"af  ah"  —  b  a"  _    ^,  ah'  —  h a'' 

^  a   h'  —  h  a''^       ah'  —ha'         '    ab'  —  ha' 
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if  we  multiply  the  first  by  m,  the  second  by  ?^  the  third  by  p, 
and  irom  the  sum  of  their  products  subtract  the  fourth,  we  shall 
have 

(am  +  afn  +  af'p  —  of")  x  +  (bm  +  J/n  +  l/'p  —  V")y 
+  (c?/i  4-  (/  n  +  c^'p  —  d")  z  +  (dm  +  8/n+  d"p-^df")u 

=.  tm  -{•  ef  r^      +  ^'  p  —  f/'\ 
In  order  to  obtain  u,  we  make 

am  '\'  a' n  -\-  of* p  ^=1  a'"^ 
hm  +  }/  n  +  y p  =  b'''. 


we  then  have 


The  preceding  equations^  which  must  give  m,  n,  and  ;?,  may  be 
resolved  by  means  of  the  formulas  found  for  the  case  of  three 
unknown  quantities.  This  method  will  appear  very  simple  and 
convenient;  but  the  nature  of  the  results  obtained  above  will 
furnish  us  with  a  rule  for  finding  them  without  any  calculation. 

88.  To  begin  with  the  most  simple  case,  we  take  an  equation 
with  one  unknown  quantity,  a  ^  =  &  ;  from  this  we  find 

h 


a' 


in  which  the  numerator  is  the  whole  known  term  6,  and  the  de- 
nominator the  coefficient  cr,  of  the  unknown  quantity. 
From  the  two  equations 

we  have  already  deduced 

ch'  —  h  d  ac'  —  ca! 

^  ""  ah' --ha''  y  ~"  ah'  —  h  a'* 
The  denominator  in  this  case  also  is  composed  of  the  letters  a,  a^, 
i,  6^,  by  which  the  unknown  quantities  are  multiplied.  We  first 
write  a  by  the  side  of  6,  which  gives  a  h ;  we  then  change  the 
order  of  a  and  6,  and  obtain  h  a ;  prefixing  to  this  the  sign  — 
we  have  ah  —  ha\  lastly,  we  place  an  accent  over  the  last 
letter  in  each  term,  and  the  expression  becomes  aV  —  ha'  for 
the  denominator. 

From  this  expression  we  may  find  the  numerator.  To  obtain 
that  for  a;,  we  have  only  to  change  each  a  into  c,  and  each  h  into 
c  for  that  of  y,  putting  an  accent  over  the  last  letter  as  before  j 
in  this  way  we  find  cV  —  6  c'  for  the  one,  and  acf  —  caf  iov  the 
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other.  The  numerator  may,  therefore^  be  found  from  the  denominO' 
tor,  as  well  in  cases  where  there  are  two  unknown  quantities,  as 
when  there  is  only  one,  by  charing  the  coefficient  of  the  unknozon 
gwmtifg  sought^  into  the  known  term  or  second  member^  and  retain^ 
ing  the  accents,  lohich  belonged  to  the  coefficients. 

The  same  rule  may  be  applied  to  equations  with  three  un- 
known quantities,  as  we  shall  see  by  merely  inspecting  the 
Talues,  which  result  from  these  equations.  With  respect  to  the 
denominator,  it  is  necessary  further  to  illustrate  the  method  by 
which  it  is  formed.  Now,  since  in  the  case  of  two  unknown 
quantities,  the  denominator  presents  all  the  possible  transpositions 
of  the  letters  a  and  6,  by  which  the  unknown  quantities  are  mul- 
tiph'ed,  it  may  be  supposed,  that  when  there  are  three  unknown 
quantities,  their  denominator  will  contain  all  the  arrangements 
of  the  three  letters  er,  &,  c.  These  arrangements  may  be  formed 
in  the  following  manner. 

We  first  make  the  transpositions  ab  —  la  with  the  two  letters 
a  and  6,  then,  after  the  first  term  a  6,  write  the  third  letter  c, 
which  gives  a  be;  making  this  letter  pass  through  all  the  places, 
observing  each  time  to  change  the  sign,  and  not  to  derange  the 
order  in  which  a  and  b  respectively  stand,  we  obtain 

abc  —  acb  +  cab. 
Proceeding  in  the  same  manner  with  respect  to  the  second  term 
— -  6  a,  we  find 

—  bac  -}-  bca  —  cba; 
connecting  these  products  with  the  preceding,  and  placing  over 
the  second  letter  one  accent,  and  over  the  third  two,  we  have 

aVcf'  —  adV  +  ca'V  —  ba'd'  +  bcf  of'  -^cVa", 
a  result,  which  agrees  with  that  presented  by  the  formulas,  oI> 
tained  above. 

From  this  it  is  obvious,  that,  in  order  to  form  a  denominator 
in  the  case  of  four  unknown  quantities,  it  is  necessary  to  intro- 
dace  the  letter  d  into  each  of  the  six  products, 

abc  —  acb  '\-  cab  —  bac  -^^  bca-^  cba, 
and  to  make  it  occupy  successively  all  the  places*    The  term 
a  &  c,  for  example^  will  give  the  four  following ; 

ahcd  —  abdc  '\'  adbc  —  dabc. 

If  we  observe  the  same  method  in  regard  to  the  five  other 
piodacts,  the  whole  result  will  be  twenty-four  terms,  in  each  of 
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which,  the  second  letter  will  have  one  accent,  the  third  two,  and 
the  fourth  three.  The  numerators  of  the  unknown  quantities  u, 
z,  J,  and  a?,  are  found  by  the  rule  already  given.* 

89.  We  may  employ  these  formulas  for  the  resolution  of  nu- 
merical equations.     In  doing  this,  we  must  compare  the  terms  of 
the  equations  proposed  with  the  corresponding  terms  of  the  gen- 
eral equations,  given  in  the  preceding  articles. 
To  resolve,  for  example,  the  three  equations 
7a?  +  5y  +  2z=    79, 
Sx  +  Ty  +  d2=z  122, 
a?  +  4^  +  5z=:    55, 
it  is  necessary  to  compare  the  terms  with  those  of  the  equations 
given  in  art.  86.    We  have  then 

a    =  7,  6    =z  5,  c    ='2,  d   =    79, 
a'  =  8,  f  =  7,  c'  =  9,  d'  =  122, 
of'  =  1,  I/'  =  4,  c"  =  5,  d''  =    55. 
Substituting  these  values  in  the  general  expressions  for  the  un- 
known quantities  d?,  y,  and  z,  and  going  through  the  operations, 
which  are  indicated,  we  find 

a?  =  4,  y  =  9,  z  =:  3. 
It  is  important  to  remark,  that  the  same  expressions  may  be 
employed,  even  when  the  proposed  equations  are  not,  in  all  their 
terms,  afiected  with  the  sign  4~9  ^^  ^^e  general  equations,  from 
which  these  expressions  are  deduced  appear  to  require.  If  we 
have,  for  example, 

3a? —  9y  -|-  8z  =       41, 
—  5x  +  4y  +  22  =  —  20, 
11a?  —  7y  —  6z=        37, 
in  comparing  the  terms  of  these  equations  with  the  correspond- 
ing ones  in  the  general  equations,  we  must  attend  to  the  signs, 
and  the  result  will  be 

a   =+    3,  6    =  —  9,  c   =  +  8,  d   =  +  41, 

o'  =  —    5,  i/  =  +  4,  c'  =  +  2,  d'  =  —  20, 

a''  =  +  1 1,  t/'  =  —  7,  C'  =  —  6,  d''  =  4-  37, 

We  are  then  to  determine  by  the  rules  given  in  art.  31,  the  sign, 

*  M.  Laplace,  in  the  second  part  of  the  Memolres  de  FAcademie 
des  Sciences  for  1772,  p.  294^  has  demonstrated  these  rules  dprioru 
See  also  Annates  des  Mathhnatiques  puree  appliqu^^  by  M.  Gergonne, 
vol.  iv,  p.  148. 
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which  each  term  of  the  general  expressions  for  a?,  y,  and  z,  ought 
to  have,  according  to  the  signs  of  the  factors  of  which  it  is  com- 
posed.  Thus  we  find,  for  example,  that  the  first  term  of  the  com- 
mon  denominator,  which  is  a  J/  c<\  becoming  +  3X+4X  —  6, 
changes  the  sign  of  the  product,  and  gives  —  72.  If  we  observe 
the  same  method  with  respect  to  the  other  terms,  both  of  the 
numerators  and  denominators,  taking  the  sum  of  those,  which  are 
positive,  and  also  of  those  which  are  negative,  we  obtain 
_  2774— 28S4  __  —60  _  ,  « 
*  —    592  —    622  "■  —  30  ""  "^     ' 


__  S022  —  2932  _  +90  _  _  « 
~*    592  —    622  ""  —  30  ^  ' 

_  3859  —  3889  _  —  SO  _ 

—  "~^  —  +  !• 


592—    622        —30 


Equations  of  the  Second  Degree^  having  only  one  unknown  Quantity. 

90.  Hitherto  I  have  been  employed  upon  equations  of  the 
first  degree^  or  such  as  involve  only  the  first  power  of  the  un- 
known quantities;  but  were  the  question  proposed,  To  find  a 
number,  which,  multiplied  by  five  tiivies  itself,  will  give  a  product 
equal  to  1 25 ;  if  we  designate  this  number  by  x,  five  times  the 
same  will  be  5  x,  and  we  shall  have 

6x2  =  125. 

This  is  an  equation  of  the  second  degree,  because  it  contains  x*, 

or  the  second  power  of  the  unknown  quantity.     If  we  free  this 

second  power  from  its  coefficient  5,  we  obtain 

125 
X*  =  ---,        or        X*  =  25. 
5 

We  cannot  here  obtain  the  value  of  the  unknown  quantity  x, 
as  in  art.  11,  and  the  question  amounts  simply  to  this,  to  find  a 
number  which,  multiplied  by  iteelf,  will  give  25.  It  is  obvious 
that  this  number  is  5 ;  but  it  seldom  happens  that  the  solution  is 
so  easy ;  hence  arises  this  new  numerical  question ;  to  find  a 
number,  which,  multiplied  by  itself,  will  give  a  product  equal  to  a 
proposed  number  ;  or,  which  is  the  same  thing,  from  the  second 
power  of  a  number,  to  retrace  our  steps  to  the  number  from 
which  it  is  derived,  and  which  is  called  the  square  root.  I  shall 
proceed,  in  the  first  place,  to  resolve  this  question,  as  it  is  involv- 
ed in  the  determination  of  the  unknown  quantities,  in  all  equa^ 
lioDS  of  the  second  degree. 
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91.  The  method  employed  in  finding  or  txtractiii^  the  roots  of 
numbers,  supposes  the  second  power  of  such,  as  are  expressed 
by  only  one  figure  to  be  known.     See  the  nine  primitive  nun^ 
bers  with  their  second  powers  written  under  them  respectively. 
123456789 
1     4     9  16  25  36  49  64  8U 
It  is  evident  from  this  table,  that  the  second  power  of  a  num- 
ber expressed  by  one  figure,  contains  only  two  figures ;  10,  which 
is  the  least  number  expressed  by  two  figures,  has  for  its  square 
a  number  composed  of  three,.  lOOt     In  order  to  resolve  the  sec- 
ond power  of  a  number  consisting  of  two  figures,  we  must  attend 
to  the  method  by  which  it  is  formed ;  for  this  purpose  we  must 
inquire,  how  each  part  of  the  number  47,  for  example,  is  em- 
ployed in  the  production  of  the  square  of  this  number. 

We  may  resolve  47  into  40  -|-  7,  or  into  4  tens  and  7  units ; 
if  we  represent  the  tens  of  the  proposed  number  by  a,  and  the 
units  by  6,  the  second  power  will  be  expressed  by 

(a  +  6)  (a  +  6)  =  a>  +  2  a  6  +  6>  ; 
that  is,  it  is  made  up  of  three  parts,  namely,  the  square  of  the  tensy 
twice  the  product  of  the  tens  multiplied  by  the  units^  and  the  square 
of  the  units.     In  the  example  we  have  taken,  a  =  4  tens  or  40 
units,  and  6  =  7;  we  have  then 

o*  =  1600 

2ab=    560 

6^  =      49 


Total,     a'  +2ab  +  b^  =  2209  =  47  X  47. 

Now  in  order  to  return,  by  a  reverse  process,  from  the  num- 
ber 2209  to  its  root,  we  may  observe,  that  the  square  of  the  tens, 
1600,  has  no  figure,  which  denotes  a  rank  inferior  to  hundreds, 
and  that  it  is  the  greatest  square,  which  the  22  hundreds,  com- 
prehended in  2209,  contain  ;  for^2  lies  between  16  and  25,  that 
is,  between  the  square  of  4  and  that  of  5,  as  47  falls  between  4 
tens  or  40,  and  5  tens  or  50. 

We  find,  therefore,  upon  examination,  that  the  greatest  square 
contained  in  22  is  16,  the  root  of  which  4  expresses  the  number 
of  tens  in  the  root  of  2209 ;  subtracting  16  hundreds,  or  1600 
from  2209,  the  remainder  609  contains  double  the  product  of  the 
tens  by  the  units,  560,  and  the  square  of  the  units  49.  But  as 
double  the  product  of  the  tens  by  the  units  has  no  figure  inferior 
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to  teas,  it  must  be  focrad  in  the  two  first  figures  60  of  the  remain- 
der 609,  which  contain  also  the  tens,  arismg  from  the  square 
of  the  units.  Now,  if  we  divide  60  by  double  of  the  tens  8,  and 
neglect  the  remainder,  we  have  a  quotient  7  equal  to  the  units 
sought.  If  we  multiply  8  by  7,  we  have  double  the  product  of 
the  tens  by  the  units,  560 ;  subtracting  this  from  the  whole  re- 
mainder 609,  we  obtain  a  difference  49,  which  must  be^  and  in 
&ct  is,  the  square  of  the  units. 
This  process  may  be  exhibited  thus ; 
22,09  I  47 

16       [17 


60,9 
60  9 


000 

We  write  the  proposed  number  in  the  manner  of  a  dividend, 
and  assign  for  the  root  the  usual  place  of  the  divisor.  We  then 
separate  the  units  and  tens  by  a  comma,  and  employ  only  (he 
two  first  figures  on  the  left,  which  contain  the  square  of  the  tens 
found  in  the  root.  We  seek  the  greatest  square  16,  contained 
in  these  two  figures,  put  the  root  4  in  its  assigned  place,  and  sub- 
tract 16  from  22.  To  the  remainder  we  bring  down  the  two 
other  figures,  09,  of  the  proposed  number,  separating  the  last, 
which  does  not  enter  into  double  the  product  of  the  tens  by  the 
units,  and  divide  the  remainder  on  the  left  by  8,  double  the 
tens  in  the  root,  which  gives  for  the  quotient  the  units  7.  In 
order  to  collect  into  one  expression  the  two  last  parts  of  the 
square  contained  in  609,  we  write  7  by  the  side  of  8,  which 
gives  87,  equal  to  double  the  tens  plus  the  units,  or  .2  o  +  fr ;  this 
multiplied  by  7  or  6,  reproduces  609  =  2a  t  +  6*,  or  double  the 
product  of  the  tens  by  the  units,  plus  the  square  of  the  units. 
This  being  subtracted  leaves  no  remainder,  and  the  operation 
shows,  that  47  is  the  square  root  of  2209. 

If  it  were  required  to  extract  the  square  root  of  324 ;  the 
operation  would  be  as  follows ; 

3,24  I  18 


22,4  I  2& 

22  4 


000 
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Proceeding  as  in  the  last  example,  we  obtain  1  for  the  place 
of  tens  of  the  root ;  this  doubled  gives  the  number  2,  by  which 
the  two  first  figures  22  of  the  remainder  are  to  be  divided.  Now 
32  contains  2  eleven  times,  but  the  root  can  neither  be  more  than 
10,  nor  10;  even  9  is  in  fact  too  large,  for  if  we  write  9  by  the 
side  of  2,  and  multiply  29  by  9,  as  the  rule  requires,  the  result  is 
261,  which  cannot  be  subtracted  from  224.  We  are,  therefore, 
to  consider  the  division  of  22  by  2,  only  as  a  means  of  approxi- 
mating the  units,  and  it  becomes  necessary  to  diminish  the  quo- 
tient obtained,  until  we  arrive  at  a  product,  which  does  not 
exceed  the  remainder  224.  The  number  8  answers  to  this  con- 
dition, since  8  X  28  =  224 ;  therefore,  the  root  sought  is  1 8. 
By  resolving  the  square  of  1 8  into  its  three  parts,  we  find     - 

a>  =  100 
2a6  =  160 

6«  =    64 


Total,  324  =  18  X  18, 

and  it  may  be  seen,  that  the  6  tens,  contained  in  the  square  of 
the  units,  being  united  to  160,  double  the  product  of  the  tens 
by  the  units,  alters  this  product  in  such  a  manner,  that  a  division 
of  it  by  double  the  tens  will  not  give  exactly  the  units. 

92.  It  will  not  be  difficult,  after  what  has  been  said,  to  extract 
the  square  root  of  a  number,  consisting  of  three  or  four  figures ; 
but  some  further  observations,  founded  upon  the  principles  above 
laid  down,  may  be  necessary  to  enable  the  reader  to  extract  the 
root  of  any  number  whatever. 

No  number  less  than  100  can  have  a  square  consisting  of  more 
than  four  figures,  since  that  of  100  is  10000,  or  the  least  number 
expressed  by  five  figures.  In  order,  therefore,  to  analyze  the 
square  of  any  number  exceeding  100,  of  473,  for  example,  we 
may  resolve  it  into  470  +  ^9  ^^  ^^  ^^^^  plus  3  uniis.  To  obtain 
its  square  from  the  formula, 

a»  +  2ab  +  6«, 
we  make  a  =  47  tens  =  470  units,  6=3  units,  then 
a«  =  220900 
2afc=      2820 
5«  =  9 

Totaiii  223729  =  473  X  473. 

In  this  example,  it  is  evident  that  the  square  of  the  tens  has  no 


Equations  ofiht  Second  Degree  vnih  one  unknown  Quantity.  103 

figure  iDferior  to  hundreds,  and  this  is  a  general  principle,  since 
tens  multiplied  by  tens,  always  give  hundreds,  (Arilh.  32). 

It  is  therefore  in  the  part  2237,  which  remains  on  the  left  of 
the  proposed  number,  after  we  have  separated  the  tens  and  units, 
that  it  is  necessary  to  seek  the  square  of  the  tens ;  and  as  473 
lies  between  47  tens,  or  470,  and  48  tens,  or  480,  2237  must  fall 
between  the  square  of  47  and  that  of  48 ;  hence  the  greatest 
square  contained  in  2237,  will  be  the  square  of  47,  or  that  of  the 
tens  of  the  root.  In  order  to  find  these  tens,  we  must  evidently 
proceed,  as  if  we  had  to  extract  the  square  root  of  2237  only ;  but 
instead  of  arriving  at  an  exact  result,  we  have  a  remainder, 
which  contains  the  hundreds  arising  from  double  the  product  of 
the  47  tens  multiplied  by  the  units. 

The  operation  is  as  follows ; 

22,37,29  I  473 


16 


63,7 
60  9 


87 
943 


282,9 
282  9 


We  first  separate  the  two  last  figures  29,  and  in  order  to  extract 
the  root  of  the  number  2237,  which  remains  on  the  left,  we  fur- 
ther separate  the  two  last  figures  37  of  this  number ;  the  pro- 
posed number  is  then  divided  into  portions  of  two  figures,  begin- 
ning on  the  right  and  advancing  to  the  left.  Proceeding  with 
the  two  first  portions  as  in  the  preceding  article,  we  find  the  two 
first  figures  47  of  the  root;  but  we  have  a  remainder  28,  which, 
joined  to  the  two  figures  29  of  the  last  portion,  contains  double 
the  product  of  the  47  tens  by  the  units,  and  the  square  of  the 
anits.  We  separate  the  figure  9,  which  forms  no  part  of  double 
the  product  of  the  tens  by  the  units,  and  divide  282  by  94, 
double  the  47  tens ;  writing  the  quotient  3  by  the  side  of  94, 
and  multiplying  943  by  3,  we  obtain  2829,  a  number  exactly 
equal  to  the  last  remainder,  and  the  operation  is  completed. 

93.  In  order  to  show,  by  what  method  we  are  to  proceed  with 
any  number  of  figures,  however  great,  I  shall  extract  the  root  of 
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32391824.  Whatever  this  root  may  be,  we  maj  suppose  it 
capable  of  being  resolved  into  tens  and  units,  as  in  the  precedmg 
examples.  As  the  square  of  the  tens  has  no  figure  inferior  to 
hundreds,  the  two  last  figures  24  cannot  make  a  part  of  it ;  we 
may  therefore  separate  them,  and  the  question  will  be  reduced 
to  this,  to  find  the  greatest  square  contained  in  the  part  223918, 
which  remains  on  the  left.  This  part  consisting  of  more  than 
two  figures,  we  may  conclude,  that  the  number,  which  expresses 
the  tens  in  the  root  sought,  will  have  more  than  one  figure ;  it 
may  therefore  be  resolved,  like  the  others,  into  tens  and  units. 
As  the  square  of  the  tens  does  not  enter  into  the  two  last  figures 
18  of  the  nqmber  223918,  it  must  be  sought  in  the  figures  2239, 
which  remain  on  the  left ;  and  since  2239  still  consists  of  more 
than  two  figures,  the  square,  which  is  contamed  in  it  must  have 
a  root,  which  consists  of  at  least  two;  the  number  which  ex- 
presses the  tens  sought  will  therefore  have  more  than  one  figure ; 
it  is  then,  lastly,  in  22  that  we  must  seek  the  square  of  that, 
which  represents  the  units  of  the  highest  place  in  the  root  re- 
quired. By  this  process,  which  may  be  extended  to  any  length 
we  please,  the  proposed  number  may  be  divided  into  portions 
of  two  figures  from  right  to  left ;  it  must  be  understood,  how- 
ever, that  the  last  figure  on  the  left  may  consist  of  only  one 
figure. 

Having  divided  the  proposed  number  into  portions  as  below, 
we  proceed  with  the  three  first  portions,  as 
in  the  preceding  article;  and  when  we 
have  found  the  three  first  figures  473  of  the 
root,  to  the  remainder  189,  we  bring  down 
the  fourth  portion  24,  and  consider  the 
number  18924,  as  containing  double  the 
product  of  the  473  tens  already  found  by 
the  units  sought,  plus  the  square  of  these 
units.  We  separate  the  last  figure  4;  di-  00000 
vide  those,  which  remain  on  the  left,  by  946,  double  of  473,  and 
then  make  trial  of  the  quotient  2,  as  in  the  preceding  examples. 

Here  the  operation,  in  the  present  case,  terminates ;  but  it  is 
very  obvious,  that  if  we  had  one  portion  more,  the  four  figures 
already  found  4732,  would  express  the  tens  of  a  root,  the  units 
of  which  would  remain  to  be  sought ;  we  should  proceed,  there- 


22,89,18,24 

4732 

16 

87 

63,9 
609 

943 
9462 

301,8 
282  9 

1892,4 
1892  4 
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fore  to  divide  the  remainder  now  found,  together  with  the  first 
^re  of  the  following  portion,  by  double  of  these  tens,  and  so  on 
fur  each  of  the  portions  to  be  successively  brought  down. 

*  94.  If,  after  having  brought  down  a  portion,  the  remainder, 
joined  to  the  first  figure  of  this  portion,  does  not  contain  double 
(rf  the  figures  already  found,  a  cypher  must  be  placed  in  the  root ; 
for  the  root,  in  this  case,  will  have  no  units  of  this  rank;  the 
following  portion  is  then  to  be  brought  down,  and  the  operation 
to  be  continued  as  before.  The  example  subjoined  will  illustrate 
this  case.  The  quantities  to  be  subtracted  are  49,42,09  |  703 
not  pat  down,  but  the  subtractions  are  suppose  04,20,  9  |  1403 
ed  to  be  performed  mentally,  as  in  division.  0  00   0 

95.  Every  number,  it  will  be  perceived,  is  not  a  perfect  square. 
If  we  look  at  the  table  given,  page  100,  we  shall  see  that  between 
the  squares  of  each  of  the  nine  primitive  numbers,  there  are  in- 
tervals comprehending  many  numbers,  which  have  no  assignable 
root ;  45,  for  instance,  is  not  a  square,  since  it  falls  between  36 
and  49.  It  very  often  happens,  therefore,  that  the  number,  the 
root  of  which  is  sought,  does  not  admit  of  one ;  but  if  we  attempt 
to  find  it,  we  obtain  for  the  result  the  root  of  the  greatest  square, 
which  the  number  contains.  If  we  seek,  for  example,  the  root  of 
2276,  we  obtain  47,  and  have  a  remainder  67,  which  shows,  that 
the  greatest  square  contained  in  2276,  is  that  of  47  or  2209. 

As  a  doubt  may  sometimes  arise,  after  having  obtained  the 
root  of  a  number,  which  is  not  a  perfect  square,  whether  the 
root  found  be  that  of  the  greatest  square  contained  in  the  num- 
ber, I  shall  give  a  rule,  by  which  this  may  be  readily  determin- 
ed.    As  the  square  of  a  -^  6  is 

a*  +  2a5  +  6«, 
if  we  make  b  =  1,  the  square  of  a  -f-  1  will  be 

o«  -f  2a  +  1, 
a  quantity  which  differs  from  a*,  the  square  of  a,  by  double  of  a 
plus  unity.  Therefore,  if  the  root  found  can  be  augmented  by 
mu^,  or  more  than  unity,  its  square^  subtracted  from  the  proposed 
number^  will  leave  a  remainder  at  least  equal  to  twice  this  root  plus 
tutf^.  Whenever  this  is  not  the  case,  the  root  obtained  will  be, 
in  fact,  that  of  the  greatest  square  contained  in  the  number  pro- 
posed. 

96.  Since  a  firaction  is  multiplied  by  another  fraction,  when 
dieir  numerators  are  multiplied  together,  and  their  denominators 
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together,  it  is  evident  that  the  product  of  a  fraction  multiplied  by 
itself,  or  llu  square  of  a  fraction  is  equal  to  the  square  of  its  mt- 
tnerator^  divided  by  the  square  of  its  denominator*  Hence  it  follows^ 
that  to  extract  the  square  root  of  a  fraction^  we  extract  the  square 
root  of  its  numerator  and  that  of  its  denominator*  Thus  the  root 
of  If  is  I,  because  5  is  the  square  root  of  25,  and  8  that  of  64. 

It  is  very  important  to  remark,  that  not  only  are  the  squares 
of  fractions,  properly  so  called,  always  fractions,  but  every  frac- 
tional  number^  which  is  irreducible^  (Arith*  59)  wi//,  when  multiplied 
by  itself  give  a  fractional  result^  which  is  also  irrediu:ible» 

97.  This  proposition  depends  upon  the  following ;  Every  prime 
number  P,  which  will  divide  the  product  AB  o/"  two  numbers  A  and 
3y  will  necessarily  divide  one  of  these  numbers* 

Let  us  suppose,  that  it  will  not  divide  fi,  and  that  B  is  the 
greater ;  if  we  designate  the  entire  part  of  the  quotient  by  q,  and 
the  remainder  by  JB',  we  have 

B=:qP  +  B', 
multiplying  by  A,  we  obtain 

JlB  =  qAP  +  J1B\ 
anc^dividing  the  two  members  of  this  equation  by  P,  we  have 
AB  .   ,    AB 

from  which  it  appears,  that  i(AB  be  divisible  by  P,  the  product 
AB'  will  be  divisible  by  the  same  number.  Now  J8',  being  the 
remainder  after  the  division  of  B  by  P,  must  be  less  than  P; 
therefore  B'  cannot  be  divided  by  P ;  if  we  divide  P  by  B  we 
have  a  quotient  /  and  a  remainder  B'^ ;  if  further  we  divide  P 
by  £'',  we  have  a  quotient  g''  and  a  remainder  i?%  and  so  on, 
since  P  is  a  prime  number. 

We  have,  therefore,  the  following  series  of  equations ; 
P  =  9^  J5'  +  JB^,    P  =z  q'^B"  +  B",  &c. 
multiplying  each  of  these  by  A^  we  obtain 

AP  ==  q'  AB  -f  AB'\    AP  =  (f'  AB'  +  AB'\  &c. 
dividing  by  P,  we  have 

AB       AB'       a_,,  AB'    ,    AB"  « 
•^  =  7  "p-  +  -p-»     A  =  ^'  -^  +  -^,  &c. 

From  these  results  it  is  evident,  that  if  AB'  be  divisible  by  P, 
the  products  AB**^  AB\  &c.  will  also  be  divisible  by  it.  But  the 
remainders  B^  B\  B%  &c.  are  becoming  less  and  less,  continually^ 
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till  they  finally  terminate  in  unity,  for  the  operation  exhibited 
above  may  be  continued  in  the  same  manner,  while  the  remain- 
der is  greater  than  1,  since  P  is  a  prime  number.  Now  when 
the  remainder  becomes  unity,  we  have  the  product  .^  X  1,  which 
must  be  divisible  by  P ;  therefore  A  also  must  be  divisible  by  P. 

Hence,  if  the  prime  number  P,  which  we  have  supposed  not 
to  divide  A,  will  not  divide  j4,  it  will  not  divide  the  product  of 
these  numbers. 

{This  demonstration  is  taken  principally  from  the  Th^orie  des 
nombres  of  M.  Legendre.) 

98.  Now  when  the  fraction  -  is  irreducible,  there  is  no  prime 

number,  which  will  divide,  at  the  same  time,  6  and  a ;  but,  from 
the  preceding  demonstration,  it  is  evident,  that  every  prime 
number,  which  will  not  divide  a,  will  not  divide  a  X  ^^  or  a', 
every  prime  number,  which  will  not  divide  6,  will  not  divide  bx  bj 
or  6*  ;  the  numbers  a^  and  6'  are,  therefore,  in  this  case,  prime 

to  each  other ;  and  consequently  the  square  ~  of  the  fraction  -, 

being  irreducible,  as  well  as  as  the  fraction  itself,  cannot  become 
an  entire  number  ^\ 

99.  From  this  last  proposition  it  follows,  that  entire  numbers^ 
except  only  such  as  art  perfect  squares^  admit  of  no  assignable  root, 
either  among  whole  numbers  or  fractions.  Yet  it  is  evident,  that 
there  must  be  a  quantity,  which,  multiplied  by  itself,  will  produce 
any  number  whatever,  2276,  for  instance,  and  that,  in  the  present 
case,  tbfa  quantity  lies  between  47  and  48  ;  for  47  X  47  gives  a 
product  less  thr^n  this  number,  and  48  X  48  gives  one  greater. 
Dividing  then  the  difference  between  47  aftd  48  by  means  of 
fractions,  we  may  obtain  numbers  that,  multiplied  by  ih^selves, 
will  give  products  greater  than  the  square  of  47,  but  less  than 
that  of  48,  and  which  will  approach  nearer  and  nearer  to  the 
number  2276. 

The  extraction  of  the  square  root,  therefore,  applied  to  num- 
bers, which  are  not  perfect  squares,  makes  us  acquainted  with  a 
new  species  of  numbers,  in  the  same  manner,  as  division  gives 
rise  to  fractions ;  but  there  is  this  difference  between  fractions 
and  the  roots  of  numbers,  which  are  not  perfect  squares ;  that 
the  former,  which  are  always  composed  of  a  certain  number  of 
parts  of  unity,  have  with  unity  a  common  me€uure,  or  a  relation 
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^vbich  may  be  expressed  by  whole  numbers,  which  the  latter 
have  not. 

If  we  conceive  unity  to  be  divided  into  five  parts,  for  example, 
wc  express  the  quotient  arising  from  the  division  of  9  by  5,  or 
I,  by  nine  of  these  parts ;  }  then,  being  contained  five  times  in 
unity,  and  nine  times  in  },  is  the  common  measure  of  unity  and 
the  fraction  f ,  and  the  relation  these  quantities  have  to  each 
other  is  that  of  the  entire  numbers  5  and  9. 

Since  whole  numbers,  as  well  as  fractions,  have  a  common 
measure  with  unity,  wc  say  that  these  quantities  are  commensura^ 
bk  with  unity,  or  simplj^  that  they  are  commmsurabU  ;  and  since 
their  relations  or  ratios^  with  respect  to  unity,  are  expressed  by 
entire  number^  we  designate  both  whole  numbers  and  fractions, 
by  the  common  name  of  rational  numbers. 

On  the  contrary,  the  square  root  of  a  number,  which  is  not  a 
perfect  square,  is  incommensurable  or  irrational^  because,  as  it 
cannot  be  represented  by  any  fraction,  into  whatever  number  of 
parts  we  suppose  unity  to  be  divided,  no  one  of  these  parts  will 
be  sufBcicnily  small  to  measure  exactly,  at  the  same  time,  both 
this  root  and  unity. 

In  order  to  denote,  in  general,  that  a  root  is  to  be  extracted, 
whether  it  can  be  exactly  obtained  or  not,  we  employ  the  char- 
acter \/~",  which  is  called  a  radical  sign  ; 
V  16  is  equivalent  to  4, 
v2  is  incommensurable  or  ir rational. 

100.  Although  we  cannot  obtain,  either  among  whole  numbers 
or  fractions,  the  exact  expression  for  V2,  y«*t  we  may  approxi- 
mate it,  to  any  degree  we  please,  by  converting  this  number  into 
a  fraction,  the  denominator  of  which  is  a  perfect  square.  The 
root  of  the  greatest  square  contained  in  the  numerator  will  then, 
be  that  of  the  proposed  number  expressed  in  parts,  the  value  of 
which  will  be  denoted  by  the  root  of  the  denominator. 

If  we  convert,  for  example,  the  number  2  into  twenty-fifths, 
we  have  f  j.  As  the  root  of  50  is  7,  so  far  as  it  can  be  expressed 
in  whole  numbers,  and  the  root  of  25  exactly  5,  we  obtain  f ,  or 
If  for  the  root  of  2,  to  within  one  fifth. 

101.  This  process,  founded  upon  what  was  laid  down  in  article 
96,  that  the  square  of  a  fraction  is  expressed  by  the  squai'e  of  the 
numerator  divided  by  the  square  of  the  denominator,  may  evir 
4ently  be  applied  to  any  kind  of  iraction  whatever,  and  mori^ 
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readily  to  decimals  than  to  others.  It  is  manifest,  indeed,  from 
the  nature  of  multiplication,  that  the  square  of  a  number  express- 
ed by  tenths  will  be  hundredths,  and  that  the  square  of  a  number 
expressed  by  hundredths  wilt  be  ten  thousandths,  and  so  on ; 
and  consequently,  that  the  number  of  decimal  figures  in  the  square 
is  always  double  that  of  the  decimal  figures  in  the  root.  The  truth 
of  this  remark  is  further  evident  from  the  rule  observed  in  the 
multiplication  of  decimal  numbers,  which  requires  that  a  product 
should  contain  as  many  decimal  figures,  as  there  are  in  both  the 
factors.  In  any  assumed  case,  therefore,  the  proposed  number, 
considered  as  the  product  of  its  root  multiplied  by  itself,  must 
have  twice  as  many  decimal  figures  as  its  root* 

From  what  has  been  said,  it  is  clear,  that  in  order  to  obtain 
the  square  root  of  227,  for  example,  to  within  one  hundredth,  it 
is  necessary  to  reduce  this  number  to  ten  thousandths,  that  is,  to 
annex  to  it  four  cyphers,  which  gives  3270000  ten  thousandths. 
The  root  of  this  may  be  extracted  in  the  same  manner,  as  that 
of  an  equal  number  of  units ;  but  to  show  that  the  result  is  hun- 
dredths, we  separate  the  two  last  figures  on  the  right  by  a 
comma.  We  thus  find  that  the  root  of  227  is  15,06,  accurate  to 
hundredths.    The  operation  may  be  seen  below ; 


2,27,00,00 

12,7 
200  00 
19  64 


1506 


25 
3006 


If  there  are  decimals  already  in  the  proposed  number,  they 
should  be  made  even.  Ta  extract,  for  example,  the  root  of  51,7, 
we  place  one  cypher  after  this  number,  which  makes  it  hun- 
dredths; we  then  extract  the  root  of  51,70.  If  we  proposed  to 
have  one  decimal  more,  we  should  place  two  additional  cyphers 
after  this  number,  which  would  give  51,7000;  we  should  then 
obtain  7,19  for  the  root. 

If  it  were  required  to  find  the  square  Toot  of  the  numbers  2 
and  3  to  seven  places  of  decimals,  we  should  annex  fourteen 
cyphers  to  these  numbers ;  the  result  would  be 

Vi  =  1,4142136,         v3  =  1,7320508. 

102.  When  we  have  found  more  than  half  the  number  of 
figures,  of  which  we  wish  the  root  to  consist,  we  may  obtain  the 
rest  simply  by  division.  Let  us  take,  for  example,  3^976 ;  the 
square  root  of  this  number  is  181,  and  the  remamder,  215.    If 
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we  divide  this  remainder  315,  by  362,  double  of  181,  and  extend 
the  quotient  to  two  decimal  places,  we  obtain  0,59,  which  must 
be  added  to  181  ;  the  result  will  be  181,59  for  the  root  of  33976, 
which  is  accurate  to  within  one  hundredth. 

In  order  to  prove  that  this  method  is  correct,  let  us  designate 
the  proposed  number  bj  ^,  the  root  of  the  greatest  square  con- 
tained in  this  number  by  a,  and  that  which  it  is  necessary  to  add 
to  this  root  to  make  it  the  exact  root  of  the  proposed  number  bj 
b  ;  we  have  then 

from  which  we  obtain 

dividing  this  by  2  a,  we  find 

j^-«'-..  ■  ft'*' 

From  this  result  it  is  evident,  that  the  first  member  may  be 
taken  for  the  value  of  6,  so  long  as  the  quantity  — -  is  less  than 

a  unit  of  the  lowest  place  found  in  b.  But  as  the  square  of  a 
number  cannot  contain  more  than  twice  as  many  figures  as  the 
number  itself,  it  follows,  that  if  the  number  of  figures  in  a  ex- 
ceeds double  those  in  6,  the  quantity  —-  will  then  be  a  fraction. 

In  the  preceding  example,  a  =  181  units,  or  18100  hundredths, 
and  consequently  contains  one  figure  more  than  the  square  of 

59    hundredths:    the   fraction  then  —  becomes,  in  this  case, 

2a  ' 

-— ^^ — I —  =  —x-r-^  and  is  less  than  a  unit  of  the  second  part 
2  X  1«100        S6200'  ^ 

59,  or  than  a  hundredth  of  a  unit  of  the  first. 

103.  This  leads  to  a  method  of  approximating  the  square  root 

of  a  jnurabcr  by  means  of  vulgar  fractions.     It  is  founded  on  the 

circumstance,  that  a,  being  the  root  of  the  greatest  square  con- 

tained  in  N^  b  is  necessarily  a  fraction,  and  --  being  much  smal- 
ler than  6,  may  be  neglected. 

If  it  were  required,  for  example,  to  extract  the  square  root  of 
2;  as  the  greatest  square  contained  in  this  number  is  1,  if  we 
subtract  this,  we  have  a  remainder,  1.  Dividing  this  remainder 
by  double  of  the  root,  we  obtain  | ;  taking  this  quotient  for  the 
value  of  the  quantity  b,  we  have,  for  the  first  approximation  to 
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the  root,  1  +  7,  or  f  •  Raising  this  root  to  its  square,  we  find  f , 
which,  subtracted  from  2  or  |,  gives  for  a  remainder  —  i.  In 
this  case  the  formula 

becomes 

Substituting  —  j\  for  6,  we  have  for  the  second  approximation 
f  —  T¥  =  t1  ;  taking  the  square  of  | J,  we  find  f^ff ,  a  quantity, 
which  still  exceeds  2  or  f }}.     Substituting  |J  for  a,  we  obtain 


12  X  34  *    2a 

which  gives 

12  X  34  408' 

the  third  approximation  will  then  be 

17  _        1        _  17X34>-1  _  57T 
12         12  X  34  408  408* 

Thb  operation  may  be  easily  continued  to  any  extent  we 
please.  I  shall  give,  in  the  Supplement  to  this  treatise,  other  for- 
mulas more  convenient  for  extracting  roots  in  general. 

104.  In  order  to  approximate  the  square  root  of  a  fraction,  the 
method,  which  first  presents  itself,  is,  to  extract,  by  approxima- 
tion, the  square  root  of  the  numerator  and  that  of  the  denomina- 
tor ;  but  with  a  little  attention  it  will  be  seen,  that  we  may  avoid 
one  of  these  operations  by  making  the  denominator  a  perfect 
square.  This  is  done  by  multiplying  the  two  terms  of  the  pro- 
posed fraction  by  the  denominator.  If  it  were  required,  for  ex- 
ample, to  extract  the  square  root  of  ^,  we  might  chnngc  this 
fraction  into 

3XT  __  21 
«  7X7""  49' 

by  muluplyiijg  its  two  terms  by  the  denominator,  7.  Taking  the 
foot  of  the  greatest  square  contained  in  the  numerator  of  this 
fraction,  we  have  4  for  the  root  of  f ,  accurate  to  within  |. 

If  a  greater  degree  of  exactness  were  required,  the  fraction  ^ 
must  be  changed  by  approximation  or  otherwise  into  another,  the 
denommator  of  which  is  the  square  of  a  greater  number  than  7. 
We  shall  have,  for  example,  the  root  sought  within  y*j,  if  we 
convert  |  into  225ths,  since  225  is  the  square  of  15 ;  thus  the 
fraction  becomes  *^'  of  one  225th,  or  ^VV?  within  ^i-g  v  the  root  of 


V 
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/g\  falls  between  ^j  and  f  |,  but  approaches  nearer  to  the  second 
fraction  than  to  the  first,  because  96  approaches  nearer  to  a  hun- 
dred than  to  81  ;  we  have  then  ||  or  |  for  the  root  of  |  within  ^j. 

By  employing  decimals  in  approximating  the  root  of  the  nu- 
merator of  the  fraction  ^^  we  obtain  4,583  for  the  approximate 
root  of  the  numerator  21,  which  is  to  be  divided  by  the  root  of 
the  new  denominator.  The  quotient  thence  arising,  carried  to 
three  places  of  decimals,  becomes  0,655. 

105.  We  are  now  prepared  to  resolve  all  equations  involving 
only  the  second  power  of  the  unknown  quantity  connected  with 
known  quantities. 

We  have  only  to  collect  into  one  memher  all  the  terms  containing 
this  power^  to  free  it  from  the  qtiantities^  by  which  it  is  multiplied 
(11);  we  then  cbtain  the  value  of  the  unknown  qiuintity  by  extracting 
the  square  root  of  each  member. 

Let  there  be,  for  example,  the  equation 

«a?»  —  8  =  4  — |a?». 
Making  the  divisors  to  disappear,  we  find  first 
15a;«  — 168  =  84  —  14a:». 
Transposing  to  the  first  member  the  term  14  a;*,  and  to  the  sec* 
ond  the  term  168,  we  have 

15  ««  +  14a?»  =  84  +  168, 
or  29a?»  =  252, 

and  x^  =  V/, 

It  should  be  carefully  observed,  that  to  denote  the  root  of  the 
fraction  W,  the  sign  %/"  is  made  to  descend  below  the  line, 
which  separates  the  numerator  from  the  denominator.    If  it  were 

written  thus,     ^^^  the  expression  would  designate  the  quotient 

arising  from  the  square  root  of  the  number  252  divided  by  29 ;  a 
result  different  from  V^?  which  denotes,  that  the  division  is  to 
be  performed  before  the  root  is  extracted. 
Let  there  be  the  literal  equation 

ca?2  -|-  6^  =  ca?«  +  d» ; 
proceeding  as  with  the  above,  we  obtain  successively 

ax*  —  ex*  =  d^  — i», 

d^—b* 
X*  =  , 


«=j 


a- 

d^  —  6». 
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I  would  remark  here,  that  in  order  to  designate  the  square 
root  of  a  compound  quantity,  the  upper  line  must  be  extended 
over  the  whole  radical  quantity. 

The  root  of  the  quantity  4  a'  b  —  2  6*  +  c«  is  written  thus, 

^4a'b  —  2b^  +  c^, 
or  rather 

by  substituting,  for  the  line  extended  over  the  radical  quantity, 
a  parenthesis  including  all  the  parts  of  the  quantity,  the  root  of 
which  is  required.  This  last  expression  may  often  appear  pre- 
ferable to  the  other  (35). 

In  general,  every  equation  of  the  second  degree  of  the  kind 
we  are  herb  considering,  may,  by  a  transposition  of  its  terms,  be 
reduced  to  the  form 

^designating  the  coeflBcient,  whatever  it  may  be,  of  x*.  We 
then  obtain 

X    -^, 


106.  With  respect  to  numbers  taken  independently,  this  solu. 
tion  is  complete,  since  it  is  reduced  to  an  operation  upon  the 

number  either  entire  or  fractional,  which  the  quantity  —  repre- 
sents, ^n  arithmetical  operation  leading  always  to  an  exact  result, 
or  to  one,  which  approaches  the  truth  very  nearly.  But  in  regard 
to  the  signs,  with  which  the  quantities  may  be  affected,  there  re- 
mains, aft^  the  square  root  is  extracted,  an  ambiguity,  in  con- 
sequence oT  which  every  equation  of  the  second  degree  admits 
of  two  solutions,  while  those  of  the  first  degree  admit  of  only 
one. 

Thus  in  the  general  equation  x'  =  35,  the  value  of  x,  being 
the  quantity,  which,  raised  to  il^  square,  will  produce  25,  may,, 
if  we  consider  the  quantities  algebraically,  be  affected  either  with 
the  sign  -|-  or  — ;  for  whether  we  take  +  5,  or  -r-  5,  for  this 
value,  we  have  for  the  square 

+  5X+5  =  +25,     or    — ^X— 5  =  -J-25; 

A^.  15 
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we  may  therefore  take 

a:  =  +  5, 
or  OP  =  —  5. 

For  the  same  reason,  from  the  general  equation 

wc  haye 

or 


^th  these  expressions  are  comprehended  in  the  following; 


'=-4?. 


in  which  the  double  sign  db  shows,  that  the  numerical  value  of 

l«9 


Jaq 
P 


P' 
may  be  affected  with  the  sign  +  or  — . 

From  what  has  been  said,  we  deduce  the  general  rule,  thai  the 
double  sign  ±  is  to  be  considered  as  affecting  the  square  root  of 
every  quantity  whatever* 

It  may  be  here  asked,  why  x,  as  it  is  the  square  root  of  x*,  is 
not  also  affected  with  the  double  sign  db  ?  We  may  answer,  first, 
that  the  letter  x,  having  been  taken  without  a  sign,  that  is,  with 
the  sign  -|-,  as  the  representative  of  the  unknown  quantity,  it  is 
its  value  when  in  this  state,  which  is  the  subject  of  inquiry ;  and, 
that  when  we  seek  a  number  »,  the  square  of  which  is  b,  for  ex- 
ample, there  can  be  only  two  possible  solutions ;  cr  =  -|-  vF* 
«  =  —  v&«  Again,  if  in  resolving  the  equation  x'  =  6,  we 
write  ±1  X  =  ±  v?,  and  arrange  these  expressions  in  all  the 
different  ways,  of  which  they  are  capable,  n^juely,  « 
+  0?  =  +  Vbi  —  «  =  —  v^S? 
+  X  =z  —  s/l,  —x  =  +  s/l^ 
we  come  to  no  new  result,  since  by  transposing  all  the  terms  of 
the  equations  —  «  =  —  V^i  —  a;  =  +  Vb,  or  which  is  the 
same  thing,  by  changing  all  the  signs  (57),  these  equations  be- 
come identical  with  the  first. 

107.  It  follows  from  the  nature  of  the  signs,  that  if  the  second 
member  of  the  general  equation 

x«  =  ^ 
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were  a  negative  number,  the  equation  would  be  absurd,  since  the 
square  of  a  quantity  affected  either  with  the  sign  -|-,  or  — ,  hav- 
ing always  the  sign  -|-,  no  quantity,  the  square  of  which  is  nega- 
tive, can  be  found  either  among  positive  or  negative  quantities. 

This  is  what  is  to  be  understood,  when  we  say,  that  the  root  of 
a  negative  quantity  is  imaginary. 

If  we  were  to  meet  with  the  equation 
a?«  +  26  =  9, 
we  might  deduce  from  it 

a«  =  9  —  25, 
or  ««  =     —  16; 

but,  there  is  no  number,  which,  multiplied  by  itself,  will  produce 
—  16.  It  is  true,  that  —  4  multiplied  by  +  4,  gives  —  16  ;  but 
as  these  two  quantities  have  different  signs,  they  cannot  be  con- 
sidered as  equal,  and  consequently  their  product  is  not  a  square. 
This  species  of  contradiction,  which  will  be  more  fully  consider- 
ed hereafter,  must  be  carefully  distinguished  from  that  mentioned 
in  art«  58,  which  disappears  by  simply  changing  the  sign  of  the 
unknown  quantity ;  here  it  is  the  sign  of  the  square  «*,  which  is 
to  be  changed. 

108.  To  be  complete,  an  equation  of  the  second  degree,  with 
only  one  unknown  quantity,  must  have  three  kinds  of  terms, 
namely,  those  involving  the  square  of  the  unknown  quantity, 
others  containing  the  unknown  quantity  of  the  first  degree,  lastly, 
such  as  comprehend  only  known  quantities.  The  following 
equations  are  of  this  kind ; 

ar*  —  4a?  =  12,  4a?'— |a?»  =  4  —  2  a?. 

The  first  is,  in  some  respects,  more  simple  than  the  second, 
because  it  contains  only  three  terms,  and  the  square  of  a?  is  posi- 
tive, and  has  only  unity  for  a  coefiicient.  It  is  to  this  last  form, 
that  we  are  always  to  reduce  equations  of  the  second  degree, 
before  resolving  them ;  they  may  then  be  represented  by  this 
formula,  x*  -|-pa?  =  9, 

in  which  p  and  q  denote  known  quantities,  either  positive  or.  neg- 
ative. 

It  is  evident,  that  we  may  reduce  all  equations  of  the  seconiJ 
degree  to  this  state,  1.  by  collecting  into  one  member  all  the 
terms  involving  a?  (10),  2.  by  changing  the  sign  of  each  term  of 
the  equation,  m  order  to  render  that  of  a?'  positive,  if  it  was  be- 
fore negative  (57),  3.  by  dividing  all  the  terms  of  the  equation 


1^ 
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by  the  nuihiplier  of  a?*,  if  this  square  have  a  multiplier  (11),  or 
by  multiply iag  by  its  divisor,  if  it  be  di  vided  by  any  number  (12). 
If  we  apply  what  has  just  been  said  to  the  equation 
4x —  |ap*  =4  —  2  a?, 
we  have,  by  collecting  into  the  first  member  all  the  terms  involv- 
ing a:, 

—  fa?*  +  6  a?  =  4, 
by  changing  the  signs, 

|a?*  —  6  a?  =  —  4, 
multiplying  by  the  divisor  5, 

3  a*  —  30x  =  —  20, 
dividing  by  the  multiplier  3, 

a?a-_  lOaf  =  — V- 
If  we  now  compare  this  equation  with  the  general  formula 
a?«  +px  =  9, 
we  shall  have 

p  =  —  10,  9  =  —  y. 
109.  In  order  to  arrive  at  the  solution  of  equations  thus  pre- 
pared, we  should  keep  in  mind  what  has  been  already  observed 
(34),  namely,  that  the  square  of  a  quantity,  composed  of  two 
terms,  always  contains  the  square  of  the  first  term,  double  the 
product  of  the  first  term  multiplied  by  the  second,  and  the  square 
of  the  second ;  consequently  the  first  member  of  the  equation 

a:*  +  2  a  a?  +  a*  =6, 
in  which  a  and  6  are  known  quantities,  is  a  perfect  square,  aris- 
ing from  a^  +  (h  and  may  be  expressed  thus, 
(*  +  a)  («  +  a)  =  h. 
If  we  take  the  square  root  of  the  first  member  and  indicate  that 
of  the  second,  we  have 

a?  +  a  =  d=  v/6, 
an  equation,  which,  considered  with  respect  to  a?,  is  only  of  the 
first  degree ;  and  from  which  we  obtain,  by  transposition, 

a?  =  —  a  db  v5» 
An  equation  of  the  second  degree  may  therefore  be  easily  re- 
solved, whenever  it  can  be  reduced  to  the  form 

«•  +  2aa?  -{-a*  =*, 
that  is,  whenever  its  6rst  member  is  a  perfect  square. 
But  the  first  member  of  the  general  equation 
a?«  +px^q, 
/:ontain8  already  two  terms,  which  may  be  considered  as  form. 
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log  part  of  the  square  of  a  biaomial ;  namely,  c',  which  is  the 
square  of  the  first  term  x,  and  p  «,  or  double  the  first  multiplied 
by  the  second,  which  second  is  consequently  only  half  of  p,  or 
^p.  To  complete  the  square  of  the  binomial  a?  -{-  |  p,  there 
must  be  also  the  square  of  the  second  term,  |p;  but  this  square 
may  be  formed,  since  p  and  ^p  are  known  quantities,  and  it 
may  be  added  to  the  first  member,  if,  to  preserve  the  equality  of 
the  two  members,  it  be  added  at  the^same  time  to  the  second ; 
and  this  last  member  will  still  be  a  known  quantity.  ' 

As  the  square  of  Jp  is  jp*,  if  we  add  it  to  the  two  members 
of  the  proposed  equation, 

a?«+p«=i}, 
we  shall  have 

-P«+pa?+ jpa  =?  +  fp«. 
The  first  member  of  this  result  is  the  square  of  «  4-  ^p;  taking 
then  the  root  of  the  two  members,  we  have 


*  +  iF=  =t  Vg  +  ip«,    (106); 
by  transposition  this  becomes 

a?  =  —  ip  d=  ^T+iFf 
or  which  is  the  same  thing 

«  =  — ip+Vj+1^. 
and 


»  =  — ip  — Vg  +  ip». 

I  have  prefixed  the  sign  +  to  the  second  term  ^p,  of  the  root 
of  the  first  member  of  the  above  equation,  because  the  second 
term  of  this  member  is  positive ;  the  sign  —  is  to  be  prefixed  in 
the  contrary  case,  because  the  square  a?"  —  2  aa?  +  a*  answers 
to  the  binomial  x  —  a. 

Any  equation  whatever  of  the  second  degree  may  be  resolved, 
by  referring  it  to  the  general  formula, 

a?»  -I-  p  a?  =  } ; 
or  more  expeditiously,  by  performing  immediately  upon  the 
equation  the  operations  represented  under  this  formula,  which, 
expressed  in  general  terms,  are  as  follows ; 

To  make  the  first  member  of  the  proposed  equation. a  perfect 
oquare^  bjf  adding  to  it^  and  also  to  th^  second,  the  square  of  half  the 
given  quantity,  by  which  the  first  power  of  the  unknown  quantity  is 
multiplied;  then  to  extract  the  square  root  of  each  member,  observ- 
ingj  Aai  ^  root  of  the  first  member  is  composed  of  the  unknown 
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quantih/,  and  half  of  the  gwen  number,  by  which  the  unknotm 

quantity  in  the  second  term  is  multiplied,  taken  with  the  sign  of  this 

quantity,  and  that  the  root  of  the  second  member  must  have  the  dou* 

ble  sign  ±:,  and  be  indicated  by  the  sign  y",  if  it  cannot  be  obtained 

directly, 

(p     See  this  illustrated  by  examples. 

1*1        1 10.  7\>  find  a  number  such,  that  if  it  be  multiplied  by  7,  and 

yit'K  this  product  be  added  to  itt^quare,  the  sum  will  be  44. 

The  number  sought  being  represented  by  x,  the  equation  will 

evidently  be 

x«  +  7  a:  =  44. 

In  order  to  resolve  this  equation,  we  take  },  half  of  the  coeffi- 
cient 7,  by  which  x  is  multiplied ;  raising  it  to  its  square  we  ob- 
tain V  9  ^^^^  added  to  each  member  gives 

a?«  +  7  a?  +  V  =  44  +  y  ; 
reducing  the  second  member  to  a  single  term,  we  have 

a?«  +  7a;+  Y  =  «i«. 
The  root  of  the  first  member,  according  to  the  rule  given  above, 
is  0?  +  I,  and  we  find  for  that  of  the  second  V  ;  whence  arises 
the  equation 

from  which  we  obtain 

*  =  ~  }  =t  V, 
or 

X  =  -  }  +  V  =  I  =  4, 

«  =  — i— y  =  — v=  — li. 

The  first  value  of  x  solves  the  question  in  the  sense,  in  which 
it  was  enunciated,  since  we  have  by  this  value 

»«    =  16 
7  a?  =  28 


sura  44.   , 

As  to  the  second  value  of  x,  since  it  is  afi*ected  with  the  sign 
— ,  the  term  7  x,  which  becomes 

7  X  —  11  =  —  77, 
must  be  subtracted  from  x^,  so  that  the  enunciation  of  the  ques- 
tion resolved  by  the  number  1 1  is  this, 

To  find  a  number  such,  that  7  times  this  number  ftetiig  subtracted 
from  its  square,  the  remainder  will  be  44. 

The  negative  value  then  here  modifies  the  question  in  a  man 
ner,  analogous  to  what  takes  place,  as  we  have  already  seen,  ia- 
equations  of  the  first  degree. 
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If  we  put  the  question,  as  enunciated  above,  into  ao  equation,  we 
obtain 

a?*  —  7  a?  =  44, 
tbis  becomes,  when  resolved, 

a:«  —  7  a?  +  y  =  44  +*  y , 

»«  — 7a?+y  =  «p, 

X  =  '  It  y, 

a?=:  V  =  ll, 

0?  =}— y  =-i  =  -4. 

The  negative  value  of  x  becomes  positive,  as  it  satisfies  pre- 
cisely the  new  enunciation,  and  the  positive  value,  which  does 
not  thus  satisfy  it,  becomes  negative* 

Hence  we  see,  that  in  equations  of  the  second  degree,  algebra 
unites  under  the  same  formula  two  questions,  which  have  a  cer- 
tain analogy  to  each  other, 

IIK  Sometimes  enunciations,  which  produce  equations  of  the 
second  degree,  admit  of  two  solutions.  The  folio wmg  is  an  ex- 
ample; 

To  find  a  number  such^  that  if  15  be  added  to  its  square,  the  sum 
will  be  eqwl  to  8  times  this  number. 

Let  X  be  the  number  sought ;  the  equation  arising  from  the 
problem  is  then 

X'  +  U  =  Qx. 
This  equation  reduced  to  the  form  prescribed  in  art.  108,  be- 
comes 

x^  —  8a?  =  —  15, 
aja  _  8a?  +  16  =  —  15  -f  16, 
aj«  —  8*+  16  =  1, 

X—    4  =  ±  1, 
x=    4  db  1, 
or  a?  =    5, 

a?  =    3. 
There  are  therefore  two  different  numbers  5  and  3,  which 
fulfil  the  conditions  of  the  question. 

112.  Questions  sometimes  occur,  which  cannot  be  resolved 
precisely  in  the  sense  of  the  enunciation,  and  which  require  to 
be  modified.    This  is  the  case,  when  the  two  roots  of  the  equa- 
tion are  negative,  as  in  the  following  example, 
.x^  +  5x  +  6  =z  2. 
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This  equation,  which  denotes,  that  the  s^puirt  of  Ae  utimkr 
foug^y  augmenitd  hy  5  times  this  number^  and  also  by  6,  wiU  give 
a  mm  equal  to  3,  evidently  cannot  be  verified  by  addition,  as  is 
implied,  since  6  already  exceeds  2.  Indeed,  if  we  resolve  it,  w^ 
find  successively 

a*  +  5a  =  —  4, 

,.  +5,  +  y  =  Y_4  =  f, 

OP  +  i  =  zh  », 

«  =  -!  +  !  =  - 1, 

«  =  — i-|=:-4. 
Prom  the  sign  -— ,  with  which  the  numbers  1  and  4  are  affected, 
it  may  be  seen,  that  the  term  5  x  must  be  subtracted  from  the 
others,  and  that  the  true  enunciation  for  both  values  is. 

To  find  a  nwnher  such,  that  if  5  times  this  number  be  subtracted 
from  its  square,  and  6  be  added  to  the  remainder,  the  result  tMl  be  3. 
This  enunciation  furnishes  the  equation, 
a?>  —  5a?  +  6  =  2, 
which  gives  for  x  the  two  positive  values  1  and  4. 
113.  Again,  let  the  following  problem  be  proposed ; 
To  divide  a  number  p  into  two  parts,  the  product  of  which  shaU 
be  equal  to  q. 

If  we  designate  one  of  these  parts  by  x,  the  other  will  be  ex- 
pressed by  p  —  X,  and  their  product  will  hepx  —  a?»  ;  we  have 
then  the  equation 

px  —  X*  =1  q, 
or,  changing  the  signs, 

X*  —  ji  a  =:  —  q  J 
resolving  this  last,  we  find 

x^ip±:  x/JpTZJ. 
If  now  we  suppose 

p  =  10,        9  =  21, 
we  have 

0?  =  5  d=  \/25  — 21, 
or  X  =  5  db  2, 

x  =  7, 
X  =:  3, 
that  is,  one  of  the  parts  will  be  7,  and  the  other  consequently 
10  —  7,  or  3. 
If  on  the  contrary,  we  take  8  for  x,  the  other  part  will  be 
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10  —  3  or  7 ;  so  that  the  eounciatiooi  as  k  stands,  admits,  strictly 
speaking,  of  only  one  solution,  since  the  second  amounts  simply 
to  a  change  in  the  order  of  the  parts. 

If  we  examine  carefully  the  value  of  a?  in  the  question  we  have 
been  considering,  we  shall  see  that  we  cannot  take  any  numbers 

indifferently  for /i  and  q,  for  if  q  exceed  ^,  or  the  square  of  Jjp, 

the  quantity  ^  —  q  becomes  negative,  and  we  are  presented 

with  that  species  of  absurdity  mentioned  in  art.  107« 

If  we  take,  for  example, 

p  =  10  and  J  =  30, 

we  have  

X  =5  ±1  vis— 30  =  5  =iz  V  — 5; 
the  problem  then  with  these  assumptions  is  impossible. 

114.  The  absurdity  of  questions,  which  lead  to  imaginary  roots, 
is  discovered  only  by  the  result,  and  we  may  wish  to  determine 
by  characters,  which  are  found  nearer  to  the  enunciation,  in 
what  consists  the  absurdity  of  the  problem,  which  gives  rise  to 
that  of  the  solution  ;  this  we  shall  be  enabled  to  do  by  the  fol* 
lowing  consideration. 

Let  d  be  the  difference  of  the  two  parts  of  the  proposed  num- 

her ;  the  gweater  part  will  be  ^  +  -,  the  less  ^  —  ~  (3) ;  but  it 

2         2  A         2 

has  been  proved  (29,  30,  &  34)  that 

\2  "^  2/  \2        2/         4  4  ' 

therefore,  the  product  of  the  two  parts  of  the  proposed  number, 

whatever  they  may  be,  will  always  be  less  than  '^,  or  than  the 
square  of  half  their  sum,  so  long  as  d  is  any  thing  but  zero ;  when 
d  is  nothing,  each  of  the  two  parts  being  equal  to  |,  their  product 

will  be  only  — .     It  is  then  absurd  to  require  it  to  be  greater ; 

and  it  is  just,  that  algebra  should  answer  in  a  manner  contradic- 
tory to  established  principles,  and  thereby  show,  that  what  is 
nought  does  not  exist. 

What  has  been  proved  concerning  the  equation 
X*  — px  =  —  g, 
furnished  by  the  preceding  question,  is  true  of  all  those  of  the 
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second  degree,  where  q  is  negative  in  the  second  member,  the  on- 

Ijr  equations,  which  produce  imaginary  roots,  since  the  term  ^, 

placed  under  the  radical  sign,  preserves  always  the  sign  +,  what- 
ever may  be  that  of  p.    Indeed,  it  is  evident  that  the  equation 

a?*  +  p  OP  =  —  J,  or  X*  +  jj  a?  +  7  =  0, 
will  admit  of  no  positive  solution,  since  the  first  member  contains 
only  affirmative  terms ;  and,  to  ascertain  whether  the  unknown 
quantity  x  can  be  negative,  we  have  only  to  change  x  into  —  y» 
The  unknown  quantity  y  would  then  have  positive  values,  which 
would  be  furnished  by  the  equation 

y*  —py  +  q  =  o,   or  y'  —py  =  —  q, 

which  is  precisely  the  same  as  that  in  the  preceding  article ;  but 
as  the  values  of  x  can  be  real,  only  when  those  of  y  would  be 
so,  they  become  therefore  imaginary  in  the  case  under  considera- 
tion, when  q  exceeds^. 

It  will  be  perceived  then  from  what  has  been  said,  how,  and 
for  what  reason,  when  the  known  term  of  an  eqtuition  of  the  second 
degree  is  negative  in  the  second  member^  and  greater  than  the  square 
of  half  the  coefficient  of  the  first  power  of  thk  unknoTon  quantity^  this 
eqiuition  can  have  only  imaginary  roots. 

115.  The  expressions  « 

and,  in  general,  those,  which  involve  the  square  root  of  a  negative 
quantity,  are  called  imaginary  quantities,*  They  are  mere  sym- 
bols  of  absurdity,  that  take  the  place  of  the  value,  which  we 
should  have  obtained,  if  the  question  had  been  possible. 

They  are  not,  however,  to  be  neglected  in  the  calculation,  be- 
cause it  sometimes  happens,  that  when  they  are  combined  ac- 
cording to  certain  laws,  the  absurdity  disappears,  and  the  result 
becomes  real.  Examples  of  this  kind  will  be  found  in  the  Sti^ 
plement  to  this  treatise. 

116.  As  it  is  important,  that  learners  should  have  just  ideas 
respecting  all  those  analytical  facts^  which  appear  to  be  derived 
from  familiar  notions,  I  have  thought  it  proper  to  add  some  ob- 
servations to  what  has  been  said  (106),  on  the  necessity  of  admit- 
ting two  solutions  in  equations  of  the  second  degree. 

*  It  would  be  more  correct  to  say,  imaginary  expressions^  or  sym» 
hols^  as  they  are  not  quantities. 
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.  I  shall  show  that,  if  there  exists  a  quantity  a,  which^  substituted  in 
Aeplace  ofn,  verifies  the  equation  of  the  second  degree,  x*  -|-  p  x  =  q, 
and  is  consequently  the  value  of  x,  this  unknoion  quantity  will  still 
haoe  another  value*  Now,  if  we  substitute  a  for  x,  the  result  will 
be  a'  -^  pa  =1  q;  and  since,  by  supposition,  a  represents  the 
▼alue  of  X,  q  will  be  necessarily  equal  to  the  quantity  a*  +  p  a ; 
we  may  then  write  this  quantity  in  the  place  of  9,  in  the  propos- 
ed equation,  which  thus  becomes 

x^  +  px  =z  a^  +  pa. 
Transposing  all  the  terms  of  the  second  member,  we  have 

X*  +  px  —  o*  —  p  a  =  0, 
which  may  be  written, 

OP*  —  a'  +  P  (^  —  ^)  =  0  5 
and  because 

a"  —  a«  =  (x  +  o)  (x  —  a),    (34), 
it  is  obvious,  at  once,  that  the  first  member  is  divisible  by  x  —  a, 
and  will  give  an  exact  quotient,  namely,  x  +  a  +  p]  we  have 
then, 

x^  +px  —  9  =  a?'  — a*  +p(x  —  a)  =  {x  —  «)(« +  «+/')• 
Now  it  is  evident,  that  a  product  is  equal  to  zero,  when  any  one 
of  its  factors  whatever  becomes  nothing ;  we  shall  have  then 

(x  — a)(x  +  a+p)  =  0, 
not  only  when  x  —  a  =  0,  which  gives 

X  =  a, 
but  also  when  x  +  a  -{-  p  :=:  0,  from  which  is  deduced 
X  =  —  a  —  p. 
Therefore,  if  a  is  one  of  the  values  of  x,  —  a  —  p  will  neces- 
sarily be  the  other. 

This  result  agrees  with  the  two  values  comprehended  in  the 
formula 

*  =  —  tp  =*=  Vy+TF^ 

f(Nr  if  we  take  for  a  the  first  value,  —  ip  +  %/q  +  ip' 9  ^^  obtain 
for  the  other 

which  is  in  fact  the  second  value. 

These  remarks  contain  the  germ  of  the  general  theory  of  equa-  j 
tions  of  whatever  degree,  as  will  appear  hereafter,  when  the  sub-  ^ 
ject  will  be  resumed. 

117.  The  difficulty  of  putting  a  problem  into  an  equation,  is 
the  same  in  questions  involving  the  second  and  higher  powers,  as 
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in  those  involving  only  the  first,  and  consists  always  in  disen- 
tangling and  expressing  distinctly  in  algebraic  characters  all  the 
conditions  comprehended  in  the  enunciation.  The  preceding 
questions  present  no  difficulty  of  this  sort ;  and,  although  the 
learner  is  supposed  to  be  well  exercised  in  those  of  the  first 
degree,  I  shall  proceed  to  resolve  a  few  questions,  which  will 
furnish  occasion  for  some  instructive  remarks. 

A  persmi  employed  two  IcAourers^  allowing  them  different  wages  ; 
the  first  received^  at  the  end  of  a  certain  number  of  days,  96  francs^ 
and  the  second,  having  worked  six  days  less,  received  only  54 
francs ;  if  this  last  had  worked  the  whole  number  of  days,  and  the 
other  had  lost  six  days,  they  would  both  have  received  the  same  sum  ; 
it  is  required  to  find  horn  many  days  each  worked,  and  what  sum 
each  reuivedfor  a  day^s  work. 

This  problem,  which  at  first  view  appears  to  contain  several 
unknown  quantities,  may  be  easily  solved  by  means  of  one,  be- 
cause the  others  may  be  readily  expressed  by  this. 

If  X  represent  the  number  of  days'  work  of  the  first  labourer, 
jc  —  6  will  be  the  number  of  days'  work  of  the  second, 

—    will  be  the  daily  wages  of  the  first, 
the  daily  wages  of  the  second ; 


x  —  6 

if  this  last  had  worked  x  days,  he  would  have  earned 

^^      54  54  X 

X  X ^  or -, 

X  —  o       X  —  6 

and  the  first,  working  x  —  6  days,  would  have  received  only 

/         ^^96        96(x  —  6) 
(x  —  ?)  — ,  or  —^ 1. 

X  X 

The  equation  of  the  problem  then  will  be 
54 X    _^96(x  — 6) 
X  —  6  X 

The  first  step  is  to  make  the  denominators  disappear;  the 
equation  then  becomes 

54  cc*  =  96  (a?  —  6)  {x —  6). 
As  the  numbers  54  and  96  are  both  divisible  by  6,  the  result 
may  be  simplified  by  division,  we  shall  then  have 

9x«  =  16(a?  — 6)(a?— 6). 
This  last  equation  may  be  prepared  for  solution  according  to  the 
.rule  given  art.  108,  but  as  the  object  of  this  rule  is  to  enable  us 
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with  more  facility  to  extract  the  root  of  each  member  of  the 
equation  {proposed,  it  is  here  unnecessary,  because  the  two  mem- 
bers are  already  presented  under  the  form  of  squares ;  for  it  is 
evident,  that  9  op'  is  the  square  of  3  x,  and  16  (x  —  6)  (x  —  6) 
the  square  of  4  (x  —  6).     We  have  then  • 

3  «  =  ±  4  (a?  —  6) ; 
fix>m  which  may  be  deduced 

3  0?  =  4  a?  —  24,  a?  =  24, 

3x  =  —  4 X  +  24,  a;  =  V* 

By  the  first  solution,  the  first  labourer  worked  24  days,  and 
consequently  earned  f  |  or  4  francs  per  day,  while  the  second 
worked  only  18  days,  and  received  f  |  or  3  francs  per  day. 

The  second  solution  answers  to  another  numerical  question, 
connected  with  the  equation  under  consideration,  in  a  manner 
analogous  to  what  was  noticed  in  art*  111.  U/ 

118.  ^  banker  receives  two  notes  against  the  same  person;  the 
first  of  560  francs^  payable  in  seven  months^  the  second  of  720  francs^ 
fayable  in  four  months^  and  gives  for  both  the  sum  of  1200  francs  ; 
it  is  required  to  find^  what  is  the  annual  rate  of  interest^  accordit^ 
to  which  these  notes  are  discounted. 

In  order  to  avoid  fractions  in  expressing  the  interest  for  seven 
months  and  four  months,  we  shall  represent  by  12  a?  the  interest 
of  100  francs  for  one  year;  the  interest  for  one  month  will  then 
be  «.  The  present  value  of  the  first  note  will  accordingly  be 
found  by  the  proportion, 

100  + 7a?:  100::  550:  j^^^^     (Arith.  120); 

and  the  present  value  of  the  second  note  by  the  proportion,    ^ 

100  +  4  a?  :  100  :  :  720  :    P^  . 
'  ^    100 +  4x 

By  uniting  these  values,  we  obtain  for  the  equation  of  the  problem, 

55000       ,        72000  ,^^^ 


100  +  7x    '    100 +  4 a; 

Dividing  each  of  the  members  by  200,  we  have 

275  .360  . 


100 +  7«         100 +  4« 
making  the  denominators  disappear,  we  find  successively, 
275  (100 +  4  a?) +360  (100 +  7  a?)  =  6  (100  + 7a?)  (100 +  4  a?), 
27500  +  1 100a?  +  36000  +  2520a?  =  60000  +  fiGOOa?  +  1 68a?", 
which  may  he  reduced  to 
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168««  +  2980a?  =  3500; 
dividing  by  2,  we  obtain 

84a?«  +  1490  X  =  1760, 
which  gives 

^    84  84 

Comparing  this  equation  with  the  formula, 
X'  +px:=z  q, 
we  have 

1490  1750 

^  =  -8r'    «  =  -8r' 

and  the  expression 
becomes 


_  _  745  [745.745    ,    1750 

*-  84    =*=-J   84.84    "*",84  * 

Reducing  the  fractions,  we  have 

745  .  745  +  1750  .  84  _  702025  ^ 
84.84  ""84.84" 

then,  since  the  denominator  of  this  fraction  is  a  perfect  square, 
we  have  only  to  extract  the  square  root  of  its  numerator.  If  we 
stop  at  thousandths,  we  find  837,869,  for  the  root  of  702025 ; 
this,  taken  with  the  denominator  84,  gives  for  the  values  of  a 

__745        837,869  _  92,869 

*  ""         84    "^        84        "■       84     * 

—        745  __  887,869  __  1582,869 

*  ""  84  84    •    ■"  84       * 

The  first  of  these  values  is  the  only  one,  which  solves  the 
question  in  the  sense,  in  which  it  was  enunciated.  Dividing  the 
denominator  of  this  fraction  by  12,  we  have  (Arith.  54.) 

,2x  =  ?!|^=  13,267; 

that  is,  the  annual  interest  is  at  the  rate  of  13,27  nearly. 

119.  The  following  question  deserves  attention  on  account  of 
the  character,  which  the  expression  for  the  unknown  quantity 
presents. 

To  divide  a  number  into  twoparts^  tlu  squares  of  which  shall  be 
in  a  given  ratio. 
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Let  a  be  the  given  number, 

m  the  ratio  of  the  squares  of  its  two  parts, 
s  one  of  these  parts ; 
the  other  will  be  a  —  «. 

We  shall  then  have,  according  to  the  enunciation, 

x»  — 

(a— x)(a  — z)"* 
This  may  be  resolved  in  two  ways ;  we  may  either  reduce  it 
to  the  form  x'  4-  p  a?  =  9,  and  then  resolve  it  by  the  common 
method ;  or  since  the  fraction 

x' 
{a  —  z){a—xj 
is  a  square,  the  numerator  and  denominator  being  each  a  square, 
we  thence  conclude  at  once, 

=  ±  V'm, 

a  —  X 

X  =z  ±  {a  —  x)  v/m. 

By  resolving  separately  the  two  equations  of  the  first  degree 

comprehended  in  this  formula,  namely, 

X  =z  +  (a  —  0?)  v'm, 
X  =z  —  (a  —  x)  \/m, 
we  have 

x=    ^^T, 
i+V« 

—  aVw  * 

X  = — . 

1  — -•« 
By  the  first  solution,  the  second  part  of  the  number  proposed  is 
^ a\/m    _  a  +  a  \/m  —  a  y «   _        a 

1 +%/«""  l  +  Vm  ""l+V^m' 

and  the  two  parts, 

^^^     and       ^       , 

are  both,  as  the  enunciation  requires,  less  than  the  number  pro- 
posed. 
By  the  second  solution  we  have 

a  -L    ^v'g*     —  q  —  g  V m  +  ^ v" w»  _.       g 

1  —  V »»  1  —  V  m  1  —  V' m 

and  the  two  parts  are 
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Their  signs  being  opposite,  the  number  a  is  strictly  no  longer 
their  sum,  but  their  difference. 

If  we  make  m  =:  1,  thai  is,  if  we  suppose  that  the  squares  of 
the  two  parts  sought  are  equal,  we  have 

Vm  =  1; 
and  the  first  solution  will  give  two  equal  parts, 

a         a 

2'         2' 
a  conclusion,  that  is  self-evident,  while  the  second  solution  gives 
for  the  results  two  infinite  quantities  (68),  namely, 

—.  or  _^,  and  ^— ^  or  -. 

This  is  necessary,  for  it  is  only  by  considering  two  quantities 
infinitely  great,  with  respect  to  their  difference  a,  that  we  caa 
suppose  the  ratio  of  their  squares  equal  to  unity. 

Now,  let  there  be  the  two  quantities  x,  and  x  —  a,  the  ratio  of 
their  squares  will  be 

«« ^ 

x«_2fla;4-  a'  * 
dividing  the  two  terms  of  this  fraction  by  «•,  we  obtain 

but  it  is  evident,  that  the  greater  the  number  or,  the  less  will  be 
the  fractions  — ,  — ,  and  the  more  nearly  will  the  above  ratio 

approach  to  -,  or  !• 

120.  Now  in  order  to  compare  the  general  method  with  that, 
which  we  have  just  employed,  we  develope  the  equation 

g«  _ 

and  we  have,  successively, 

X*  =z  m{a  —  a?)  (fl  —  x), 

x"  =  a^  m  —  2«r»x4-  f^x^, 

x^  —  m  X*  +  2  a  m  X  =  a*  m, 

(1  —  m)  «*  +  2  a  m  a?  =  o*  m, 

.    .   2amx         a^m 
x"  H = • 

2  a  m  a'  m 
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the  general  formula  gives 

X  z=:^     ^"*     ±     I  g*  wt'  ,     a'  ni 

1— m       >J(i_»|)(i_^  +  !_»,' 

These  values  of  :b  appear  very  different  from  those,  which  were 
found  above ;  yet  they  may  be  reduced  to  the  same ;  and  in  this 
consists  the  utility  of  the  example,  on  which  I  am  employed.  It 
will  serve  to  show  the  importance  of  those  transformations, 
which  different  algebraic  operations  produce  in  the  expression 
of  quantities. 

We  must  first  reduce  the  two  fractions  comprehended  under  the 
radical  sign  to  a  common  denominator.  This  may  be  done  by 
multiplying  the  two  terms  of  the  second  by  1  — r-  m,  we  have  then 

(1— «)(1  — m)  ■*'  1  — OT  ~      (1  — m)(l— m)      "* 

a^  m*  -{-a*  m  —  a^  m'  a"  m 

(1— »i)(l  — w)       "*(i_m)(l  — m)* 
The  denominator  being  a  square,  it  is  only  necessary  to  extract 
the  root  of  the  numerator,  we  then  have 


4 


(1_«)  (1— f»)    •"  1—m  "^  1  — w' 


bat  the  expression  \/a^m  may  be  further  simplified* 

It  is  evident  that  the  square  of  a  product  is  composed  of  the 
product  of  the  squares  of  each  of  its  factors,  for  example, 

bed  X  hcd:^  b^  c^  d', 
and  consequently  the  root  of  t*  c«  d*  is  simply  the  product  of 
the  roots  fr,  c,  and  d,  of  the  factors  i',  c',  and  d'.   Applying  this 
principle  to  the  product  a'  m,  we  see  that  its  root  is  the  product 
of  a,  the  root  of  a'j  by  \/mi  which  denotes  the  root  of  m,  or  that 
^/  a'  in  =  a  \/ HI. 
It  follows  from  these  different  transformations,  that 
^       Jim       /    aVm 


or  « = 


1—m 

These  expressions,  however  simple,  are  still  not  the  same  as 
those  given  in  the  preceding  article ;  if,  moreover,  we  seek  to 
verify  them  for  the  case,  in  which  m  =:  1,  they  become 
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~T— 

m 

=^1- 

m* 

am 

— 

ay/m 

1 

— 

-m     ' 

am 

+ 

a\^m 
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_— _a-|-a  _  0 
"^^    1-1     -tf 

—  a  —  a       —2a 
1—1  0 

We  find,  in  the  second,  the  symbol  of  infinity,  as  in  the  preceding 
article,  but  the  first  presents  this  indeterminate  form,  |,  of  which 
we  have  already  seen  examples  in  articles  69  and  70 ;  and  be- 
fore we  pronounce  upon  its  value,  it  is  proper  to  examine,  whether 
it  does  not  belong  to  the  case  stated  in  art.  70;  whether  there  is 
not  some  factor  common  to  the  numerator  and  denominator,  whicli 
the  supposition  of  m  =  1  renders  equal  to  zero. 

mL                             —  am  +  a  \/m 
The  expression         r — 

may  be  resolved  into 

g  ( —  m  +  v^)  _  a  (\/m  —  m) 
I  —  m  1  — m 

It  is  here  evident,  that  the  numerator  does  not  become  0,  except 
by  means  of  the  factor  \/m  —  m ;  we  must  therefore  examine, 
whether  this  last  has  not  some  factor  in  common  with  the  denomi- 
nator 1  —  m.  In  order  to  avoid  the  inconvenience,  arising  from 
the  use  of  the  radical  sign,  let  us  make  \/m  =  n,  then  taking  the 
squares,  we  have  m=:n'  \  the  quantities,  therefore, 

\/m  —  m    and  1— in 
become  n  —  n'  and  1  —  n*, 

butn  — n*=n(l— n),andl  — n«  =  (l— n)(l  +  n)  (34); 
restoring  to  the  place  of  n  its  value  Vmi  we  have 

V«  —  W»  =  (1  —  \/m)  v'm, 

l-m  =  (l— VS)(1+V^), 
and  consequently, 

a  (y/m  —  m)   _       a{l — \/^  x/m fl\/m 

l^m        -  (1  — Vm)  (1  +  Vm)  ^  1  +y»* 
a  result  the  same,  as  that  found  in  art.  119. 

In  the  same  manner  we  may  reduce  the  second  value  of  x^ 
observing  that 

—  a\/m  —  afn  _    —  g  (1  +  Vm)  \/m  _  — g\/m 
1  — m         —  (i_vm>(l  -fyS)""  1— Vi? 
as  in  art.  119«* 

*  The  example,  which  I  have  given  at  some  length,  corresponds 
with  a  problem  resolved  by  Clairaut,  in  his  Algebra,  the  enunciatioa 


Square  Root  of  Algebraic  Quantities.  ISl 

It  will  be  seen  without  difficulty,  that  we  might  have  avoided 
radical  expressions  in  the  preceding  calculations,  by  taking  m' 
to  represent  the  ratio,  which  the  squares  of  the  two  parts  of  the 
proposed  number  have  to  each  other ;  m  would  then  have  been 
the  square  root,  which  may  always  be  considered  as  known, 
when  the  square  is  known ;  but  we  could  not  have  perceived 
from  the  beginning  the  object  of  such  a  change  in  a-  given  term, 
of  which  algebraists  often  avail  themselves,  in  order  to  render 
calculations  more  simple.  It  is  recommended  to  the  learner, 
therefore,  to  go  over  the  solution  again,  putting  m'  in  the  place 
of  m. 

Cfihe  Extraction  of  the  Square  Root  of  Algebraic  Quantities. 

121.  We  have  sufficiendy  illustrated,  by  the  preceding  exam- 
ple, the  manner  of  conducting  the  solution  of  literal  questions. 
We  have  given  also  an  instance  of  a  transformation,  namely, 
that  of  Voam  into  a  x/m^  which  is  worthy  of  particular  attention ; 
since,  by  means  of  it,  we  have  been  able  to  reduce  the  factors, 
contained  under  a  radical  sign,  to  the  smallest  number  possible, 
and  ihus  to  simplify  very  much  the  extraction  of  the  remaining 
part  of  the  root. 

This  transformation  consists  in  taking  the  roots  of  all  the  factors 
which  are  squares,  and  wn/tng  them  without  the  radical  ^gn,  as 
mult^liers  of  the  radical  quantity,  and  retaining  under  the  radical 
sign  all  those  factors  J  which  are  not  squares. 

This  rule  supposes,  that  the  student  is  already  able  to  deter- 
mine, whether  an  algebraic  quantity  is  a  square,  and  is  acquaintr 
ed  with  the  method  of  extracting  the  root  of  such  a  quantity* 
In  order  to  this,  it  is  necessary  to  distinguish  simple  quantities 
from  polynomials. 

122.  It  is  evident,  from  the  rule  given  for  the  exponents  in 

of  which  is  as  follows ;  To  find  on  the  line^  which  joins  any  two  lumi- 
nous bodiet,  the  point  where  these  two  bodies  shine  voith  equal  light,  I 
bare  digested  this  problem  of  the  physical  circumstances,  which  are 
foreign  to  the  object  of  this  work,  and  which  only  di?ert  the  atten- 
tion from  the  character  of  the  algebraic  expressions.  These  expres- 
sions are  very  remarkable  in  themselves,  and  for  this  reason  I  have 
developed  them  more  fully,  than  they  were  done  hi  the  work  re* 
ferred  to. 


9 
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multiplication,  that  the  second  power  of  a$ijf  quantilti  hat  an  taepo^ 
neni  double  that  of  this  quanti^. 

We  have,  for  exaaiple, 
a»  X  fl*  =  a«,    fl»  X  a*  =  oS    a»  X  «'  =  a%  &c. 

It  follows  then,  that  every  factor,  which  is  a  square,  must  havt 
an  exponent  which  is  an  even  quantity,  and  that  the  root  of  this  fac" 
tor  is  found  by  writing  its  letter  with  an  exponent  equal  to  half  the 
original  exponent* 

Thus  we  have 

^a"  =  a*  or  a,  \/a*  =  o",    \/a«  =  a»,  &c. 
With  respect  to  numerical  factors,  their  roots  are  extracted, 
when  they  admit  of  any,  by  the  rules  already  given. 
Whence  the  factors  o*,  t*,  c^,  in  the  expression 

are  squares,  and  the  number  64  is  the  square  of  8 ;  therefore, 
as  the  expression  proposed  is  the  product  of  factors,  which  are 
squares,  it  will  have  for  a  root  the  product  of  the  roots  of  these 
several  factors  (121) ;  and,  consequently, 

v/64a»6'  c^  =:  8  a»  6»  c. 
123.  In  other  cases,  different  from  the  above,  zw  mitst  endeav^ 
our  to  resolve  the  proposed  quantity,  considered  as  a  product,  into 
two  other  products,  one  of  which  shall  contain  only  such  factors  (M 
are  squares,  and  the  other  those  factors  which  are  twi  squares.  To 
effect  this,  we  must  consider  each  of  the  quantities  separately. 
Let  there  be,  for  example, 

-v/72a«  63  c«. 
We  see  that  among  the  divisors  of  72,  the  following  are  perfect 
squares,  namely,  4,  9,  and  36 ;  if  we  take  the  greatest,  we  have 

72  =  36  X  2. 
As  the  factor  a*  is  a  square,  w^e  separate  it  from  the  others ; 
passing  then  to  the  factor  6',  which  is  not  a  square,  since  3  is  an 
odd  number,  we  observe  that  this  factor  may  be  resolved  into 
two  others,  b^  and  b,  the  first  of  which  is  a  square ;  we  have  thea 

6«  =  6«  .  6 ; 
it  is  obvious  also  that 

c'  =z  c^ .  c. 
By  proceeding  in  the  same  manner  with  every  letter,  whose  eZ" 
pooent  is  an  odd  number,  the  quantity  is  resolved  thus, 
72a*6»c»  =  36.2  0*  6«.  6  c*.  c; 
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by  coUecdog  the  factors,  which  are  squares,  it  becomes 
36o«6«  c«  X  2  6c. 
Lastly,  takiog  the  root  of  the  first  product  and  indicating  that 
0f  the  second,  we  have 

V72a«6»c»  =  ea»6c>\/25c. 
See  some  examples  of  this  kind  of  reduction,  with  the  steps,  by 
which  they  are  performed ; 

6    Wab^=6    F"^^  =  6    WE]II  = 
S98  -^    49 .  2  \    49 . 2 

7         J  2    ~     7    "J  2  ' 


I  a»  m»         a»m  _     Ufl 

S^       ^  ~n~  ~~  \~ 


m'  -|- a* ffin 


l-j  (w*  +  m n)  =  -  \/lH^~+nin. 

It  will  be  seen  by  the  first  of  these  examples,  that  the  denom- 
inator of  an  algebraic  fraction  may  be  taken  from  under  the 
radical  sign  by  being  made  a  complete  .square,  in  the  same  man- 
ner as  we  reduce  the  root  of  a  numerical  fraction  (104.) 

124.  We  now  proceed  to  the  extraction  of  the  square  root  of 
polynomials.  It  must  here  be  recollected,  that  no  binomial  is  a 
perfect  square,  because  every  simple  quantity  raised  to  a  square 
produces  only  a  simple  quantity,  and  the  square  of  a  binomial 
always  contains  three  parts  (34). 

It  would  be  a  great  mistake  to  suppose  the  binomial  a  +  6  to  be 
the  square  root  of  a*  +  fc*,  although  taken  separately,  a  is  the  root 
of  a*,  and  6  that  of  6"  ;  for  the  square  of  a  -|-  &,  or  a*  +  2  a  6  +  ^*> 
contains  the  term  -|-  2  a  6,  which  is  not  found  in  the  expression 

Let  there  be  the  trinomial 

24  a»6»c  +  16a«c«  -f  9  6». 
In  order  to  obtain  from  this  expression  the  three  parts,  which 
compose  the  square  of  a  binomial,  we  must  arrange  it  with 
reference  to  one  of  its  letters,  the  letter  a,  for  example ;  it  then 
bex:omcs  16  a*  c^  +  24  a«  5'  c  +  9  6«. 
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Now,  whatever  be  the  square  root  sought,  if  we  suppose  it  ar- 
ranged with  reference  to  the  same  letter  a,  the  square  of  its  first 
term  must  necessarily  form  the  first  term,  16  a*  c',  of  the  pro- 
posed quantity ;  double  the  product  of  the  first  term  of  the  root 
by  the  second  must  give  the  second  term,  24  a'  6'  c,  of  the  pro- 
posed quantity ;  and  the  square  of  the  last  term  of  the  root  must 
give  exactly  the  last  term,  9  6«,  of  the  proposed  quantity.  The 
operation  may  be  exhibited,  as  follows ; 

lCa*c«  +  24a«  6»c  +  96«  <  4 fl»  c  +  3 fe»  root 
—  16  a«c«  C  8  a»  c  +  3  6> 

+  24a«6=c  +  9fc« 
—  24a«  6»c—  9&« 


0  0 

We  begin  by  finding  the  square  root  of  the  first  term,  16  a*  c^^ 
and  the  result  4o'  c  (122)  is  the  first  term  of  the  root,  which  is 
to  be  written  on  the  right,  upon  the  same  line  with  the  quantity. 
Whose  root  is  to  be  extracted. 

We  subtract  from  the  proposed  quantity,  the  square,  16  a*  c*, 
of  the  first  term,  4  a^  c,  of  the  root ;  there  remain  then  only  the 
two  terms  24  a"  6'  c  +  9  fc». 

As  the  term  24  a'  6^  c  is  double  the  product  of  the  first  tern^ 
of  the  root,  4  a*  c,  by  the  second,  we  obtain  this  last,  by  dividing 
24  a^  b'  c  by  8  a'  c,  double  of  4  a*  c,  which  is  written  below  the 
root;  the  quotient  36^  is  the  second  term  of  the  root. 

The  root  is  now  determined;  and,  if  it  be  exact,  the  square  of 
the  second  term  will  be  9ft®,  or  rather,  double  of  the  first  term 
of  the  root  8  a^  c  together  with  the  second  3  6 3,  multiplied  by  the 
second,  will  reproduce  the  two  last  terms  of  the  square  (91)  ; 
therefore  we  write  +  Sb^  by  the  side  of  8  a"  c,  and  multiply 
8  a*  c  +  3  ft'  by  3  6' ;  after  the  product  is  subtracted  from  the 
two  last  terms  of  the  quantity  proposed,  nothing  remains ;  and 
we  conclude,  that  this  quantity  is  the  square  of  4  a'  c  -|-  3  &^. 

It  is  evident  that  the  same  reasoning  and  the  same  process  may 
be  applied  to  all  quantities  composed  of  thre^  terms. 

125.  When  the  quantity,  whose  root  is  to  be  extracted,  has 
more  than  three  terms,  it  is  no  longer  the  square  of  a  binomial  i 
but  if  we  suppose  it  the  square  of  a  trinomial,  m  +  '^  +  P)  ^^^ 
represent  by  I  the  sum  m  +  n^  this  trinomial  becoming  now  /  +/>f 
its  square  will  be 

l^  +2lp+p', 
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• 

in  which  the  square  i'  of  the  binomial  m  +  n^  produces,  when 
developed,  the  terms  m'  +  3mn  +  n*.  Now,  after  we  have 
arranpsd  the  proposed  quantity,  the  first  term  will  evidently  be 
the  square  of  the  first  term  of  the  root,  and  the  second  will  con- 
tain doable  the  product  of  the  first  term  of  the  root  by  the  second 
of  this  root;  we  shall  then  obtain  this  last  by  dividing  the  second 
term  of  the  proposed  quantity  by  double  the  root  of  the  first. 
Knowing  then  the  two  first  terms  of  the  root  sought,  we  complete 
the  square  of  these  two  terms,  represented  here  by  I'  ;  subtract- 
ing this  square  from  the  proposed  quantity,  we  have  for  a  re- 
mainder 

a  quantity,  which  contains  double  the  product  of  2,  or  of  the  first 
binomial  m  +  n,  by  the  remainder  of  the  root,  plus  the  square 
of  this  remainder.  It  is  evident,  therefore,  that  we  must  proceed 
with  this  binomial  as  we  have  done  with  the  first  term  m  of  the 
root. 

Let  there  be,  for  example,  the  quantity 
64o«5c  +  25a»5»— 40a»6+  16a*  +  64  6«  c»  —  80a6»  c; 
we  arrange  it  with  reference  to  the  letter  a,  and  make  the  same 
disposition  of  the  several  parts  of  the  operation  as  in  the  above 
example. 

16a« — 40a»6+25a«6»— 80a6«c+646«c«  (4a^—   5aft+8ic 
+S^a*hc  1  8a«—   bob 

— Igg^ , S  8a»  — 10a6+86c 

Istrem-— 40a»6+25a«6>— 80a6«c+646»c« 

4-64a»6c  I 

-}.40a»6_25a*6* 

3d  rem +64a«ftc— 80a6«c+64fc«c« 

._64a26c-f80a^»c— 646«c« 


0  0  0 

We  extract  the  square  root  of  the  first  term  16  a^,  and  obtain 
4  a'  for  the  first  term  of  the  root  sought,  the  square  of  which  is 
to  be  subtracted  from  the  proposed  quantity. 

We  double  the  first  term  of  the  root,  and  write  the  result,  8  a^, 
under  the  root ;  dividing  by  this  the  term  *-  40  a'  i,  which  be- 
gins the  first  remainder,  we  have  —  5  a  b  for  the  second  term  of 
the  root ;  this  is  to  be  placed  by  the  side  of  8  a',  we  then  multi- 
ply the  whole  by  this  second  term,  and  subtract  the  result  from 
the  remainder,  upon  which  wc  are  employed. 


t 


138  EUmmis  of  Algebra. 

Thus  wc  have  subtracted  from  the  proposed  quantity  the  square 
of  the  binomial  4  a'  —  5  a  6 ;  the  second  remainder  can  contain 
only  double  the  product  of  this  binomial,  by  the  third  term  of 
the  root,  together  with  the  square  of  this  term ;  we  take  then 
double  the  quantity  4  a*  —  5  a  b,  or 

8a«  — 10a6, 
which  is  written  under  Sa'^rdafr,  and  constitutes  the  divisor 
to  be  used  with  the  second  remainder ;  the  first  term  ot  the  quo« 
tient,  which  is  8  6  c,  is  the  third  of  the  root. 

This  term  we  write  by  the  side  of  8  a»  — 10  a  6,  and  multiply 
the  whole  expression  by  it ;  the  product  being  subtracted  from 
the  remainder  under  consideration,  nothing  is  left ;  the  quantity 
proposed,  therefore,  is  the  square  of 

4aa— .5a6+85c. 

The  above  operation,  which  is  perfectly  analogous  to  that, 
which  has  been  already  applied  to  numbers,  may  be  extended 
to  any  length  we  please. 

Of  the  formation  of  Powers  and  the  extraction  of  their  Roots. 

126.  The  arithmetical  operation,  upon  which  the  resolution  of 
equations  of  the  second  degree  depends,  and  by  which  we  ascend 
from  the  square  of  a  quantity  to  the  quantity,  from  which  it  is 
derived,  or  to  the  square  root,  is  only  a  particular  case  of  a 
more  general  problem,  namely,  to  find  a  iiuniber^  any  power  of 
which  is  known.  The  investigation  of  this  problem  leads  to  a 
result,  that  is  still  termed  a  root,  the  different  kinds  being  called 
degrees,  but  the  process  is  to  be  understood  only  by  a  careful 
examination  of  the  steps  by  which  a  power  is  obtained,  one  ope- 
ration being  the  reverse  of  the  other,  as  we  observe  with  respect 
to  division  and  multiplication,  with  which  it  will  soon  be  perceiv- 
ed that  this  subject  has  other  relations. 

It  is  by  multiplication,  that  we  arrive  at  the  powers  of  entire 
numbers  (24),  and  it  is  evident,  that  those  of  fractions  also  are 
formed  by  raising  the  numerator  and  denominator  to  the  power 
proposed  (96). 

So  also  the  root  of  a  fraction,  of  whatever  degree,  is  obtained 
by  taking  the  corresponding  root  of  the  numerator  and  that  of 
the  denominator. 

As  algebraic  symbols  are  of  great  use  in  expressing  every 
things  which  relates  to  the  composition  and  decomposition  of 
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I,  I  qhaU  ficBt  eoaaider  how  the  powers  of  algebraic  bx- 
are  fonned,  those  of  numbers  beiag  easily  found  by  the 
that  have  already  been  given  (24). 


TabU  of  the  first  Seven  Powers  of  Numbers  from  1  to  9. 


lat 

9d 

Sd 

4th 

6th 

6th 

7th 

I 

3 

S 

4 

5 

6 

7 

8 

9 

4 

8 

16 

96 

36 

49 

64 

81 

8 

27 

64 

136 

316 

343 

612 

739 

16 

81 

266 

636 

1396 

3401 

4096 

6661 

S9 

943 

1024 

3135 

7776 

18807 

33768 

59049 

64 

729 

4096 

16625 

46656 

117649 

362144 

531441 

138 

2187 

16384 

78125 

379936 

823543 

3097153 

4783369 

This  table  is  intended  particularly  to  show  with  what  rapidity 
the  higher  powers  of  numbers  increase,  a  circumstance  that  will 
be  found  to  be  of  great  importance  hereafter ;  we  see,  for  in- 
stance, that  the  seventh  power  of  2  is  128,  and  that  of  9  amounts 
to  4782969. 

It  will  hence  be  readily  perceived  that  the  powers  of  fractions, 
properly  so  called,  decrease  very  rapidly,  since  the  powers  of 
the  denominator  become  greater  and  greater  in  comparison  with 
those  of  the  numerator.    The  seventh  power  of  ^,  for  example, 

is  TTT)  ^^  ^^^^  of  ^  is  only 

1 
4782969' 
127.  It  is  evident  from  what  has  been  said,  that  in  a  product 
each  letter  has  for  an  exponent  the  sum  of  the  exponents  of  its 
several  factors  (26),  that  the  power  of  a  simple  quantity  is  obtained 
ly  multiplying  the  exponent  of  each  factor  by  the  exponent  of  this 
power. 

The  third  power  of  a*  6*  c,  for  example,  is  found  by  multiply- 
ing the  exponents  2,  3,  and  1,  of  the  letters  a,  b,  and  c,  by  3,  the 
exponent  of  the  power  required;  we  have  then  a*  6*  c*;  the 
operation  may  be  thus  represented, 

a'  b^  c  X  a^  b^  c  X  a*  b^  c  =  a^  •  ^  b^  •  *  c^ '  ^^ 
If  the  proposed  quantity  have  a  numerical  coefficient,  this  co- 
efficient must  also  be  raised  to  the  same  power ;  thus  the  fourth 
power  of  3  a  6' c*,  is 

81a*6«c»% 
Al^.  18 
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128.  With  respect  to  the  sigDs,  with  which  simple  quantities 
may  be  affected,  it  must  be  observed,  that  every  /nraper,  the  expo' 
neni  of  which  is  an  even  number^  hoe  the  sign  -f-9  o*m(  evefy  powtr^ 
the  exponent  of  which  is  an  odd  number ^  has  the  same  sign  as  Ae 
quantity  from  which  it  isformed* 

In  fact,  powers  of  an  even  degree  arise  from  the  multiplication 
of  an  even  number  of  factors ;  and  the  signs  — ,  combined  two  and 
two  in  the  multiplication,  always  give  the  sign  -f  ia  the  product 
(31)*  On  the  contrary,  if  the  number  of  fectors  is  uneven,  the 
product  will  have  the  sign  — ^  when  the  factors  have  this  sign, 
since  this  product  will  arise  from  that  of  an  even  number  of 
factors,  multiplied  by  a  negative  factor* 

129.  In  order  to  ascend  from  the  power  of  a  quantity,  to  the 
root  from  which  it  is  derived,  we  have  only  to  reverse  the  rules 
given  above,  that  is,  to  divide  the  tccponent  of  each  letter  hy  that, 
which  marks  the  degree  of  the  root  required. 

Thus  we  find  the  cube  root^  or  the  root  of  the  third  degru^  of 
the  expression  a«  fc»  c*,  by  dividing  the  exponents  6, 9,  and  3,  by 
3,  which  gives 

a«  6»  c. 

When  the  proposed  expression  has  a  numerical  coefficient,  its 
root  must  be  taken  for  the  coefficient  of  the  literal  quantity,  ob<* 
tained  by  the  preceding  rule. 

If  it  were  required,  for  example,  to  find  the  fourth  root  of 
81  a*  6"  c*  %  we  see,  by  referring  to  table,  art.  126,  that  81  is  the 
fourth  power  of  3 ;  then,  dividing  the  exponent  of  each  of  the 
letters  by  4,  we  obtain  for  the  result 

3o6«c». 

When  the  root  of  the  numerical  coefficient  cannot  be  found  by 
the  table  insetted  above,  it  must  be  extracted  by  the  methods  to 
be  given  hereafter. 

130.  It  is  evident,  that  the  roots  of  the  literal  part  of  simple 
quantities  can  be  extracted,  only  when  each  of  the  exponents  is 
divisible  by  that  of  the  root ;  in  the  contrary  case,  we  can  only 
indicate  the  arithmetical  operation,  which  is  to  be  performed, 
whenever  numbers  are  substituted  in  the  place  of  the  letters. 

We  use  for  this  purpose  the  sign  >/";  but  to  designate  the 
degree  of  the  root,  we  place  the  exponent  as  in  the  following 
expressions. 
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the  first  of  whicb  represents  the  cube  root,  or  the  root  of  the 
third  degree  of  a,-  and  the  second  the  fifth  root  of  a'. 

We  may  often  simplify  radical  expressions  of  any  degree 
whatever,  by  observing,  according  to  art.  137,  that  any  jHnoer 
ofaproduct  is  made  up  of  the  product  of  the  same  power  of  each  of 
Ae  factors,  and  that,  consequently,  any  root  of  a  product  is  made  up 
rftke  product  of  the  roots  of  the  same  degree  of  the  sweral  fiutors. 
It  follows  from  this  last  principle,  that,  if  the  quantity  placed 
under  the  radical  sign  hone  factors,  which  are  exact  pmoers  of  the 
degree  denoted  iy  this  sign,  Ae  roots  of  these  factors  may  be  Udcer^ 
s^HiraUb/,  and  their  product  tmiif^&d  by  the  root  of  the  other  fac^ 
tors  indicated  hf  the  s^. 

Lei  there  be,  for  example, 


V96a«6^c»». 

It  may  be  seen  that, 

96 

=  32  X  3  =  2»  .  3, 

that                         a» 

is  the  fifth  power  of  a, 

that                          b'' 

=  5«  .  tS 

that                          c»» 

=  c'»  .c; 

we  have  then 

BSa^b-'c' 

•>  =2*  o*6»c»*  X  3  6>c. 

As  the  first  factor,  2 

»  a»  b'  c'  %  has  for  its  fifth 

root 

the 

quau' 

tity  3a  b  c',  the  expression  becomes 

B 

8 

V96a»6»c"  =  2a6c«\/36«c. 
131.  As  every  even  power  has  the  sign  +  (l^B),  a  quantity, 
aflTected  with  the  sign  — ,  cannot  be  a  power  of  a  degree  denoted 
by  an  even  number,  and  it  can  have  no  root  of  this  degree.  It 
follows  from  this,  that  every  radical  expression  of  a  degree  which  is 
dawted  by  an  even  number,  and  which  involves  a  n^ative  guantitji, 
is  imaginary,  thus 


V— a,  V— a«,  b  +  V—ab\ 
are  imaginary  expressions. 

We  cannot,  therefore,  either  exactly  or  by  approximation,  as* 
sign  for  a  degree,  the  exponent  of  which  is  an  even  number,  any 
roots  but  those  of  positive  quantities,  and  these  roots  may  be  affect' 
ed  indifferently  ipith  the  sign  +  or  — ,  because,  in  either  case,  they 
will  equally  reproduce  the  proposed  quantity  with  the  sign  -(-, 
and  we  do  not  know  to  which  class  they  belong. 

The  same  cannot  be  said  of  degrees  expressed  by  an  odd  num- 
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ber,  for  here  the  powers  have  the  same  sign  as  diMr  roots  (198); 
and  we  rnitsi  give  to  the  roots  of  tiiese  d^rees  the  eign,  wUh  takksh 
the  power  is  affected ;  and  no  imaginary  expressionB  occur. 

132.  It  is  proper  to  observe,  that  the  application  of  the  rule 
given  in  art.  129,  for  the  extraction  of  the  roots  of  simple  quan- 
tities, by  means  of  the  exponent  of  their  factors,  leads  to  a  more 
convenient  method  of  indicating  roots,  which  cannot  be  obtained 
algebraically,  than  by  the  sign  \/. 

If  it  ^ere  required,  for  example,  to  find  the  third  root  of  o',  it 
is  necessary,  according  to  the  rule  given  above,  to  divide  the  ex- 
ponent  6  by  3 ;  but  as  we  cannot  perform  the  division,  we  have 
for  the  quotient  the  fractional  number  f ;  and  this  lorm  of  the 
exponent  indicates,  that  the  extraction  of  the  root  is  not  possible 
in  the  actual  state  of  the  quantity  proposed.  We  may,  therefore, 
consider  the  two  expressions 

» 5 

v'««  .  and    a' 
as  equivalent. 
The  second,  however,  has  this  advantage  over  the  first,  that  it 

leads  directly  to  a  more  simple  form,  which  the  quantity  Va' 
is  capable  of  assuming ;  for  if  we  take  the  whole  number  con- 
tained in  the  fraction  f ,  we  have  1  +  I  ^b  an  equivalent  expo- 
nent; consequently, 

0*  =  o^+l  =  a»  X  a*  (25); 
from  which  it  is  evident,  that  the  quantity  a^  is  composed  of  two 

3 

factors,  the  first  of  which  is  rational,  and  the  other  becomes  Va'« 
The  same  result,  indeed,  may  be  obtained  from  the  quantity 

3 

under  the  form  \/o6,  by  the  rule  given  in  art.  130,  but  the  frac- 
tional exponent  suggests  it  immediately.  We  shall  have  occasioh 
to  notice  in  other  operations  the  advantages  of  fractional  expo- 
nents. 

We  will  merely  observe  for  the  present,  that  as  the  division  of 
exponents,  when  it  can  be  performed,  answers  to  the  extraction  of 
roots,  the  Indication  of  this  division  under  the  form  of  a  fraction 
is  to  be  regarded  as  the  symbol  of  the  same  operation ;  whence, 

« m 

Va*"    and     a^ 

are  equivalent  expressions. 
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We  have  rules  then,  which  result  from  the  assumed  manner  of 
ezpresnng  powers,  which  lead  to  particular  symbols,  as  in  art* 
37,  we  arrived  at  the  expression  a^  =  1. 

133.  It  may  be  observed  here,  that  as  we  divide  one  power 
by  mother,  by  subtracting  the  exponent  of  the  latter  from  that  of 
the  fimner  (36),  fractions  of  a  particular  description  may  readily 
be  reduced  to  new  forms. 

By  applying  the  rule  above  referred  to,  we  have 

^  =  ""-"5 
bat  if  the  exponent  n  of  the  denominator  exceed  the  exponent  m 
of  the  numerator,  the  exponent  of  the  letter  a  in  the  second 
member  will  be  negative. 
I^  for  example,  m  =  2,  n  =  3,  we  have 

but  by  another  method  of  simplifying  the  fraction  — ,  we  find  it 

it  equal  to  -,  the  expressions 

-    and    arK 
a 

are  therefore  equivalent* 

In  general,  we  obtain  by  the  rule  for  the  exponents, 

-—7-  =  ii^*""-^'^  =  a"*, 
and  by  another  method 


it  follows  from  this,  that  the  expressions 
—    and    «r*, 

are  equivalent* 

In  fact,  the  sign  — ,  which  precedes  the  exponent  n,  being 
taken  in  the  sense  defined  in  art*  62,  shows  that  the  exponent  in 
question  arises  from  a  fraction,  the  denominator  of  which  con- 
tains the  factor  a,  n  times  more  than  the  numerator,  which  frac* 

tion  is  indeed  ;^  5 .  we  may,  therefore,  in  any  case  which  occurs, 

substitute  one  of  these  expressions  for  the  other. 


The  quantity  -j-j^t  for  example,  being  considered  as  equiva- 


lent to 
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may  be  reduced  to  the  following  form, 

that  is,  we  may  transfer  to  the  numerator  aU  the  factors  of  ihe  dt- 
'nominator^  by  giving  to  their  exponents  the  sign  — -• 

Reciprocally,  when  a  quantity  contains  factors^  which  have  nega^ 
live  exponents^  we  may  convert  them  into  a  denominaiorj  observing 
merely  to  give  to  their  exponents  the  sign  -^ ;  thus  the  quantity 

becomes 


.v^^-- 
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134.  We  shall  begin  this  section  by  observing,  that  the  powers 
of  compound  quantities  are  denoted  by  including  these  quantities 
in  a  parenthesis,  to  which  is  annexed  the  exponent  of  the  power. 
The  expression 

(4a>  —  2a6  +  56«)», 
for  example,  denotes  the  third  power  of  the  quantity, 

4aa  —  2ai  +  56». 
Thb  power  may  also  be  expressed  thus, 

4a«  —^ab+  5fc«'* 

135.  Binomials  next  to  simple  quantities  are  the  least  compli- 
cated, yet  if  we  undertake  to  form  powers  of  these  by  successive 
multiplications,  we  in  this  way  arrive  only  at  particular  results, 
as  in  art.  34,  we  obtained  the  second  and  third  power ;  thus 

(«  +  a)«  =z  a?«  -(-  2  a  or    +  a«, 

(x  +  ay  =  a?»  +  Sax'  +  3a«  ar    +  a», 

(x  -f  a)«  =  a?«  +  4  aa?»  +  6  a«  a?«  +  4  a»  a?  +  a*, 

&c. 
It  is  not  easy  from  this  table  to  fix  upon  the  law,  which  deter- 
mines the  value  of  the  numerical  coefficients.  But  by  consider- 
ing how  the  terms  are  multiplied  into  each  other,  ^^e  perceive, 
that  the  coefficients  have  their  origin  in  reductions  depending  on 
the  equality  of  the  factors,  which  form  a  power.  This  is  ren- 
dered very  evident  by  an  arrangement,  which  prevents  these 
reductions  taking  place. 
It  is  sufficient  for  this  purpose  to  give  to  the  several  binomials 
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(b  be  multiplied  difiereni  second  terms.   If  we  take,  for  example, 

«  +  a,    0?  +  fc,    «  +  ^1    »  +  d,  &c, 
by  performing  the  multiplications  indicated  below,  and  placing 
in  the  same  column  the  terms,  which  involve  the  same  power  of 
«,  we  shall  immediately  find,  that 

{x  +  a){x  -{-b)  :=x*  -{-ax  +  ai 
+  bx 
{x  +  a){x  +  h{x  +  c)=:x^  +  ax'^  +abx  +  otc 

+  te*  +  acx 
-f-  ex*  +  bcx 
(a  +  o)(«  +  6)(«  +  c(«  +  d)  =  x*  +ax^  +  ahx*  +abcx-\-abcd 

+  bx^  -|-  acx*  +  abdx 
+  ca?*  +  adx*  -|-  acrfx 
+  da:?  +  bcx*  +  *<^^* 
+  Wa?« 
+  cdx* 
Without  carrying  these  products  any  further,  we  may  discover 
the  law  according  to  which  they  are  formed. 

By  supposing  all  the  terms  involving  the  same  power  of  x, 
and  placed  in  the  same  qolumn,  to  form  only  one^  as,  for  ex- 
ample, 

ax*  +bx*  +  CX*  +  dx^  z=:{a  +  b  +  c+d)x*j 
&c. 
1.   Wefnd  in  each  product  one  term  more  than  there  are  units  in 
the  number  of/actors. 

3.  The  exponent  of  x  in  Ae  first  term  is  the  same  as  the  number 
of  factors^  and  goes  on  decreasing  by  unity  in  each  of  the  following 
terms. 

3.  The  greatest  power  of  x  has  unity  for  its  coefficient ;  thefol- 
lowing^  or  that^  whose  exponent  is  one  less^  is  multiplied  by  the  sum 
of  the  second  terms  of  the  binomials  ;  that,  whose  exponent  is  two 
less,  is  mult'^lied  by  the  sum  of  the  differetit  products  of  the  second 
terms  of  the  binomials  taken  two  and  two  ;  that  whose  exponent  is 
thru  less,  is  multiplied  by  the  sum  of  the  different  products  of  the 
second  term  of  the  binomials,  taken  three  and  three,  and  so  on ;  in 
the  last  term,  the  exponent  of  x,  being  considered  as  zero  (37),  t> 
equal  to  that  of  the  first,  diminished  by  as  many  units  as  there  are 
factors  employed,  and  this  term  contains  the  product  of  all  the  second 
hrms  of  the  binomials* 
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It  is  manifest,  that  the  fonn  of  these  products  must  be  flnh|ecl 
to  the  same  laws,  whatever  be  the  number  of  factors ;  as  may  be 
shown  bj  other  evidence  beside  that  from  analogy. 

136.  It  will  be  seen  immediately,  that  the  products,  of  whick 
we  are  speaking,  must  contain  the  successive  powers  of  je,  from 
that,  whose  exponent  is  equal  to  the  number  of  £aictors  employed, 
to  that,  whose  exponent  is  zero*  To  present  this  proposition 
under  a  general  form,  we  shall  express  the  number  of  factors  by 
the  letter  m ;  the  successive  powers  of  x  will  then  be  denoted  by 
0^^    af^\    0?*^,    &c. 

We  shall  employ  the  letters  A,     J5,      C,    F, 

to  express  the  quantities,  by  which  these  powers,  beginning  with 
af^\  are  to  be  multiplied ;  but  as  the  number  of  terms,  which  de- 
pends on  the  particular  value  given  to  the  exponent,  will  remain 
indeterminate,  so  long  as  this  exponent  has  no  particular  value, 
we  can  write  only  the  first  and  last  terms  of  the  expression,  de- 
signating the  intermediate  terms  by  a  series  of  points. 

The  formula  then 

a;«  4-  Aaf^'^  +  Baf^  +  Caf^ +  F, 

represents  the  product  of  any  number  m  of  factors, 

•    J?  +  a,  X  +  ^?  ^  +  ^1  *  +  ^'j  ^^' 

If  we  multiply  this  by  a  new  factor  x  -■{'  l^'it  becomes 
af^^+Jlx'^+    Bx^^+    Car-*....  \ 

+   /x~  + /w3x~-» -f /Ba?«-« yiY  5' 

It  is  evident,  1.  that  if  A  is  the  sum  of  the  m  second  terms 
0,  fr,  c,  <2,  &LC.  A  -j-  I  will  be  that  of  the  m  -f- 1  second  terms 
a,  6,  c,  dy  &c.  /,  and  that  consequently  the  expression  employed 
to  denote  the  coeflBcient  will  be  true  for  the  product  of  the  de- 
gree m  -|-  1,  if  it  is  true  for  that  of  the  degree  m. 

2.  If  B  is  the  sum  of  the  products  of  the  m  quantities  a,  6,c,  d, 
Slc.  taken  two  and  two,  B  +  /^  will  express  that  of  the  products 
of  the  m  -f  1  quantities  a,  6,  c,  d,  &c.  /,  taken  also  two  and  two ; 
for  A  being  the  sum  of  the  first,  I A  will  be  that  of  their  products 
by  the  new  quantity  introduced  / ;  therefore  the  expression  em- 
ployed will  be  true  for  the  degree  m  -+•  1,  if  it  is  for  the  degree  m. 

If  C  is  the  sum  of  the  products  of  the  m  quantities  a,  6,  c,  d, 
&c.  taken  three  and  three,  C+  IB  will  be  that  of  the  products 
of  the  m  +  1  quantities  a,  6,  c,  d,  he.  /,  taken  also  three  and  three, 
since  /  JS,  from  what  has  been  said,  will  express  the  sum  of  the 
products  of  the  first  taken  two  and  two,  multiplied  by  the  new 
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quantit J  introduced  I ;  therefore,  the  expression  employed  will 
be  true  for  the  degree  m  -|-  1,  if  it  is  true  for  the  degree  m. 

It  will  be  seen,  that  this  mode  of  reasoning  may  be  extended 
Co  all  the  terms,  and  that  the  last,  /  F,  will  be  the  product  of 
m  +  1  second  terms. 

The  propositions  laid  down  in  art.  135,  being  true  for  expres- 
3aoQS  of  the  fourth  degree,  for  example,  will  be  so,  according  to 
what  has  just  been  proved,  for  those  of  the  fifth,  for  those  of  the 
axthf  and,  being  extended  thus  from  one  degree  to  another,  they 
may  be  shown  to  be  true  generally. 

It  follows  from  this,  that  the  product  of  any  number  whatever 
ntj  of  binomial  factors  x  +  a,  x  +  b^x  -{-  c^  x  +  d^  &c.  being 
represented  by 

x*  +  Asf^^  +  BaT^  +  C  x»-»  +  &c. 
A  will  always  be  the  sum  of  the  m  letters  a,  t,  c,  &;c.,  B  that  of 
the  products  of  these  quantities,  taken  two  and  two,  C  that  of  thd 
products  of  the  quantities,  taken  three  and  three,  and  so  on. 

To  comprehend  the  law  of  this  expression  in  a  single  term,  I 
take  one,  whose  place  is  indeterminate,  and  which  may  be  rep- 
resented by  }f  x"*^. 

This  term  will  be  the  second,  if  we  make  n  =  1,  the  third, 
if  we  make  n  =  2,  the  eleventh,  if  we  make  n  =  10,  &c.  In  the 
first  case,  the  letter  A*  will  be  the  sum  of  the  m  letters  a,  6,  c, 
&c.  in  the  second,  that  of  their  products,  when  taken  two  and  two ; 
in  the  third,  that  of  their  products,  when  taken  ten  and  ten ;  and 
in  general,  that  of  their  products,  taken  n  and  n. 

137.  To  change  the  products 

(q?  +  «)(*  +  h\  {x  +  a)  (x  -f  h)  {x  +  c), 
(x  +  a)  (x  +  h)  (x  +  c)  (a?  +  d),  &c. 
into  powers  of  x  -f-  a,  namely,  into 

(x  +  ay,        (x  +  a)% 
(x  +  a)*,        &c. 
it  is  only  necessary  to  make,  in  the  development  of  these  pro*- 
ducts, 

a  =  i,  a  z=ih  z=,  c, 

a  ziz  b  =z  c  =2  dy       &c. 

All  the  quantities,  by  which  the  same  power  of  x  is  multiplied, 
become  in  this  case  equal ;  thus  the  coefficient  of  the  second 
term,  which  in  the  product 

(x  -f-  a)  (x  +  6)  (x  +  c)  (x  +  J)  is  a  +  6  -J-  c  +  d, 

Mg.  19 


^ 
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is  changed  into  4  a ;  that  of  the  third  term  in  the  same  product, 
which  is, 

at  +  ac-j-ad-j-ic-l-ftcl  +  cd, 
becomes  6  a'.  Hence  it  is  easy  to  see,  that  the  coefficients  of  the 
different  powers  of  x  will  be  changed  into  a  single  power  of  a, 
repeated  as  many  times  as  there  are  terms,  and  distinguished  by 
the  number  of  factors  contained  in  each  of  these  terms.  Thus, 
the  coefficient  JV,  by  which  the  power  a?"*~"  is  multiplied,  will,  in 
the  general  development,  be  that  power  of  a  denoted  by  n,  or  a*, 
repeated  as  many  times,  as  we  can  form  different  products  by- 
taking  in  every  possible  way  a  number  n  of  letters  from  among 
a  number  m ;  to  find  the  coefficient  of  the  term  containing  «"*"^ 
then  is  reduced  to  finding  the  number  of  these  products. 

138.  In  order  to  perform  the  problem  just  mentioned,  it  is 
necessary  to  distinguish  arrangements  or  permutations  from  pro- 
ducts or  combinations.  Two  letters,  a  and  fc,  give  only  one  pro- 
duct, but  admit  of  two  arrangements,  a  b  and  b  a ;  three  letters, 
o,  6,  c,  which  give  only  one  product,  admit  of  six  arrangements 
(88),  and  so  on. 

To  take  a  particular  case,  I  will  suppose  the  whole  number  of 
lettelrs  to  be  nine,  namely, 

a,  6,  c,  d,  e,/,  g,  A,  i, 
«ind  that  it  is  required  to  arrange  them  in  sets  of  seven.  It  is 
evident,  that  if  we  take  any  arrangement  we  please,  of  six  of 
these  letters,  abcdef  for  example,  we  may  join  successively  to 
it  each  of  the  three  remaining  letters,  g,  /i,  and  t ;  we  shall  then 
have  three  arrangements  of  seven  letters,  namely, 

^bcd  efg^         abed  efh^        abed  eft. 

What  has  been  said  of  a  particular  arrangement  of  six  letters^ 
is  equally  true  of  all ;  we  conclude,  therefore,  that  each  arrange- 
ment of  six  letters  will  give  three  of  seven,  that  is,  as  many  as 
there  remain  letters,  which  are  not  employed.  If,  therefore,  the 
Dumber  of  arrangements  of  six  letters  be  represented  by  P,  we 
shall  obtain  the  number  consisting  of  seven  letters  by  multiplying 
P  by  3  or  9  —  6.  Representing  the  numbers  9  and  7  by  m  and 
«,  and  regarding  P  as  expressing  the  number  of  arrangements, 
which  can  be  furnished  by  m  letters,  taken  n  —  1  at  a  time,  the 
«ame  reasoning  may  be  employed ;  we  shall  thus  have  for  the 
number  of  arrangements  of  n  lettere, 

P(m  — (n  — 1)),        or        P(m  — n+1). 
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This  formula  comprehends  all  the  particular  cases,  that  can 
occur  in  any  question.  To  find,  for  example,  the  number  of 
arrangements,  that  can  be  formed  out  of  m  letters,  taken  two  and 
two,  or  two  at  a  time,  we  make  n  =  2,  which  gives 

n—  1  =  Ij 
we  have  then 

P  =  m; 
for  P  will  in  this  case  be  equal  to  the  number  of  letters  taken 
one  at  a  time ;  there  results  then  from  this 

m{m  —  2  -|-  I),         or        m{m  —  1), 
for  the  number  of  arrangements  taken  two  and  two. 
Again,  taking 

P  z=  m{m  —  1)        and        n  =  3, 
we  find  for  the  number  of  arrangements,  which  m  letters  admit 
of,  taken  three  and  three, 

m{m  —  1)  (m  _  3  -f  1)  =  m  (m  —  1)  (m  —  2). 
Making 

P  z=  fn{m  —  1)  (m  —  2)     and    n  =  4, 
we  obtain 

m  (m  —  1  (m  —  2)  (w  —  6) 
for  the  number  of  arrangements,  taken  four  and  four.    We  may 
thus  determine  the  number  of  arrangements,  which  may  be  form- 
ed from  any  number  whatever  of  letters.* 

*  In  these  airangementB  it  is  supposed  by  the  nature  of  the  inquiry, 
that  there  are  do  repetitions  of  the  same  letter ;  but  the  theory  of 
permutations  and  combinations,  which  is  the  foundation  of  the  doc- 
trine of  chances,  embraces  questions  in  which  they  occur.  The  effect 
may  be  seen  in  the  example  we  have  selected,  by  observing,  that  we 
may  write  indifferently  each  of  the  9  letters  a,  6,  c,  d, «,/,  g-,  h,  i,  after 
the  product  of  6  letters  ahcdef.  Designating,  therefore,  the  num- 
ber of  arrangements,  taken  6  at  a  time,  by  P,  we  shall  have  P  X  9 
for  the  number  of  arrangements,  taken  7  at  a  time.  For  the  same 
reason,  if  P  denote  the  number  of  arrangements  of  m  letters,  taken 
n  —  1  at  a  time,  that  of  their  arrangements,  when  taken  »  at  a  time, 
will  be  Pm. 

This  being  admitted,  as  the  number  of  arrangements  of  m  letters, 
taken  one  at  a  time,  is  evidently  m,  the  number  of  arrangements, 
when  taken  2  and  2,  will  be  m  X  m^  or  m',  when  taken  3  and  3,  the 
number  will  be  m  X  ^^^  X  «»9  or  m^ ;  and  lastly,  m"  will  express  the 
number  of  arrangements,  when  they  are  taken  n  and  n. 
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139.  Passing  now  from  the  number  of  arrangements  of  n  let- 
ters, to  that  of  their  different  products,  we  must  find  the  number 
of  arrangements,  which  the  same  product  admits  of.  In  order  to 
this,  it  may  be  observed,  that  if  in  any  of  these  arrangements,  we 
put  one  of  the  letters  ia  the  first  place,  we  may  form  of  all  the 
others  as  many  permutations,  as  the  product  of  n  —  1  letters 
admits  of.  Let  us  take,  for  example,  the  product  abed efgj 
composed  of  seven  letters ;  we  may,  by  putting  a  in  the  first 
place,  write  this  product  in  as  many  ways,  as  there  are  arrange- 
ments in  the  product  of  six  letters  bed  efg ;  but  each  letter  of 
the  proposed  product  may  be  placed  first.  Designating  then  the 
number  of  arrangements,  of  which  a  product  of  six  letters  is  sus- 
ceptible, by  Q,  we  shall  have  Q  X  7  for  that  of  the  arrangements 
of  a  product  of  seven  letters.  It  follows  from  this,  that  if  Q  de- 
signate the  number  of  arrangements,  which  may  be  formed  from 
a  product  of  n  —  1  letters,  Qn  will  express  the  number  of  ar- 
rangements of  a  product  of  n  letters. 

Any  particular  case  is  readily  reduced  to  this  formula;  for 
making  n  =  2,  and  observing,  that  when  there  is  only  one  letter^ 
Q  z=z  1,  we  have  1  X  2  =  2  for  the  number  of  arrangements  of 
a  product  of  two  letters.  Again,  taking  Q  z=  1  x  S  and  n  :=  3, 
we  have  1  X  2  X  3  =  6  for  the  number  of  arrangements  of  a 
product  of  three  letters ;  further,  making  Q  =  1  X  2  X  3  and 
n  =  4,  there  result  1  X  2  X  3  X  4,  or  24  possible  arrange- 
ments in  a  product  of  four  letters,  and  so  on<^>. 

HO.j  What  we  have  now  said  being  well  understood,  it  will 
be  perceived,  that  by  dividing  the  whole  number  of  arrange- 
ments obtained  from  m  letters,  taken  n  at  a  time,  by  the  number 
of  arrangements  of  which  the  same  product  is  susceptible,  we 
have  for  a  quotient  the  number  of  the  different  products,  which 
are  formed  by  taking  in  all  possible  ways  n  factors  among 
these  m  letters.    This  number  will,  therefore,  be  expressed  by 

Q "  ;*    which  being  considered  in  connexion  with 

II  I  ■  III         I— —l^Mrf  '* 

*  It  may  be  observed,  that  if  we  make  successively 
n  =  2,        n  =  3,        n  =  4,  &c. 

li.        ,P(m  — n  +  l)u 

the  formula  — ^^ — — — -  becomes 

Qn 

m{m  —  1)    m(m  —  1)  (m  —  2)    m(m  —  1)  (m  —  2)  (wt  —  3)  « 

1.2     '  1.2.3  '  1.2.3.4  ' 
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what  was  laid  down  m  arU  137,  will  give  — ^ — a  ^ 

for  the  teim  containing  sf^^  in  the  development  of  (a?  -|-  a)"*. 
It  is  evident,  that  the  term  which  precedes  this  will  be  ex- 

pressed  by  ^r  o*"*  x"»-*+i ;  for  in  going  back  towards  the  first 

tenn,  the  exponent  of  x  is  increased  by  unity,  and  that  of  a 

diminished  by  unity ;   moreover,  P  and  Q  are  the  quantities, 

which  belong  to  the  number  n  —  1. 
p 
141.  If  we  make  ^  ;=  Jlf,  the  two  successive  terms  indicated 

above,  become 

M€^^  X— *+i  and  M (*»  — ^+^)  a«  x«-. 

n 

These  results  show  how  each  term  in  the  development  of  {x  +  a)*^^ 

IS  formed  from  the  preceding. 

Setting  out  from  the  first  term,  which  is  a?*,  we  arrive  at  the 

second,  by  making  n  =  1 ;  we  have  Jlf  =  1,  since  a^  has  only 

unity  for  its  coefiicient  j  the  result  then  is  — - —  a  (xf^\  or 

—  ax""^.     In  order  to  pass  to  the  third  term,  wc  make  .flf  =z  — , 

and  n  =  2,  and  we  obtain  — ^ — ~    '  a'  a?"*^.    The  fourth  is 
^  1.2 

found  by  supposing  M  =  — ^ — - — -^  and  n  =  3,  which  gives 

— !i — \       ^^ — IZ-J fl3  jp«»-*  and  so  on ;  whence  we  have  the  for- 
1.2.3 

mula 

1  1  •  A 

m(m-l)(ii»-2)  ^ 

^  1.2.3  ^ 

which  may  be  converted  into  this  rule. 

To  pass  from  one  term  to  thefollomngywe  multiply  the  numerical 
coefficient  by  the  exponent  of  x  in  the  frst,  divide  by  the  number^ 
which  marks  the  place  of  this  term^  increase  by  unity  the  exponent  of 
a,  and  diminish  by  unity  the  exponent  ofx. 

Although  we  cannot  determine,  the  number  of  terms  of  this 
formula  without  assigning  a  particular  value  to  m ;  yet,  if  we 

numbers,  which  express  respectively,  how  mtmy  combiDations  may 
be  made  of  afiy  iramber  m  of  things,  taken  two  and  two,  three  and 
three,  four  and  four,  &c. 
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observe  tbe  dependence  of  the  terms  upon  each  other,  we  can 
have  no  doubt  respecting  the  law  of  their  formation,  to  whatever 
extent  the  series  may  be  carried.     It  will  be  seen,  that 

fh(m  —  l){m  —  2) (m^n  +  l)  ^„  ^„., 

1.2.3....  n 

expresses  the  term,  which  has  n  terms  before  it. 

1  his  last  formula  is  called  the  general  term  of  the  scri&» 

aj»  -J-  ?^  a  aj*"-*  -| i — ~    ^  a^  x"*^  +  &c. 

because  if  we  make  successively 

n  =  1,    n  =  2,    n  =  3,  &c. 
it  gives  all  the  terms  of  this  series. 

142.  Now,  if  (a?  +  fl)*  ^^  developed,  according  to  the  rule 
given  in  the  preceding  article ;  the  first  term  being 

x«  or  a®j?«     (37), 
the  second  will  be 


the  third 
the  fourth 
the  fifth 
the  isixth 


5 

-a^x*     or    5  ax*. 


L^^a^x^     or    10a«x3 
10X8 


a»x*     or     lOa^x*, 


10  X  2    ^  ^    . 

— 1^—  a*  X    or    5  o*  x, 

4 


^^^a»x«     or 


5 

Here  the  process  terminates,  because  in  passing  to  the  follow- 
ing term  it  would  be  necessary  to  multiply  by  the  exponent  of  a? 
in  the  sixth,  which  is  zero. 

This  may  be  shown  by  the  formula ;  for  the  seventh  term^ 
having  for  a  numerical  coefficient 

m(m— l)(m  — 2)(m  — 3)  (w  — 4)(m— 5) 
1.2.3.4.5.6  ' 

contains  the  factor  m  —  5,  which  becomes  5  —  5  =  0;  and  this 
same  factor  entering  into  each  of  the  subsequent  terms,  reduces 
it  to  nothing. 

Uniting  the  terms  obtained  above,  we  have 
(x  +  a)*  =x*  +  5ax^  +  10a««»  +  lOa'x^  +5a*x  +  a«. 
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-  143.  Any  power  whatever  of  any  binomial  may  be  developed 
by  the  formula  given  in  art.  14K  If  it  were  required  for  exam- 
ple to  form  the  sixth  power  of  2  a:'  —  5  a',  we  have  only  to  sub- 
stitute in  the  formula  the  powers  of  2x^  and— -  5  a'  respectively 
for  those  of  x  and  a ;  since,  if  we  make 

2  a?3  =  a/  and  —  6  a=*  =  a', 
we  have 

(2a?3  —  5a»)«  =  (a/  +  a')*  = 

a/«  +6o'a/«  +  15a'»a/*  +  20  a'*  a/' 

+  15a'*a/«  -f  6a'»a/ +  o'«    (141), 

and  it  is  only  necessary  to  substitute  for  a/  and  of  the  quantities, 

which  these  letters  designate.    We  have  then 

(2«')«  +    6(— 5a3)    (^x^y  +  15{—5a^y{2x^y 
+  20(— 5o')»(2a;')»  +  15  (— So^)*  (2x3)« 
+    6(— 5a9)«(2a?»)     +{—5a^y, 
or 

64«»«  — 960a3a?»*     +6000a»a?'» 

—  20000  «»«»   +  37500  a»»a?» 

—  37500  o>  »j?5  +  15625  a'  •. 

The  terms  produced  by  this  development  are  alternately  posi- 
tive and  negative ;  and  it  is  manifest,  that  they  will  always  be  so, 
when  the  second  term  of  the  proposed  binomial  has  the  sign  — • 

144.  The  formula  given  In  art.  141,  may  be  so  expressed  as  to 
facilitate  the  application  of  it  in  cases  analogous  to  the  preceding* 

Since 

Aifift  tftn  Mrin 

;tf— 1=-,    af^=%^,    a^-^  =  i^,  &c. 
the. formula  may  be  written 

'     1  X         '        1  .  2       «»  ' 

which  may  be  reduced  to 
s»5i    i«^a_,fn{m—l)a^        TO(m— l)(w^2) ««        .      > 

(      ^Ix^      1.2      x^"^      l.a.Sx'*^)' 
by  insulating  the  common  factor  x"*.     In  applying  this  formula, 
the  several  steps  are,  to  form  the  series  of  numbers^ 
m      m  —  1      m  —  2      jn  —  3      « 

1'    -T-'    -3—'    -J-'  ^^- 

to  multiply  the  first  by  the  fraction  -^  then  this  product  by  the  second 
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a 


du.rv 


and  also  by  the  fraction  -,  then  again  this  last  result  by  the  third 

and  by  the  fraction  -,  and  so  on  ;  to  unite  all  these  terms^  and  add 

-unity  to  the  sum  ;  and  lastly^  to  multiply  the  whole, by  the  factor  V*^. 
In  the  example,  (2«*  —  5  a*)«,  we  must  write  (2a:*)*  in  the 

place  of  a?*,  and  —  —-  in  that  of  -.     I  shall  leave  the  applica- 
/» X  % 

tion  of  the  formula  as  an  exercise  for  the  learner.t 

145.  We  may  easily  reduce  the  development  of  the  power  of 
any  polynomial  whatever,  to  that  of  the  powers  of  a  binomial,  as 
may  be  shown  with  respect  to  the  trinomial  a  +  6  +  ^j  the  third 
power  for  instance  being  required. 

First,  we  make  6  -|-  c  =  m,  we  then  obtain 
(a  +  5  +  c)»  =  (a  +  m)3  =a»+3a»m  +  3am«  +m»; 
substituting  for  m  the  binomial  6  +  c,  which  it  represents,  we 
have 

(a  +  t  +  c)»  =  a»  +  3  a«  (6  +  c)  +  3 a  (6  +  c)«  +  (6  +  c)». 
It  only  remains  for  us  to  develop  the  powers  of  the  binomial 
6  -f~  ^  ^^^  to  perform  the  multiplications,  which  are  indicated ; 
we  have  then 

a*  4-  3a«6  +  3at«  +  6» 
+  3a«c+  6a6c  +  36»c 
+  3  ac»  +  3  6  c» 
+  c'. 


(  Of  the  Extraction  of  the  Roots  of  Compound  Quantities. 

146.  Having  explained  the  formation  of  the  powers  of  com- 
pound quantities,  I  now  pass  to  the  extraction  of  their  roots,  be- 
ginning with  the  cube  root  of  numbers. 

In  order  to  extract  the  cube  root  of  numbers,  we  must  first  be- 
come acquainted  with  the  cubes  of  numbers,  consisting  of  only 
one  figure ;  these  are  given  in  the  second  line  of  the  following 
table ; 

t  The  formula  for  the  development  of  {x  -[-  o)*"  answers  for  all 
values  of  the  exponent  m,  and  is  equally  applicable  to  cases  in  which 
the  exponent  is  fractional  or  negative.  This  property,  which  is 
very  important,  is  demonstrated  in  a  note  to  the  last  part  of  the 
Cambridge  course  of  Mathematics  on  the  Differential  and  Integrai 
Calculus. 


Extraction  ofAe  Roots  of  Compound  Quantities,         ui 

12845  6  78d 
1  8  ^7  64  1^5  316  343  512  789 
ind  the  ctibe  of  19  being  1000,  no  number  consisting  of  three  fig* 
«res<:an  contain  the  cube  of  a  number  consisting  of  more  than  one. 
The  cube  of  a  number  consisting  of  two  figures  is  formed  in  a 
ttanner  analogous  to  that,  by  which  we  arrive  at  the  square ;  for 
X  we  resolye  this  number  into  tens  and  units,  designating  the 
Arst  by  a,  and  the  second  by  6,  we  have 

(a  + t)»  =  fl9  +  3a«6  +  3a6«  +  M. 
Hence  it  is  evident,  that  the  cube,  or  third  pomer  of  a  wxnAercomr' 
posed  of  tens  and  unt/^,  contains  four  parts,  namely,  the  cube  of  the 
tens,  three  times  the  square  of  the  tens  multiplied  hy  the  units,  three 
times  the  tens  multiplied  by  the  square  of  the  units^  and  the  cube  of 
(the  units. 

If  it  were  required  to  find  the  third  power  of  47,  by  makinj^ 

a  =  4  tens  or  40,  6  =  7  units,  we  have 

fl3  =  64000 

3  a»  fc  ===  33600 

3  o  6«  =    6880 

t»  =      343 


Total,  103823  =  47  X  47  X  47. 

Kow  to  go  back  from  the  cube  103823  to  its  root  47,  we  begin 
by  observing  that  64000,  the  cube  of  the  4  tens,  contains  no  sjg- 
nificanl  figure  inferior  to  thousands ;  in  seeking  the  cube  of  the  tens 
therefore,  we  may  neglect  the  hundreds,  the  tens,  and  the  units  of 
the  number  103823^  Pursuing,  therefore,  a  method  similar  to  that 
employed  in  extracting  the  square  root,  we  separate,  by  a  comma, 
the  first  three  figures  on  the  right ;  the  greatest  cube  contained 
in  103  will  be  the  cube  of  the  tens,  li  is  evi-  103,823 
dent  from  the  table,  that  this  cube  is  64,  the      64 


47 
48 


root  of  which  is  4^  we  therefore  put  4  in  the  "  398,23 
place  assigned  for  the  root.  We  then  subtract  64  from  103; 
and  by  the  side  of  the  remainder,  39,  bring  down  the  last  three 
%ures.  The  whole  remainder,  39823,  contains  still  three  parts 
of  the  cube,  namely,  three  times  the  square  of  the  tens  multiplied 
by  the  units,  or  3  a^  6,  three  times  the  tens  multiplied  by  the 
square  of  the  units,  or  3  a  b*,  and  the  cube  of  the  units,  or  &'.  If 
the  value  of  the  product  Sa*  b  were  known,  we  might  obtain  th^ 
Jllg.  30 
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units  b,  by  dividing  this  product  by  3  a',  which  is  a  known  quan- 
tity, the  tens  being  now  found ;  but,  on  the  supposition  that  the 
product,  3a* b,  is  unknown,  we  readily  perceive,  that  it  can  have  no 
figure  inferior  to  hundreds,  since  it  contains  the  factor  o*,  which 
represents  the  square  of  the  tens ;  it  must,  therefore^  be  found  in 
the  part  398,  which  remains  on  the  left  of  the  number  39823, 
after  the  tens  and  units  have  been  separated,  and  which  contains, 
besides  this  product,  the  hundreds  arising  from  the  product,  3  a  b', 
of  the  tens  by  the  square  of  the  units,  and  from  the  cube  b',  of 
the  units.  , 

If  we  divide  398  by  48,  which  is  triple  the  square  of  the  tens, 
3  a'  or  3  X  16,  we  obtain  8  for  the  quotient ;  but  from  what  pre- 
cedes, it  appears  that  we  ought  not  to  adopt  this  figure  for  the 
units  of  the  root  sought,  until  we  have  made  trial  of  it,  by  em- 
ploying it  in  forming  the  three  last  parts  of  the  cube,  which  must 
be  contained  in  the  remainder  39833.  Making  b  =  8,  we 
find 

3a«b  =  38400 

3ab»  =    7680 
b'  =      512 


Total,  46592, 

As  this  result  exceeds  39823,  it  is  evident  that  the  number  8  is 
too  great  for  the  units  of  the  root.  If  we  make  a  similar  trial 
with  7,  we  find  that  it  answers  to  the  above  conditions ;  47  there- 
fore is  the  root  soughL 

Instead  of  verifying  the  last  figure  of  the  root  in  the  manner 
above  described,  we  may  raise  the  whole  number  expressed  by 
the  two  figures,  immediately  to  a  cube ;  and  this  last  method  is 
generally  preferred  to  the  other.  Taking  the  number  48  and 
proceeding  thus,  we  find 

48  X  48  X  48  =  110592. 
As  the  result  is  greater  than  the  proposed  number,  it  is  evident, 
that  the  figure  8  is  too  large. 

147.  What  we  have  laid  down  in  the  above  example  may  be 
applied  to  all  cases,  where  the  proposed  number  consists  of  more 
than  three  figures  and  less  than  seven.  Having  separated  the 
£rst  three  figures  on  the  right,  we  seek  the  greatest  cube  in  the 
part,  which  remains  on  the  left,  and  write  its  root  in  the  usual 
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place ;  we  subtract  this  cube  from  the  number  to  which  it  relates, 
and  to  the  remainder  bring  down  the  last  three  figures ;  sepa« 
rating  now  the  tens  and  the  units,  we  proceed  to  divide  what 
remains  on  the  left,  by  three  times  the  square  of  the  tens  found ; 
but  before  writing  down  the  quotient  as  a  part  of  the  root,  we 
verify  it  by  raising  to  the  cube  the  number  consisting  of  the  tens 
known,  together  with  this  figure  under  trial.  If  the  result  of 
this  operation  is  too  great,  the  figure  for  the  units  is  to  be  dimin- 
ished ;  we  then  proceed  in  the  same  manner  with  a  less  figure, 
and  so  on,  until  a  root  is  found,  the  cube  of  which  is  equal  to  the 
proposed  number,  or  is  the  greatest  contained  in  this  number,  if 
it  does  not  admit  of  an  exact  root.  As  we  have  often  remainders, 
that  are  yery  considerable,  I  will  here  add  to  what  has  been 
said,  a  method,  by  which  it  may  be  soon  discovered,  whether  or 
not  the  unit  figure  of  the  root  be  too  small. 

The  cube  of  a  ^-  6,  when  b  =  1,  becomes  that  of  a  +  1, 
or  a'  +  3a»  -f  3a+  1, 

a  quantity,  which  exceeds  a',  the  cube  of  a,  by 

3a»  +  3a+  1. 
Hence  it  follows,  that  whenever  the  remainder,  after  the  cube  root 
has  been  extracted,  is  less  than  three  times  the  square  of  the  root,  plus 
thru  times  the  root,  plus  unity,  this  root  is  not  too  small* 

148.  In  order  to  extract  the  root  of  105823817,  it  may  be  ob- 
served, that  whatever  be  the  number  of  figures  in  this  root,  if  we 
resolve  it  into  units  and  tens,  the  cube  of  the  tens  cannot  enter  into 
the  last  three  figures  on  the  right,  and  must  consequently  be  found 
in  105823.  But  the  greatest  cube  contained  in  105823  must  have 
more  than  one  figure  for  its  root ;  this  root  then  may  be  resolved 
into  units  and  tens,  and,  as  the  cube  of  the  tens  has  no  figure  infe- 
rior to  thousands,  it  cannot  enter  into  the  three  last  figures  823. 
If,  after  these  are  separated,  there  remain  more  than  three  figures 
on  the  left,  we  may  repeat  the  reasoning  just  employed,  and 
thus,  dividing  the  number  proposed  into  portions  of  three  figures 
each,  proceeding  from  right  to  left,  and  observing  that  the  last 
portion  may  contain  less  than  three  figures,  we  come  at  length  to 
the  place  occupied  by  the  cube  of  the  units  of  the  highest  order 
in  the  root  sought. 

Having  thus  taken  the  preparatory  steps,  we  seek,  by  the  rule 
given  in  the  preceding  article,  the  cube  root  of  the  two  first  por 
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tions  on  the  left,  and  find  for  the  result  47  ;  lCyjsBg3,8n 
we  subtract  the  cobe  of  this  number  from  the    C4 


two  first  portions,  and  to  the  remainder  2000    4 1  8,23 
bring  down  the  following  portion  8 1 7.    The  1 03  823 


473 


48 
6697 


number  2000817  will  then  contain  the  three      2  0008,1 7 
last  parts  of  the  cube  of  a  number,  the  tens  of  105  8^23  817 
which  are  47,  and  the  units  remain  to  be  found.  000  000  000 
These  units  are  therefore  obtained  as  in  the  example  given  in 
the  preceding  article,  by  separatmg  the  two  last  figures  on  the 
right  of  the  remainder,  and  dividing  the  part  on  the  left  bj  6627, 
triple  the  square  of  47.    Then  making  trial  with  the  quotient  3, 
arising  from  this  division,  by  raising  473  to  a  cube,  we  obtain 
for  the  result  the  proposed  number,  since  this  number  is  a  per- 
fect cube. 

The  explanation,  we  have  given,  of  the  above  example,  may* 
take  the  place  of  a  general  rule.  If  the  number  proposed  had 
contained  another  portion,  we  should  have  continued  the  operas 
tion,  as  we  have  done  for  the  third ;  and  it  is  to  be  recollected 
always,  that  a  cipher  must  be  placed  in  the  root,  if  the  number 
to  be  divided  on  the  left  of  the  remainder  happen  not  to  contaia 
the  number  used  as  a  divisor;  we  should  then  bring  down  the 
following  portion,  and  proceed  with  it,  as  with  the  preceding. 

1 4 1>.  Sinct  the  cube  of  a  fraction  is  found  by  multiplying  this  frac* 
tion  by  its  square,  or  which  amounts  to  the  same  thing,  by  taking  the 
cube  of  the  numerator  and  that  of  the  denominator  ;  reversing  this 
process,  we  arrive  at  the  root,  by  extracting  the  root  of  the  new  nur 
merator  and  that  of  the  new  denominator.  The  cube  of  |,  for  ex- 
ample, is  III ;  taking  the  cube  root  of  125  and  of  216,  we  find  {• 

We  always  proceed  in  this  way,  when  the  n«merator  and  de- 
nominator are  perfect  cubes ;  but  when  this  is  not  the  case,  we 
may  avoid  the  necessity  of  extracting  the  root  of  the  denomina- 
tor, by  multiplying  the  two  terms  of  the  proposed  fraction  by  the 
square  of  thb  denominator.  The  denominator  thence  arising, 
will  be  the  cube  of  the  original  denominator;  and  it  will  be  only 
necessary  then  to  find  the  root  of  the  numerator.  If  we  have,  for 
example,  |,  by  multiplying  the  two  terms  of  this  fraction  by  25, 
the  square  of  the  denominator,  we  obtain 

75 

5X5X5* 

The  root  of  the  denominator  is  5 ;  while  that  of  75  lies  between 
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4  and  $•  AdoptiDg  4,  we  have  |  for  the  cube  root  of  |  to  within 
one  fifth.  If  a  greater  degree  of  accuracy  be  required,'  we  must 
take  the  approximate  root  of  75,  by  the  method  1  shall  soon  pro- 
ceed to  explain.  » 

If  the  denominator  be  already  a  perfect  square,  it  will  only  be 
necessary  to  multiply  the  two  terms  of  the  fraction  by  the  square 
root  of  this  denominator.  Thus  in  order  to  find  the  cube  root 
of  f ,  we  multiply  the  two  terms  by  3,  the  square  root  of  9  ;  wc 

thus  obtain 

12 
3X3X3* 
Taking  the  root  of  the  greatest  cube  8,  contained  in  1 :2,  we 
have  I  for  the  root  sought,  within  one  third. 

150.  It  follows  from  what  has  been  demonstrated  in  art.  97, 
that  the  cube  root  of  a  number,  which  is  not  a  perfect  cube,  can- 
not be  expressed  exactly  by  any  fraction,  however  great  may  be 
the  denominator ;  it  is  therefore  an  irrational  quantity,  though 
not  of  the  same  kind  with  the  square  root ;  for  it  is  very  seldom 
that  GSke  of  them  can  be  expressed  by  means  of  the  other. 

151.  We  may  obtain  the  approximate  cube  root  by  means  of 
Tolgar  iractk>DS«  The  mode  of  proceeding  is  analogous  to  that 
given  for  finding  the  square  root  (103) ;  buffos  it  may  be  readily 
conceived^  and  is  besides  not  the  most  eligible,  I  shall  not  stop 
to  explain  it. 

A  better  method  of  employing  vulgar  fractions  for  this  pur- 
pose consists  in  extracting  the  root  in  fractions  of  a  given  kind. 
Thus,  if  it  were  required  to  find,  for  example,  the  cube  root  of 
92,  withm  a  fifth  part  of  unity,  observing  that  the  cube  of  ^  is 
y4y9  ^^  reduce  22  to  V/?* ;  ^^^  taking  the  root  of  2750,  so  far 
as  it  can  be  expressed  in  whole  numbers,  we  have  y,  or  2|  for 
the  approximate  root  of  22. 

152.  It  is  the  practice  of  most  persons,  however,  in  extracting 
the  cube  root  of  a  number,  by  approximation,  to  convert  this 
mmiber  into  a  decimal  fraction,  but  it  is  to  be  observed,  that  this 
fraction  must  be  either  thousandths  or  millionths,  or  of  some  high- 
er denombation;  because  when  raised  to  the  third  power,  tenths 
become  thousandths,  and  thfousandths  millionths,  and  in  general, 
At  number  of  decimal  figures  found  in  the  cube,  is  triple  the  number 
contained  in  the  rooi*  From  this  it  is  evident,  that  we  must  place 
after  the  proposed  number  three  times  as  many  ciphers,  as  there 
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are  decimal  places  required  in  the  root.  The  root  is  then  to  be 
extracted  according  to  the  rules  already  given,  and  the  requisite 
number  of  decimal  figures  to  be  distinguished  in  the  result. 

If  we  would  find,  for  example,  the  cube  root  of  327,  within  a 
hundredth  part  of  unity,  we  must  write  six  ciphers  after  this 
number,  and  extract  the  root  of  327000000  according  to  the  usual 
method.    This  is  done  in  the  following  manner ; 


327,000,000 

688 

216 

108 

1110,00 
3144  32 

13872 

125  680,00 
325  660  672 

1  339  328 

Separating  two  figures  on  the  right  of  the  result  for  decimals, 
we  have  6,88  ;  but  6,89  would  be  more  exact,  because  the  cube 
of  this  last  number,  although  greater  than  327,  approaches  it 
more  nearly  than  that  of  6,88. 

If  the  proposed  number  contain  decimals  already,  before  we 
proceed  to  extract  the  root,  we  must  place  on  the  right  as  many 
ciphers,  as  will  be  necessary  to  render  the  number  of  decimal 
figures  a  multiple  o^3.  Let  there  be,  for  example,  0,07,  we 
must  write  0,070,  or  70  thousandths,  which  gives  for  a  root  0,4. 
In  order  to  arrive  at  a  root  exact  to  hundredths,  we  must  annex 
three  additional  ciphers,  which  gives  0,070000.  The  root  of  the 
greatest  cube  contained  in  70000  being  41,  that  of  0,07  becomes 
0,41,  to  within  a  hundredth. 

153.  Hitherto  I  have  employed  the  formula  for  binomial  quan- 
titles  only  in  the  extraction  of  the  square  and  cube  roots  of  num- 
bers ;  this  formula  leads  to  an  analogous  process  for  obtaining 
the  root  of  any  degree  whatever.  I  shall  proceed  to  explain 
this  process,  after  offering  some  remarks  upon  the  extraction  of 
roots,  the  exponent  of  which  is  a  divisible  number. 

We  may  find  the  fourth  root  by  extracting  the  square  root 
twice  successively ;  for  by  taking  first  the  square  root  of  a  fourth 
power,  a*,  for  example,  we  obtain  the  square,  or  a',  the  square 
root  of  which  is  a,  or  the  quantity  sought 

It  is  obvious  also,  that  the  eighth  root  may  be  obtained  by 
extracting  the  square  root  three  times  successively,  since  the 
square  root  of  a*  is  a*,  and  that  of  a^  is  a^,  and  lastly,  that  of 
a^  is  ff. 


Extraction  of  the  Roots  of  QmqHmnd  Quantities.         1 5^ 

In  the  same  manner  it  may  be  shown,  that  all  roots  of  a  de- 
gree, designated  by  any  of  the  numbers  %  4,  8,  16,  S%  &c.  that 
is,  by  any  power  of  2,  are  obtained  by  successively  extracting 
the  square  root.  ^ 

Roots,  the  exponents  of  which  are  not  prime  numbers,  may  be 
reduced  to  others  of  a  degree  less  elevated ;  the  sixth  root,  for 
example,  may  be  found  by  extracting  the  squar^  and  afterwards 
the  cube  root.  Thus,  if  we  take  a'  and  go  through  this  process 
with  it,  we  find  by  the  first  step  a',  and  by  the  second  a ;  we 
may  also  take  first  the  cube  root,  which  gives  a',  and  afterwards 
the  square  root,  whence  we  have  a,  as  before. 

154.  1  now  proceed  to  treat  of  the  general  method,  which  I 
shall  apply  to  roots  of  the  fifth  degree.  The  illustration  will  be 
rendered  more  easy,  if  we  take  a  particular  example ;  and  by 
comparing  the  difierent  steps  with  the  methods  given,  for  the 
extraction  of  the  square  and  the  cube  root,  we  shall  readily  per- 
ceive, in  what  manner  we  are  to  proceed  in  finding  roots  of  any 
degree  whatever. 

Let  it  be  required  then  to  extract  the  fifth  root  of  231554007. 
Now  the  least  number,  it  may  be  observed,  consisting  of  2  figures, 
that  is  10,  has  in  its  fifth  powers  which  is  100000,  six  figures ;  we  * 
therefore  conclude,  that  the  fifth  root  of  the  number  proposed 
contains  at  least  two  figures ;  this  root  may  then  be  represented 
hj  a  +  b^  a  denoting  the  tens,  and  b  the  units.  The  expression 
for  the  proposed  number  will  then  be 

(a  +  6)*  =  a*  +  5a*b  +  10 a»  6»  +  &c. 
I  have  not  developed  all  the  terms  ot  this  power,  because  it  is 
sufficient,  as  will  be  seen  immediately,  that  the  composition  of  the 
first  two  be  known. 

Now  it  is  evident,  that  as  a'^,  or  the  fifth  power  of  the  tens  of 
this  root,  can  have  no  figure,  that  falls  below  hundreds  of  thou- 
sands, it  does  not  enter  mto  the  last  five  figures  on  the  right  of 
the  proposed  number ;  we,  therefore,  separate  these  five  figures. 
If  there  remained  more  than  five  figures  on  the  left,  we  should 
repeat  the  same  reasoning,  and  thus  separate  the  proposed  num- 
ber into  portions  of  five  figures  each,*  proceeding  from  the  right 
to  the  left.  The  last  of  these  portions  on  the  left,  will  contain 
the  fifth  power  of  the  units  of  the  highest  order  found  in  the 
root. 


S315t54007 

47 

1024 

1391  d,4007 

1380 
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We  find,  by  foriaing  the  fiftb  powers  ef 
numbers  consisting  of  only  one  figure,  that 
2315  lies  between  the  fifth  pow^r  of  4,  or 
1024,  and  that  of  five,  or  3125.  We  take,  therefinre,  4  f^r-lhe 
tens  of  the  root  sought;  then  subtracting  the  fifth  power  of  this 
number,  or  1024,  from  the  first  portion  of  the  propoeed  nmiiber, 
we  have  for  a  remainder  1291.  This  remainder,  together  with 
the  following  portion,  which  is  to  be  brought  down,  must  contain 
ba^  b-\'\Oa^h^  '\'  &c.  which  is  left,  after  o*  has  been  subtraclr 
ed  from  (a  -!|-  6)' ;  but  among  these  terms,  that  of  the  highest 
degree  is  5  a^  6,  or  five  times  the  fourth  power  of  the  teas  rauiti«- 
plied  by  the  units,  because  it  has  no  ^re,  which  falls  below  tens 
of  thousands.  In  order  to  consider  this  term  by  itself,  we  sepa« 
rate  the  last  four  figures  on  the  right,  which  make  no  part  of  it, 
and  the  numbtf  12915,  remaining  on  the  left,  will  contain  this 
term,  together  with  the  tens  of  thousands  arising  from  the  soc» 
ceeding  terms.  It  is  obvious,  therefore,  that  by  dividing  12815 
by  5  a^,  or  five  times  the  fourth  power  of  the  four  tens  already 
found,  we  shall  only  approximate  the  units.  The  fourth  power 
of  4  is  256 ;  five  times  this  gives  1260 ;  if  we  divide  12915  by 
1280,  we  find  10  for  tbe  quotient,  but  we  cannot  pot  more  than 
9  in  the  place  of  the  root,  and  it  is  even  necessaiy,  before  Wte 
adopt  this,  to  try  whether  the  whole  root  49,  which  we  thoa 
obtain,  will  not  give  a  fifth  power  greater  than  the  pmpased 
number.  We  find  indeed  by  pursuing  this  comrfte,  diat  the  nuta* 
ber  49  must  be  diminished  by  two  units,  and  that  ihe  actual  root 
is  47,  with  a  remainder  2209000 ;  for  the  fifth  power  of  47  is 
229345007 ;  that  is,  the  exact  root  of  the  proposed  number  foils 
between  47  and  48. 

If  there  were  another  portion  still,  we  should  bring  it  down 
and  annex  it  to  the  remainder,  resulting  from  the  subtraction  of 
the  fifth  power  found  as  above,  from  the  first  two  portions,  and 
proceed  with  this  whole  remainder,  as  we  did  with  the  preceding, 
and  so  on. 

After  what  has  been  said,  it  will  be  easy  to  apply  the  rules, 
which  have  been  given,  as  well  in  extricating  the  square  and 
cube  root  of  fractions,  as  in  approximating  the  roots  of  imperfect 
powers  of  these  degrees. 

155.  We  may  by  processes,  founded  on  the  same  principles, 
extract  the  roots  of  literal  quantities.    The  following  example 
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will  be  sufficient  to  illastrate  the  method,  which  is  to  be  employ- 
ed, whatever  be  the  degree!  of  the  root  reqtrired. 

We  found  in  art.  143,  the  sixth  power  of2x'  —  5a';  we 
s&all  now  extract  the  root  of  this  power.  The  process  is  as  fol- 
lows; 

64a:i«  —  96Da9x»*+ 6000  a«  x^«   —  20000  a»aD»   2x'— Sa^ 
4-  37500  a»* 0?*  —  37500a*  »x* 
+  15625  a*  • 
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The  quantity  proposed  being  arranged  with  reference  to  the 
letter  x^  its  first  term  must  be  the  sixth  power  of  the  first  term 
of  the  root  arranged  with  reference  to  the  same  letter ;  taking 
then  the  sixth  root  of  64  a?* ',  according  to  the  rule  given  in  art. 
129,  we  have  2x'  for  the  first  term  of  the  root  required. 

If  we  raise  this  result  to  the  sixth  power,  and  subtract  it  from 
the  proposed  quantity,  the  remaindef  must  necessarily  commence 
with  the  second  term,  produced  by  the  development  of  the  sixth 
power  of  the  two  first  terms- of  the  root.    But,  in  the  expression 

(a  +  6)»  =  a*  +  6  a*  6  +  &c. 
this  second  term  is  the  prodiict  of  six  times  the  fifth  power  of  the 
first  lettik  of  the  root  by  the  secorid ;  and  if  we  divide  it  by  6  a», 
the  quotient  will  be  the  second  tera»  6. 

We  must,  therefore,  take  six  times  the  fifth  power  of  the  first 
term  2x'  of  the  root,  which  gives 

6  X  32a?»*.  or  192af>», 
and  divide,  by  this  quantity,  Ih^  term  —  960  o'  ob"*,  which  is 
the  fir^  term  of  the  renlainder^  after  the  precedbg  operation ; 
the  quotient  —  5  a'  is  the  second  term  of  the  root.  In  order  to 
verify  it,  we  raise  the  binomial  2  ji?'  —  5  a'  to  the  sixth  power, 
which  we  find  is  the  proposed  quantity  itself. 

If  the  quantity  were  such  a&  lo  require  another  term  in  the 
root,  we  should  proceed  to  find,  after  the  manner  above  given, 
a  second  remainder,  which  would  begin  with  six  titues  the  pro- 
duct of  the  fifth  power  of  tlie  first  two  terms  of  the  root  by  the 
third,  and  which  consequently  being  divided  by  6  (2  a?'  —  5a»)«, 
the  quotient  would  be  this  thk*d  term  of  the  root;  we  should  then 
vertfjr  it  by  taking  the  sixth  power  of  the  three  terras.  The  same 
course  might  be  pursued,  whatever  number  of  terms  might  re« 
maia  ti>  bo  found* 
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Of  Equations  with  hoo  Terms. 

\l)  15S.  Every  equation,  involving  only  one  power  of  the  un- 
T  known  quantity,  combined  with  known  quantities,  may  always 
be  reduced  to  two  terms,  one  of  which  is  made  up  of  all  those, 
which  contain  the  unknown  quantity,  united  in  one  expression, 
and  the  other  comprehends  all  the  known  quantities  collected 
together.  This  has  been  already  shown  with  respect  to  equa- 
tions of  the  second  degree,  art.  105,  and  may  be  easily  proved 
concerning  those  of  any  degree  whatever. 
If  we  have,  for  example,  the  equation 

a»  «*  —  a*  6«  =  6*  c=*  +  o  c  a?*, 
by  bringing  all  the  terms  involving  x  into  one  member,  we 
obtain 

a«  a?"  —  acx^    =  6*  c'  +  ^'  ^*9 
or  (a' — flc)x*  =  6*  c' +  a*fc*. 

Now  if  we  represent  the  quantities 

o'  —  ac  hy  p^  6*  c'  +  a*  6"  by  y, 
the  preceding  equation  becomes 

px^  =  g; 
freeing  «*  from  the  quantity,  by  which  it  is  multiplied,  we  have 

wlience  we  conclude 

$ 


In  general,  every  equation  with  two  terms  being  reduced  to 
the. form 

gives 

«•  =  ?; 
P 
taking  the  root  then  of  the  degree  m  of  each  member,  we  have 


x=  k 

SP 


157.  It  must  be  observed,  that  if  the  exponent  m  is  an  odd 
number,  the  radical  expression  will  have  only  one  sign,  which 
will  be  that  of  the  original  quantity  (131). 

When  the  exponent  m  is  even,  the  radical  expression  will  have 
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the  double  sign  d=  ;  it  will  in  this  case  be  imaginary,  if  the  quan- 
tity ^  is  negative,  and  the  question  will  be  absurd,  like  those  of 

which   we  have  seen  examples  in  equations  of  the  second  de- 
gree (131). 

See  some  examples. 
The  equation  a?*  =  —  1024, 

gives 


X  =  V—  1024  =  —  4, 
the  exponent  5  being  an  odd  number. 
The  equation 

xl  =  625, 

4    

gives  X  =:  dz  v^625  =  ±  5, 

as  the  exponent  4  is  even. 
Lastly,  the  equation 

a?*  =  —  16, 
which  gives 


0?  =  =h  v^— 16, 
leads  only  to  imaginary  values,  because  while  the  exponent  4  is 
even,  the  quantity  under  the  radical  sign  is  negative. 

158.  I  shall  here  notice  an  analjgical  fact,  which  deserves 
attention  on  account  of  its  utility,  as  well  in  the  remaining  part 
of  the  present  treatise,  as  in  the  Supplement^  and  which  is  suffi- 
ciently remarkable  in  itself;  it  is  this,  that  all  the^  expressions 
X  —  a,  X'  —  a*,  a?*  —  a',  and  in  general  x^  ■—  a*"  (m  being 
any  positive  whole  number),  are  exactly  divisible  hy  x  —  a. 
This  is  obvious  with  respect  to  the  first.  We  know  that  the 
second 

««  —  a«  =  (a?  +  a)  {x  —  a)  (34), 
and  the  others  may  be  easily  decomposed  by  division.    If  we 
divide  a?*  —  i;^  by  a?  —  a,  we  obtain  for  a  quotient 

ic~"*  +  a  of"*^  +  a*  af*"^  -("  ^^* 
the  exponent  of  »,  in  each  term,  being  less  by  unity  than  in  the 
preceding,  and  that  of  a  increasing  in  the  same  ratio.     But  in- 
stead of  pursuing  the  operation  through  its  several  steps,  I  shall 
present  immediately  to  the  view  the  equation 

=  af^ '  +  a  «*"*  +  a*  a?*"* .  . .  .  +  a"»~'  x  -)-  a"»""*. 


X  —  a 
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which  may  be  verified  by  multiplying  the  ^ecood  member  Ipgr 

^r  ^-  a.     It  then  becomes 

X*  4"  ««*"*  +  fl*  a?**^ . .  •  • +  o"^*«*  +  a"**"* X 

—  a cc"""* — a*  a.*"*  * — a '  aj"*"**  ••••••••  —  a^*~*  j?  —  •■*; 

all  the  terms  in  the  upper  line,  after  the  first,  being  the  3ame, 
with  the  exception  of  the  signs,  as  those  preceding  the  last  in  the 
lower  line,  there  only  remains  after  reduction,  «"•  — ^  a*,  that  ia, 
the  dividend  proposed. 

It  must  be  observed,  that  the  term  «•  af*^,  in  the  upper  line, 
is  necessarily  followed  by  the  term  a*  x"***,  which  is  destroyed 
by  the  corresponding  term  in  the  lower  line ;  and  that,  in  the 
same  manner  we  find,  in  the  lower  line,  before  the  term  «*•*«,  a 
term  — a"*^a?*,  which  destroys  the  corresponding  one  in  the 
upper  line.  These  terms  are  not  expressed,  but  arc  supposed  to 
be  comprehended  in  the  interval  denoted  by  the  points. 

159.  This  leads  to  very  important  consequences,  relative  to 

the  equation  with  two  terms  x*  =  2.. 

If  we  designate  by  a  the  number,  which  is  obtained  by  liKrectly 
extracting  the  root  according  to  the  ruli^s  given  in  art.  154,  we 
have 

i  =:  a*    or    «"•  =  a"* : 
P 

transposing  the  second  meAber  we  obtain 

a?"*  —  a*  =  0. 
The  quantity  a^  —  o"*  is  divisible  by  «  —  a,  and  we  have  by 
the  preceding  article 

af^  —  a"»  =  (x  —  o)  («*-*  +  am?"^ ...,.  +  a"»^»  +  a"^*). 
This  last  result,  which  vanishes  when  a?  =:  a,  is  also  reduced  to 
nothing,  if  we  have 

^»-i  ^  ax«»-* +  tf"^a?  +  o"^»  =  0.     (116); 

and,  consequently,  if  there  exists  a  value  of  x,  which  satisfies  this 
last  equation,  it  will  satisfy  also  the  equation  proposed. 

These  values  have  with  unity  very  simple  relations,  which 
m^y  be  discovered  by  making  a?  =  ay;  then  the  equation 
aj"»  —  II*  =  0  becomes 

<i«  y«  _  fl»  :=:  0,    or    j~  —  1  =  0, 
and  we  obtain  the  values  of  cc,  by  multiplying  those  of  y  by  the 
number  a. 

The  equation  %f*  —  1  =r  0,  gives  in  the  first  place 
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then  by  dividing  y"  —  1  by  y  —  1,  we  have 

3r-*  +  2/"^  +  y'^ +»«+»  +  !. 

Taking  this  quotient  for  one  of  the  members,  and  zero  for  the 
other,  we  form  the  equation  on  which  the  other  values  of  y  de- 
pend ;  and  these  values  will,  in  the  same  manner,  satisfy  the 
equation 

y"» —  1  =  0,  or  y*  zi:  1, 
that  isi,  their  power  of  the  degree  m  will  be  unity. 

Hence  we  infer  the  fact,  singular  at  first  view,  that  unity  may 
have  manj  roots  beside  itself.  These  roots,  though  imaginary, 
are  still  of  frequent  use  in  analysis.  I  can,  however,  exhibit 
here  only  those  of  the  four  first  degrees,  as  it  is  only  for  these 
degrees,  that  we  can  resolve,  by  preceding  observations,  the 
equation 

»— *  +  JT"' +  1=0, 

firom  which  they  are  derived. 

1.  Liet  m  =  2,  we  have 

y«  —  1  =  0, 
whence  we  obtain 

y  =  +  l,    y  =  -l, 

2.  By  making  m  =:  3,  we  have 

»*  —  1  =  0, 
whence  we  deduce 

y  =  », 

then  y*  +  »  +  1  =  0* 

This  last  equation  being  resolved,  gives 

»  = 2 1    y  = 2 ' 

thus  we  have  for  this  degree  the  three  roots 

—  1  +  V — 3               —  1  ~V^^ 
y=1,       y  =  - ,       y= . 

The  last  two  are  imaginary ;  but  if  we  take  the  cube,  forming 
that  of  the  numerator,  by  the  rule  given  in  art.  34,  and  observing 
that  the  square  of  v'^ITS  being  —  3,  its  cube  is  —  3  \/^S,  we 
still  find  y*  ::=.  1,  in  the  same  manner  as  when  we  employ  the 
rooty  =  1. 

3.  Taking  m  =  4,  we  have 

»•  —  1  =  Oi 
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from  which  we  deduce 

then  y^+y'+y  +  ^—o. 

We  are  not,  at  present,  furnished  with  the  means  of  resolving 
this  equation  ;  but  observing  that 

,      y'  —  I  =V  +  0  (y*  —  Oi 

we  have  successively 

y«  —  1  =  0,    y»  +  1  =  0, 
whence 

y  =  +  h  »  =  — 1,   y  =  +  v^^=~i,   y  =  — v"=n. 

Two  of  these  values  only  are  real ;  and  the  other  two  imaginary. 

This  multiplicity  of  roots  of  unify  is  agreeable  to  a  general 
law  of  equations,  according  to  which  any  unknown  quantity  ad- 
mits of  as  many  values,  as  there  are  units  in  the  exponent  denot- 
ing the  degree  of  the  equation,  by  which  this  unknown  quantity 
is  determined ;  and  when  the  question  does  not  admit  of  so  many 
real  solutions,  the  number  is  completed  by  purely  algebraic  sym- 
bols, which  being  subjected  to  the  operations,  that  are  indicated, 
verify  the  equation. 

Hence  it  follows,  that  there  are  two  kinds  of  expressions  or 
values  for  the  roots  of  numbers ;  the  first,  which  we  shall  term 
the  arithmetical  determination^  is  the  number  which  is  found  by 
the  methods  explained  in  art.  154,  and  which  answers  to  each 
particular  case ;  the  second  comprehends  negative  values  and 
imaginary  expressions,  which  we  shall  designate  by  the  term 
algebraic  determinations^  because  they  consist  merely  in  the  com- 
bination of  algebraic  signs. 

Of  Equations  which  may  be  resolved  in  the  same  manner  as  those  of 
the  Second  Degree. 

160.  These  are  equations,  which  contain  only  two  different 
powers  of  the  unknown  quantity,  the  exponent  of  one  of  which  is 
double  that  of  the  other.    Their  general  formula  is 

a^  +  />  a:*  =  9, 
p  and  q  being  known  quantities. 

Now  if  we  take  af^  for  the  unknown  quantity,  and  make 
x^  =  u,  we  have 

whence 

u9  -f  ;)u  =  g, 


BquaHimB  tokh  iimo  Tertns.  167 


tt  =  — i/i±  Vff  +  JP«     (109); 
restoring  a*  in  the  place  of  ti,  we  have 

an  equation  consisting  of  two  terms,  since  the  expression 

—  iP^Vq+TP^ 

as  it  implies  only  known  operations,  to  be  performed  on  given 
quantities,  must  be  regarded  as  representing  known  quantities. 
Designating  the  two  values  of  this  expression  by  a  and  af^  we 
have 

X*  =  a  and  o^  =  a', 
from  which  we  obtain 

m  __  m 

X  =  y^a   and  x  =  \/af» 
If  the  exponent  m  be  even,  instead  of  the  two  values  given 
above,  we  shall  have  four,  since  each  radical  expression  may 
take  the  sigit  ^  $  then 

••-.  "*_ 

a?  =  -f\a,  x  =  +  vaS 

m  m  ^ 

X  =  —  V  a?  *  ^=  "^  V<*S 

and  these  four  values  will  be  real,  if  the  quantities  a  and  a'  are 
positive. 

All  the  values  of  x  may  be  comprehended  under  one  formula, 
by  indicating  directly  the  root  of  the  two  members  of  the  equa- 
tion 


which  gives 

m  . 

X  =  V—  Ip  =*=  Vq  +  TF' 

The  following  question  produces  an  equation  of  this  kind. 
161.  To  resolve  the  number  6  into  two  such  factors,  that  the  sum 
^J  their  cubes  shall  be  35* 

Let  X  be  one  of  these  factors,  the  other  will  be  - ;  then  taking 

2l6 
the  sum  of  their  cubes  x^  and  — ^,  we  have  the  equation 

which  may  be  reduced  to 

x»  +  216  =  35x^ 
or  X*  —  36«'  =  —  216. 


r> 


If  we  consider  «*  as  the  unknown  quantity^  w«  obtoio,  by  the 
rule  given  for  equations  of  the  second  degree,, 

x»  =  y  d;:  V(y)«_2ie* 

By  going  through  the  numerical  calculations)  wbiol^  «ffe  m^ 
cated,  we  find 

and  consequently, 

a?»  =  V  +  y  =  V  =  27, 

«»  =  V  —  V  =  V  =  «> 
whence 

3 

0?  =  vB  =  2. 
The  first  value  gives  for  the  second  factm*  |  or  %  while  the 
second  value  presents  f  or  3 ;  we  have,  therefor^  in  the  one 
case  3  and  2  for  the  factors  sought,  and  in  the  other  2  and  3. 
These  two  solutions  differ  only  in  the  order  of  the  factors  of  the 
given  number  6. 

163.  The  equations,  we  have  been  considering,  are  also  com* 
prehended  under  the  general  law  given  in  art.  159;  for  the* 

values  of  v  a>  V^  ^^^  ^®  ^^  multiplied  by  the  roots  of  unity  be- 
longing to  the  degree  denoted  by  the  exponent  m. 
Applying  what  has  been  said  to  the  equation, 
x^  —  S5x^  =  —  216, 
we  find  the  six  following  roots ; 

a?  =  1  X  3,  a?  =  1  X  2, 

^  =  — f^ —  X  3,  «  =  — :p— .  X  % 
—  1  —  v^z^  —  1  —  vZTa 

X  = 2 X  3,     0?  = ^ X  2, 

#f  which  the  first  two  only  are  real. 

Calculus  of  Radical  Exprtssums* 

163.  The  great  number  of  cases,  in  which  no  exact  root  can 
be  found,  and  the  length  of  the  operation  necessary  for  obtain- 
ing it  by  approximation,  have  led  algebraists  to  endeavour  to 
perform  immediately  upon  the  quantities  subjected  to  the  radical 
sign,   the  fundamental  operations,  intended  to  be  performed 
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upon  their  roots.  In  this  way  we  simplify  the  expression  as 
much  as  possible,  and  leave  the  extracting  of  the  root,  which  ii^ 
a  more  complicated  process,  to  be  performed  last,  when  the 
quantities  are  reduced  to  the  most  simple  state,  which  the  nature 
of  Che  question  will  allow. 

The  addition  and  subtraction  of  dissimilar  radical  quantities 
eas  take  place  only  by  means  of  the  signs  +  and  — •  For  ez- 
ampie,  the  sums 

and  the  differences 

can  be  expressed  only  under  their  present  form. 
The  same  cannot  be  said  of  the  expression 


4  a  ^26  +  \^16  a'  6  —  ^  V  2  a«  6, 

because  the  radical  quantities  of  which  it  is  composed,  become 
similar,  when  they  are  reduced  to  their  more  simple  forms,  ac- 
cording to  the  method  explained  in  art.  130.     First,  we  have 


V^l§4|3  6  z=  ^8  a3  .  2  6  or     24i  v^2  6 

3 s a. 

^2a^h.  =  ^a^  .2b  or     a' j^2h; 
the  quantity,  therefore,  becomes 

aa 
which  gives,  when  reduced, 

6  a  V2« ^  v2 5    or     (€  a  —  5  0  j  V26. 

164.  With  respect  to  other  operations  the  calculus  of  radical 
quantities  depends  upon  the  pnnciple  ah*eady  referred  to,  name- 
ly ;  thai  a  product^  consisting  of  several  factors^  is  raised  to  any 
power  by  raising  each  of  the  factors  to  this  power.  So  also,  by 
suppressing  the  radical  sign,  prefixed  to  a  quantity,  we  raise 
this  quantity  to  the  power  denoted  by  the  exponent  of  this  sign. 

^  —     . 
For  example,  \/a  raised  to  the  seventh  power,  is  a  simply,  since 

this  operation,  being  the  reverse  of  that  which  is  indicated  by 

7 

the  aign  \/^^  merely  restores  the  quantity  a  to  its  original  state. 

According  to  the  principles  here  laid  down,  if,  for  example,  ia 
the  expression 

Alg.  22 
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7  _  7    __ 

we  suppress  the  radical  signs,  the  result  ab  will  be  the  seventh 
power  of  the  above  product ;  and  taking  the  seventh  root,  we 
find 

7   _  ^  _  ^   

This  reasoning,  which  may  be  applied  to  all  similar  cases,  shows, 
that  in  order  to  mulUply  two  radical  txprtssiona  of  the  same  degree 
together^  we  must  take  the  product  of  the  quantities  under  the  radical 
sign^  observing  to  place  it  under  a  s^  of  the  same  degru. 
We  have  by  this  rule 

S\/Tab^  X  7v'5a'6c  =  21  VlOa*6*c  = 
21  a*  6*  ^Toc ; 


4  Va'  —b^X  Va*  +  6»  =  4  V(«*  — *')  («*  +  **)  = 


s 


2  flft  —  flSfte         fl«  63  ca  -}-  6^  ca 


5 

=4 


flg  6^  c«        2  a«  —  &• 


since 


a*  —  6*  =  (a«  +  ft«)  (a«  —  i«). 

7_ 

165.  As  the  seventh  power  of  the  expression  -7 — ^  for  example, 

a 
b' 

^hat 

T 


is  ^,  it  will  be  seen,  by  taking  the  seventh  root  of  this  last  result. 


p-'>- 


%/E      Sb 

Hence  to  divide  a  radical  quantity  by  another  of  the  same  degree^ 
we  must  take  the  quotient  arising  from  the  division  of  the  quantities 
under  the  radkal  sign,  recollecting  io  place  it  under  a  sign  of  ihe 
same  degree. 
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We  find  by  this  rule,  that 

\/6ab  \6ab  w- 

Vo*  —  **  |o»  — 6»  _ 

f    

;  =      0^  _        g* 

166.  It  follows  from  the  rule,  given  in  art.  164,  for  the  multi- 
plicaUon  of  radical  quantities  of  the  same  degree,  that  to  raise  a 
radical  quantity  to  any  power  whatever^  we  have  only  to  raise  to  this 
power  the  quantity  under  the  radical  sign^  observing  that  the  result 

must  take  the  same  sign ;  thus  to  raise  va6,  for  example,  to  the 
third  power  is  to  take  the  product 

5    S  5 

\/ab  X  s/ab  X  \/ab^ 
and  as  the  radical  signs  are  all  of  the  same  degree,  the  quantities 
to  which  they  belong,  are  to  be  multiplied  together,  and  the  rad- 
ical sign  to  be  prefixed  to  the  product,  which  gives 

f 

In  the  same  manner  \/a<  63  raised  to  the  fourth  power,  gives 

T 

Vo*  6>*  9  which  may  be  reduced  to 

7     

abj^ab^j 
by  resolving  «•  J' ^  into  a'^b'^  X  «6*»  and  taking  the  root  of  the 
factor  a^  b''  (130). 

It  may  be  observed,  that  when  the  exponent  belonging  to  the 
radical  sign  is  divisible  by  that  of  the  power  to  which  the  proposed 
quantity  is  to  be  raised^  the  operation  is  performed  by  dividing  the 
first  exponent  by  the  second.     For  example, 

f  -V        '  - 

because  |  =  3. 

Indeed  v^  denotes  a  quantity,  which  is  six  times  a  factor  in  a, 
s_ 
and  the  quantity  Va,  which  is  obtained  by  dividing  6  by  2,  being 

only  three  times  a  factor  in  a,  is  consequently  equivalent  to  the 

product  of  two  of  the  first  factors^  and  is  therefore  the  second 

power  of  one  of  these  factors,  or  of  v*- 


/ 
/ 
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The  same  reasoning  may  be  applied  to  all  similar  cases,  as  in 
the  following  example ; 

167.  If  we  reverse  the  methods  given  in  the  preceding  article, 
we  shall  be  furnished  with  rules  for  extracting  the  roots  of  radi- 
cal quantities. 

We  perceive,  by  attending  to  the  rule  first  stated,  that  if  the 
exponents  of  the  qfiantities  under  the  radical  sign  are  divisible  by 
that  of  the  root  required^  the  operation  may  be  performed  as  if  there 
were  no  radical  sign^  only  it  is  to  he  observed^  that  the  result  must  be 
placed  under  the  original  sign. 

We  find,  for  example,  that 

S  8  

4  S    

Vvfl*  b^  =  Vv  a*  6»  =  J^ab'. 

From  the  second  rule  given  in  the  preceding  article,  it  is 
evident,  that  the  general  method  for  finding  the  root  of  radical 
quantities^  is  to  multiply  the  exponent  belonging  to  the  radical  sign 
by  that  of  the  root^  which  is  to  be  extracted* 

By  this  last  rule,  we  find,  that 

JTZ       " • 

^\/^a^  =  ^a*y 

In  fact,  Va«^  is  a  quantity,  which  is  five  times  a  factor  in  a« 

8 

(24,  129);  but  the  cube  root  of  va«,  being  also  three  times  a 

factor  in  this  last  quantity,  is  found  5X3  times  or  15  times  a 

s   

\/a4  =  Va^*  ^^  ^b®  same  man- 

f3~2       w 

ner  it  might  be  shown,  that  S\/a*  =  \/a* . 

168.  Since  by  multiplying  the  exponent  of  a  quantity  under  a 
radical  sign,  by  any  number  (166),  we  raise  the  root  which  is 
indicated,  to  the  power  denoted  by  this  number,  and  by  multi- 
plying also  the  exponent  belonging  to  the  radical  s^n,  by  the 
same  number  (167),  we  obtain  for  the  result  a  root  of  a  degree 
equal  to  that  fi(  the  power  which  was  before  formed,  it  is  evi- 
dent, that  this  second  operation  reduces  the  proposed  quantity 
back  to  its  original  state* 
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The  expression,  v'a^,  for  example,  may  be  changed  into  va*  >i 
by  multiplying  the  exponents  5  and  3  by  7  ;  for  multiplying  the 
exponent  of  a'  by  7,  we  have,  making  use  of  the  radical  sign, 

VaJTi,  the  seventh  power  of  the  proposed  radical  quantity,  and 
multiplying  by  7  the  exponent  5  belonging  to  the  radical  sign  in 

5 

the  expression  v  aa  i ,  we  obtain  the  seventh  root  of  the  former 
result ;  this  last  process,  therefore,  restores  tbe  expression  to  its 
original  value. 

169.  By  this  double  operation,  we  reduce  to  the  same  degree  any 
number  of  radical  quantities  of  different  degrees^  by  multiplying^  at 
the  same  time^  the  exponent  hclonging  to  each  radical  sign^  and  those 
of  the  quantities  under  this  sign^  by  the  product  of  the  exponents 
belonging  to  all  the  other  radical  signs.  That  the  new  exponents, 
which  are  thus  found  for  the  radical  signs,  are  the  same,  is  obvi- 
ous at  once,  since  they  arise  from  the  product  of  all  the  expo- 
nents belonging  to  the  original  radical  signs ;  and  after  what  has 
been  said  above,  it  is  evident  that  the  value  of  each  radical 
quantity  is  the  same  as  before. 

By  this  rule  we  transform 


V^a'  6»     and    \/c*  d^y 

3S  35 


mto  V«*****     a"d    v^c*»d>». 

In  the  same  manner  the  three  quantities 


V«^S     V«*«%     ^b^c^ 
become  respectively 

lOf  105  105 


Va'**'S     V«*^«''i     V^6««c*«. 
If  we  meet  with  numbers,  under  the  radical  signs,  we  shall  be 
led,  in  applying  this  rule,  to  raise  them  to  the  power  denoted  by 
the  product  of  the  exponents  belonging  to  the  other  radical  signs. 

170.  In  tbe  same  way,  we  may  place  under  a  radical  sign  a 
factor  which  is  without  one^  by  ralsir^  it  to  the  power  denoted  by  the 

exponent  which  accompanies  this  sign» 
Wc  may  change,  for  example, 

5   3  _  ^  3 

a-  into  v/aio,  and  2  a  v'6  i^^o  \/9a9b* 

171.  After  having,  by  the  transformation  explained  above, 
reduced  any  radical  quantities  whatever,  to  the  same  degree,  we 
may  apply  to  them  the  rules,  given  in  articles  164  and  165,  for 
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the  multiplication  and  division  of  radical  quantities  of  the  same 
degree* 
Let  there  be  the  general  expressions 

**— -         "  ..... 

we  change  (169) 

» • 


into  V^a*^  6»f ,        y^6"w  c^  y 

Aen  by  the  rule  given  in  art.  164,  we  have 


for  the  product  of  the  proposed  radical  quantities.    . 
We  have  also  by  the  rule,  art.  165, 


l^P  J«9— «ir 


Remarks  on  some  peculiar  cases^  which  occur  in  the   Calculus  of 
Radical  Quantities. 


^>r       11 


172.  The  rules  to  which  we  have  reduced  the  calculus  of 
t^   radical  quantities,  may  be  applied  without  difficulty,  when  the 
^quantities  employed  are  real-     But  they  might  lead  the  learner 
into  error  with  regard  to  imaginary  quantities,  if  they  are  not 
accompanied  with  some  remarks  upon  the  properties  of  equa- 
tions with  two  terms. 

For  example,  the  rule  laid  down  in  art.  164,  gives  directly 

V^^  X  s/'^^  =  V— aX— a  =  V"S"; 
and  if  we  take  +  a  for  viT^  we  evidently  come  to  an  erroneous 
result,  for  the  product  v^^  X  V^^?  being  the  square  of  v^^^ 
must  be  obtained  by  suppressmg  the  radical  sign,  and  is  there- 
fore equal  to  —  a. 

B^zout  has  obviated  this  difficulty,  by  observing,  that  when 
we  do  not  know  by  what  method  the  square  a*  has  been  formed, 
we  must  assign  for  its  root  both  +  a  and  —  a ;  but  when,  by 
means  of  steps  already  taken,  we  know  which  of  these  two  quan- 
tities multiplied  by  itself  produced  a',  we  are  not  allowed,  in 


CakutUs  of  Radical  Expressions.  175 

going  back  to  the  root,  to  take  the  other  quantity.  This  is  evi- 
dently the  case  with  respect  to  the  expression  \/^ri  x  \/^^ ; 
here  we  know,  that  the  quantity  a',  contained  under  the  radical 
sign  in  the  expression  \/ir,  arises  from  —  a  multiplied  by  —  a ; 
the  ambiguity,  therefore,  is  prevented,  and  it  will  be  readily 
seen,  that  in  taking  the  root,  we  are  limited  to  —  a. 

The  difficulty  above  mentioned  would  present  itself  in  regard 
to  the  product  \/«  X  \/o»  if  we  were  not  led,  by  the  circum- 
stance of  there  being  no  negative  sign  in  the  expression,  to  take 
immediately  the  positive  value  of  Va^«  ^^  ^bis  case,  since  a' 
arises  from  -|-  a  multiplied  by  4-  ^9  its  root  must  necessarily  be 
+  «. 

There  can  be  no  doubt  with  respect  to  examples  of  the  kind 
we  have  been  considering ;  but  there  are  cases,  which  can  be 
clearly  explained  only  by  attending  to  the  properties  of  equa- 
tions with  two  terms. 

173.  If,  for  example,  it  were  required  to  find  the  product 

Va  \/—  1 ;  reducing  the  second  of  these  radical  expressions  to 
the  same  degree  with  the  first  (169),  we  have 

4  4^ 4  4    ^__^  4 

V^  X  \/i—iy  =  \/a  X  \/+T  =  x/of 
a  result  which  is  real,   although  it  appears  evident,  that  the 

4  _  ^  

quantity  \/a  multiplied  by  the  imaginary  quantity  V—  t,  ought 

to  give  an  imaginary  product.    It  must  not  be  supposed,  howev- 

4  _ 
er,  that  the  expression  va  ^  in  all  respects  false,  but  only  that 

it  IS  to  be  taken  in  a  very  peculiar  sense. 

4__ 

In  fact,  \/a^  considered  algebraically,  being  the  expression  for 

the  unknown  quantity  a?,  in  the  equation  with  two  terms, 

a?*  —  a  =  0, 

admits  of  four  difierent  values  (159) ;  for  if  we  make  a  =  «*,  by 

4 
taking  a  to  represent  the  numerical  value  of  v^a,  considered 

independently  of  its  sign,  or  the  arithmetical  determination  of 

this  quantity,  we  have  the  four  values 

aX+1,       aX—  1,       a  X  +  \/^=l,       «  X  —  V^^f? 
the  third  of  which  is  precisely  the  product  proposed. 

By  a  little  attention,  it  will  be  readily  perceived,  whence  the 
ambiguity  of  which  we  have  been  speaking,  arises.  The  second 
power  -|-  1  of  the  quantity  —  1  under  the  radical  sign,  as  it  may 
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arise  as  well  from  +1  X  +  ^9  ^®  ^^^^^  —  ^  X  -—  I9  causes  the 

quantity  y"!  to  have  two  values,  which  are  not  found  in  \/_  u 

In  general,  the  process  by  which  the  product  \/m  X  v6  is 
formed,  is  reduced  to  that  of  raising  this  product  to  the  power 
fnn\  for  if  we  represent  it  by  r,  that  is,  if  we  make 

V  a   X   Vft  =  2^1 

ly  raising  the  two  members  of  this  equation,  first  to  the  power 

nl,  wc  have 

ft 

again,  raising  it  to  the  power  n,  we  obtain 
a"  6"*  =  2*". 
This  product,  therefore,  being  determined  only  by  means  of 
its  power  of  the  degree  m  n,  or  by  an  equation  of  this  degree 
with  two  terms,  must  have  mn  values  (159).    This  will  be  per- 

ceived  at  once,  if  we  reflect  that  the  expressions  v«  and  v** 
being  nothing  but  the  values  of  the  unknown  quantities  x  and  y^ 
in  the  equations  with  two  terms, 

x^  —  ^  =  0,    y*  —  6  =  0, 
and,  consequently,  admitting  of  m  and  of  n  determinations,  we 
have,  by  uniting  the  several  m  determinations  of  «?,  with  the 
several  n  determinations  of  y,  mn  determinations  of  the  product 
required. 

When  we  are  employed  upon  real  quantities,  there  is  no  diffi- 
culty in  finding  the  values,  because  the  number  of  those,  that  are 
real,  is  never  more  than  two  (167),  which  differ  only  in  the  sign. 

174.  If  we  use  the  transformation  explained  in  art.  159,  the 
difficulty  will  be  confined  to  the  roots  of  -[-  1  and  —  1  ;  for  if  we 
make  X  =  a  <  and  y  =1  pu^cc  and  P  denoting  the  numerical  values 

m        ft 

of  Vtt)  V^  considered  without  regard  to  the  sign,  the  equations 
«"•  qp  tf  =  0,  y«l  qp  t  =  0, 

become 

r   q:  1  =  0,  li"  qp  1  =  0, 

whence 

m     ft  fti     A     

scyzn  x/^a  X  v^±6  =zaptu  =  ap  ^ dt  1  X  %/=*=  i; 

m_    ft__ 

in  which  a  ?  represents  the  product  of  the  numbers  Voi  Vb,  or  th6 
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arithmetical  determination  ci  the  root  of  the  degree  m  n  of  the 
nomber  a*  6*. 
If  we  would  give  a  determinate  value  to  the  product  of  the 


radical  quantities  Vdb  a,  ^dz  6,  by  fixing  the  degree  of  the 
radical  signs,  we  must  obtain  from  the  equations 
i«  ip  1  =  0,     14*  qp  1  =  0, 


the  several  expressions  for  \/dt  i,  y^db  1,  and  combine  them  in 
a  suitable  manner. 

To  conclude,  these  operations  are  not  often  required,  except 
in  some  very  simple  cases,  of  which  the  following  are  the  prin« 
cipal ; 

1.  v^^  X  V^-b  =  \/a  X  s/b  (^"111  X  \r^ ; 

I  suppress  the  radical  sign  in  the  expression  \/irT,  and  obtain 
x/"^^  X  V  — 6  =  \/a5  X  —  1  =  —  V o^- 

2.  x^'H^  X  V^^  =  V*^  (v"^^* ; 

I  do  not  here  multiply  —  1  by  — .  I,  because  this  would  lead  to 
the  ambiguity  mentioned  in  art.  173;  but  observing,  that  the 
square  of  the  fourth  root  is  simply  the  square  root,  we  have 

4 4 4  

V— a  X  V— ft  =  \/ab  X  V— !• 

«   «  0 6  Q  $ 

3.  V— «  X  V-ft  =  Vab  X  (v/-l)*  =  Vi^  X  V^^ 

0 6  

=  X/ab  X  —  1  =  —  \/ab* 

The  results  will  be  thus  found  to  be  alternately  real  and  imagi- 
nary. 

Calculus  of  Fractional  Exponents. 

175.  If  we  substitute  in  the  place  of  the  radical  signs,  their 
corresponding  fractional  exponents  (132),  and  apply  immediately 
the  rules  for  the  exponents,  we  shall  obtain  the  same  results,  as 
those  furnished  by  the  methods  employed  in  the  calculus  of 
radical  quantities. 

If  we  transform,  for  example. 


^a^h*9  j^a^c^9 
into 

a*  6^  a*  c^ 

we  have 

Alg.  23 
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Vo^  X  V«^  =  o^  6*  X  a}c^  = 
fli  +  lfti  ^  =  a^  6*  c*; 
then,  since  f  =  1  +  J,  and,  consequently, 

^^  =  0}-^^  =  ay.a^     (25), 

and  a^  6^  c'  is  equivalent  to  ^ah^  c« ,  we  have 


a  result  which  is  not  oulj  exact,  but  is  reduced  to  its  most  sim- 
ple form. 

m  « 

Let  there  be  the  general  example  ^o^  Ifi  X  ^hr  (f  ;  the  rad- 
ical expressions  here  employed  may  be  transformed  into 

t    1       L   L 

we  then  have,  according  to  the  rules  for  exponents,  (25), 

i.   1        L  L        t  2.  +  »'  £. 
0^  6»  X  6»  c«  =  a"»  6*    «  c»  • 

Now  in  order  to  add  the  fractions  -^,  -,  we  must  reduce  them  to 

m  ft 

the  same  denominator ;  and  to  give  uniformity  to  the  results,  we 
must  do  the  sao 
by  this  means, 

and  placing  this  result  under  the  radical  sign,  We  have 


must  do  the  same  with  respect  to  the  fractions  — *  ~ ;  we  obtain. 


176.  The  manner  of  performing  division  is  equally  simple,  we 
have  for  example 


j^a*c        o*c^       a^^^c^ 


(38), 


which  may  be  reduced  to 


9 
5 


o^  c* 
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this  placed  under  the  radical  sign  becomes 

« f 

We  have  in  general, 

• p   t        I  1 £ 

Vfl^6g  _  o~  b"  _  o"  6*       * 


reducing  the  fractional  exponents  to  the  same  denominator,  in 
order  to  perform  the  subtraction,  which  is  required,  we  find 

It  is  obvious,  that  the  reduction  of  fractional  exponents  to  the 
same  denominator,  answers  here  to  the  reduction  of  radical  ex- 
pressions to  the  same  degree,  and  leads  to  precisely  the  sam^ 
results  (171). 

177.  It  is  also  very  evident,  by  the  rule  given  in  art.  127,  that 

/•»  \»       /  ^\«        ^      »  

Wff  )  =  \(r)  =  a"».  =  Vfl'^j 
and  by  the  rule  laid  down  in  art.  139,  that 


The  calculus  of  fractional  exponents  affords  one  of  the  most 
remarkable  examples  of  the  utility  of  signs,  when  well  chosen. 
The  analogy  which  prevails  among  exponents,  both  fractional 
and  entire,  renders  the  rules,  that  are  to  be  followed  with  res- 
pect to  the  latter,  applicable  also  to  the  former ;  but  a  particular 
investigation  is  necessary  in  each  case,  when  we  use  the  sign 
V^',  because  it  has  no  connexion  with  the  operation  that  is  indi- 
cated. The  further  we  advance  in  algebra  the  more  fully  shall 
we  be  convinced  of  the  numerous  advantages,  which  arise  from 
the  notation  by  exponents,  introduced  by  Descartes*  ^^ 

GeneralTTieary  of  EqwUiom.  ^ 

178.  Equations  of  the  first  and  second  degree  are,  properly 
speaking,  the  only  ones,  which  admit  of  a  complete  solution ;  but 
there  are  general  properties  of  equations  of  whatever  degree,  by 
which  we  are  able  to  solve  them,  when  they  are  numerical,  and 
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which  lead  to  many  conclusions,  of  use  in  the  higher  parts  of 
algebra.  These  properties  relate  to  the  particular  form,  which 
every  equation  is  capable  of  assuming. 

An  equation  in  its  most  general  form  must  contain  all  the 
powers  of  the  unknown  quantity,  from  that  of  the  degree  of  the 
equation  to  the  first  degree,  multiplied  each  by  some  known 
quantity,  together  with  one  term  wholly  known. 

A  general  equation  of  the  fifth  degree,  for  example,  contains 
all  the  powers  of  the  unknown  quantity,  from  the  first  to  the  fifth  \ 
and  if  there  are  several  terms  involving  the  same  power  of  the 
unknown  quantity,  we  must  suppose  them  to  be  united  in  one ; 
according  to  the  method  given  for  equations  of  the  second  de- 
gree, art.  108.  Ail  the  terms  of  the  equation  are  then  to  be 
brought  into  one  member,  as  in  the  article  above  referred  to ; 
the  other  member  will  necessarily  be  zero ;  and  when  the  first 
tet;pi  is  negative,  it  is  rendered  positive  by  changing  the  signs  of 
all  the  terms  of  the  equation. 

In  this  way  we  obtain  an  expression  similar  to  the  following ; 
nap*  +  px*  +  qx*  +  ****  -f-  sa?  +  /  =  0, 
in  which  it  is  to  be  observed,  that  the  letters  n,  />,  9,  r,  «,  <,  may 
represent  negative  as  well  as  positive  numbers ;  then  dividing  the 
whole  by  n,  in  order  that  the  first  term  may  have  only  unity  for 
its  coefficient,  and  makmg 

n  n  '       «  '      II  u 

we  have 

x»  -f  Pa?*  -f  Qa?»  +  Rx»  +  Sa?  +  T  =  0. 

In  future,  1  shall  suppose,  that  equations  have  always  been 
prepared  as  above,  and  shall  represent  the  general  equation  of 
any  degree  whatever  by 

a»  +  PaT-^  +  Qaf^.....  +  Tx+  U=:0. 
The  interval  denoted  by  the  points  may  be  filled  up,  when  the 
exponent  n  takes  a  determinate  value. 

Every  quantity  or  expression, .  whether  real  or  imaginary, 
which,  put  in  the  place  of  the  unknown  quantity  a;  in  an  equation 
prepared  as  above,  renders  the  first  member  equal  to  zero,  and 
which  consequently  satisfies  the  question,  is  called  the  root  of  the 
proposed  eqiuition;  but  as  the  inquiry  does  not  at  present  relate  to 
powers,  this  acceptation  of  the  term  root  is  more  general,  than 
that,  in  which  it  has  hitherto  been  used  (90, 129). 
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179«  Take  a  ^position  analogous  to  those  given  in  articles 
116  and  159,  and  one  which  may  be  regarded  as  fimdamental* 
If  the  root  of  any  equation  whatever^ 

x«  +  P  X— *  +  Q  X-* +  T  X  +  U  =  0, 

he  represented  by  a,  the  first  member  of  this  equation  may  be  exactly 
£vided  by  X  —  a. 
Indeed,  since  a  is  one  value  of  x,  we  have,  necessarily, 

«•  -|.  Pa""-^  +  Qa»-* +  Ta+  U  =iO, 

and,  consequently,     • 

U  =  —  a''  —  Pa'^^—Qa'^ —  To, 

so  that  the  equation  proposed  is  precisely  the  same  as 

«»  +P:c—»  +  Qaj^ +  Txl  _^ 

^a'^—Pa'^'  —  Qa'^ —  Tal  -  "' 

which  may  be  reduced  to 

+  T{x-a)i-^' 

As  the  quantities 

ai*  —  a«,  a;*~*  —  €^\  x*^  —  a*^, x  —  a, 

are  each  divisible  by  a?  ^-  a  (158),  it  is  evident,  that  the  first 
member  of  the  proposed  equation  is  made  up  of  terms,  all  of 
which  are  divisible  by  this  quantity,  and  may  consequently  be 
divided  by  x  —  a,  as  the  enunciation  of  the  proposition  requires.* 


*  D'Alembert  has  proved  the  same  proposition  in  the  following^ 
manner. 

If  we  conceive  the  first  member  of  the  proposed  equation  to  be 
divided  by  x  —  a,  and  the  operation  continued  until  all  the  terms 
iDTolving  X  are  exhausted,  the  remainder,  if  there  be  any,  cannot 
contain  x.  if  we  represent  this  remaiader  by  i2,  and  the  quotient 
to  which  we  arrive  by  Q,  we  have  necessarily 

x«  +  P  x«^» -I-  &c.  =  Q  (x  —  a)  +  /2. 

Now  if  we  substitute  a  in  the  place  of  x,  the  first  member  is  reduced 
to  nothing,  since  a  is  the  value  of  x ;  the  term  Q  (x  —  a)  is  also 
nothing,  because  the  factor  x  —  a  becomes  zero ;  we  must,  there- 
fore, have  72  =:  0,  and  it  is  so,  independently  of  the  substitution  of  a ; 
for,  as  this  remainder  does  not  contain  x,  the  substitution  cannot  take 
place,  and  it  still  preserves  the  value  it  had  before. 

Hence  it  follows,  that  in  every  case,  JR  ==  0,  and  that,  consequently, 
x»  +  Px*-*  +  Qx»-*,  &c. 
IS  exactly  divisible  by  x  —  cr. 
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180.  To  form  the  quotient  we  have  only  t<f  substitute  for  the 
quantities 

a?«  —  a*,  af^^  —  d^S  a?"^  —  o*^, x  —  a, 

the  quotients,  which  are  obtained  by  dividing  these  quantities  by 
X —  a,  and  which  are  respectively 

a*-*  +  aaf^  +  a*  af^ +  &^\ 

or-*  +  a  a^ +  «"^» 

ar^ +  0"^, 

+  1- 
Arranging  the  result  with  reference  to  the  powers  of  x^  we  have 

a—*  +  aaf^  +   a»  x"^ +     d^\ 

+  Pa^^  +  Pax^ +Pa»'^, 

+     C««^ +  Qa*^, 

181.  It  is  evident  from  the  rules  of  division  simply,  that  if  the 
first  member  of  the  equation, 

af^  4-  Paf^i  ^  Qa?—«  +  fee.  =  0, 
be  divided  by  x  —  a,  the  quotient  obtained  will  be  exhibited 
under  the  following  form, 

a?— 1  -I-  Px"^  +  Qaf^  +  &c, 
jP,  Q^y  &c.  representing  known  quantities  different  from  P,  Q,  &c. 
we  have  then 

of"  +  Pn"^^  +  &c.  =  (a?  —  o)  («»-i  +  P'x'^  +  &c.) ; 
and  according  to  what  was  observed  in  art.  116,  the  proposed 
equation  may  be  verified  in  two  ways,  namely,  by  making 
«  —  a  =  0,    or  |a?»-*  +  Fa^  +  &c.  =  0. 
Now  if  the  equation 

a?"-»  +  Faf^  +  &c.  =  0 
has  a  root  b,  its  first  member  will  be  divisible  by  x  —  6 ;  we 
have  then 

a?— 1  -I-  P^a^  4-  &c.  =:{x  —  b)  (x«-*  +  F'x"^  +  fee), 
and,  consequently, 

ac«  +  Paf^^+  &c.  =  {x  —  a)  (a:  —  6)  (^c^+  F'a?*"*  +  &c.); 
the  equation  proposed  may,  therefore,  be  verified  in  three  ways, 
namely,  by  making 

«— a  =  0,  or  9  — fc  =  0,  or  «»-•  +  F'a^  +  &c.  =  0. 
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If  the  last  of  these  equations  has  a  root,  c,  its  first  member  may 
still  be  decomposed  into  two  factors, 

ap_C  «--«  +  P''««-*  +  &c.  =  0; 
we  then  have 

a^  +  Px"-?  +  &c, 
=  (a?  _  a)  (a?  —  b)  {x  —  c)  («»-»  +  P"^ a?^  +  &c.); 
firom  which  it  is  obvious,  that  the  proposed  equation  may  be  veri- 
fied in  four  ways,  namely,  by  making 

»  — a=0,  «— 6  =  0,  x  —  c  =  Ojaf^+P"'af-^+SLC.—  0. 
Pursuing  the  same  reasoning,  we  obtain  successively  factors 
of  the  degrees 

n  —  4,    n  —  5,    n  —  6,  &c. ; 
and  if  each  of  these  factors  being  put  equal  to  zero,  is  susceptible 
of  a  root,  the  first  member  of  the  proposed  equation  is  reduced  to 
the  form 

(x  —  a)  {x  —  I)  {x  —  c){x  —  d)  •  •  •  •  .{x  —  /), 
that  is,  it  is  decomposed  into  as  many  factors  of  the  first  degree, 
as  there  are  units  in  the  exponent,  n,  which  denotes  the  degree  of 
the  equation* 
The  equation 

aj*  +  P3f»^^  +  &c.  =  0, 

may  be  verified  in  n  ways,  namely,  by  making 

X — a  =  0,  or  X  —  6  =  0,  or  x  —  c  =  0,  .or  «  —  d  =  0, 
or  lasdy,  x  —  /  =  0. 

It  is  necessary  to  observe,  that  these  equations  are  to  be  re- 
garded as  true  only  when  taken  one  after  the  other,  and  there 
arise  manifest  contradictions  from  the  supposition,  that  they  are 
true  at  the  same  time.    In  fact,  from  the  equation  x  —  a  =z  Oj 
we  obtain  x  =  a,  while  x  —  6  =  0  gives  ^  =  6,  results,  which 
are  inconsistent,  when  a  and  6  are  unequal  quantities. 
183.  If  the  first  member  of  the  pro()osed  equation, 
x"  +  Px'^\  +&C.  =  0, 
be  decomposed  into  n  factors  of  the  first  degree, 

X  —  0,  X  —  6,  X  —  c,  X  —  d^  ,,m  •  •  •  X  —  Ij 
it  cannnot  be  divided  by  any  other  expression  of  this  degree* 
Indeed,  if  it  were  possible  to  divide  it  by  a  binomial  x  —  a,  dif- 
ferent from  the  former  ones,  we  should  have 

x«  +  Paf^^  +  &c.  =  (x  —  a)  («— ^  +pa^  +  &c.) 
and,  consequently, 
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(op  —  «)  (a  -r-  fc)  («  —  c)  (a?  — .  il) (« -—  0 

=  (a?  —  a)  (x*"*  +  pac^  +  &€•) ; 
now  by  changing  x  into  «,  this  becomes 

(a  —  a)  (a  —  6)  (a  —  c)  (a  —  cJ) («  —  0 

=  («  —  «)  («*^  +/>«•"•  +  &c.) 
The  second  member  vanishes  by  means  of  the  factor  a  —  cr, 
which  is  nothing ;  this  is  not  the  case  with  respect  to  the  first, 
which  is  the  product  of  factors,  all  of  which  are  different  from 
zero,  so  long  as  a  differs  from  the  several  roots  «,  6,  c,  il  •  •  •  (• 
The  supposition  we  have  made  then  is  not  true ;  therefore,  an 
equation  of  any  degru  whatever  does  not  admit  of  more  hinomial 
dioisora  of  the  first  degree^  than  there  are  units  in  the  exponent 
denoting  its  degree^  and  consequently,  cannot  have  a  greater  number 
of  roots.* 

183.  An  equation  regarded  as  the  product  of  a  number  of 
factors, 

X  — —  0,  X  —  6,  X  —  c,  X  —  dj  &c.^ 
equal  to  the  exponent  of  its  degree,  may  take  the  form  of  the 
product  exhibited  in  art*  135,  with  this  modification,  that  the 
terms  will  be  alternately  positive  and  negative. 

If  we  take  four  factors,  for  example,  we  have 

a?*  —  ax^  -|-a6x*— a6c«-j-o6ccl=:Ot 

—  bx^+acx^ — abdx 
-'-^  cx^  '\-  adx*  —  acdx 

—  dx^  -}-6cap"  —  bcdx 

+  bdx^ 
+  cdx* 

The  second  terms  of  the  binomials  x  —  a,  a?  —  i,  «  —  c,  fee 
being  the  roots  of  the  equation,  taken  with  the  contrary  sign, 
the  properties  enumerated  in  art.  135,  and  proved  generally  in 
art.  136,  will,  in  the  present  case,  be  as  follows. 

The  coefficient  of  the  second  term,  taken  with  the  contrary  sign, 
will  he  the  sum  of  the  roots  ; 

The  coefficient  of  the  third  term  will  be  the  sum  of  the  products  of 
the  roots,  taken  two  and  two  ; 

The  coefficxhnt  of  the  fourth  term,  taken  with  the  contrary  sign^ 
will  be  the  sum  of  the  products  of  the  roots,  multiplied  three  and 

*  This  demonstration  is  taken  from  the  Annates  de  Mathhnatiques 
published  by  M.  Gergonne.    See  vol.  iv,  pp.  209,  210,  note,. 
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thrte^  and  so  on,  tlie  signs  of  the  coefficients  of  the  even  terms 
being  changed ; 

The  last  Urm^  subject  also  to  this  law,  will  be  the  product  of  all 
ike  roots* 

Making,  for  example,  the  product  of  the  three  factors 
X  —  5,  «  +  4,  X  +  S, 
equal  to  zero,  we  form  the  equation 

ff»  +  2  ««  —  22  X  —  60  =  0, 
the  roots  of  which  are 

+  5,-4,-3; 

we  have  for  their  sum 

5  —  4  —  3  =  —  2; 

for  the  sum  of  their  products,  taken  two  and  two, 

-f.  5  X— 4  +  5  X— 3  — 4  X  — 3  =  —  20— 15  +  12  =  — 23, 

and  for  the  product  of  the  three  roots, 

-{-5X— 4X— 3  =  60. 
In  this  way  we  form  the  coefficients,  2,  —  23,  —  60^  changing 
the  signs  of  those  for  the  second  and  fourth  terms. 

If  we  make  the  product  pf  the  factors 

X  —  2,  X  —  3,  and  a?  +  5, 
equal  to  zero,  the  equation  thence  arising 

x^  —  \dx  +  30  =  0j 
as  it  has  no  term  involving  x',  the  power  immediately  inferior 
to  that  of  the  first  term,  wants  the  second  term ;  and  the  reason 
is,  that  the  sum  of  the  roots,  which,  taken  with  the  contrary 
sign,  forms  the  coefficient  of  this  term,  is  here 

2  +  3  —  5, 
or  2ero,  or  in  other  words,  the  sum  of  the  positive  roots  is  equal 
to  that  of  the  negative.* 

164.  We  have  proved  (182),  that  an  equation,  considered  as 
arising  from  the  product  of  several  simple  factors,  or  factors  of 
the  first  degree,  can  contain  only  as  many  of  these  factors,  as 
there  are  units  in  the  exponent  n  denoting  the  degree  of  this 
equation ;  but  if  we  combine  these  factors  two  and  two,  we  form 
quantities  of  the  second  degree,  which  will  also  be  factors  of  the 
proposed  equation,  the  number  of  which  will  be  expressed  by 

"-fe^     (140). 

*  See  note  at  the  end  of  this  treatise. 
Alg.  24 
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For  example,  the  first  member  of  the  equation 

«*  —  ax^  -f-afcaf*  — ahcx  '\'  ahcd^szO 

—  i«*  •{-  acx^  —  ahdx 

—  cx^  +  adx^  —  acdx 
'^dx^-\'hcx*  —bcdx 

+  bdx* 

being  the  product  of 

(a?—  a)  X  (x  —  h)  X  {x  —  c)  X  («  —  A 
may  be  decomposed  into  factors  of  the  second  degree,  in  the  sir 
folloviring  ways; 

{x  —  a){x  —  h)  X  (j?  —  c)  («  —  d) 
{x  —  a)  {x  —  c)X  {x  —i)  (x  —  d) 
{x  —  a)  {x  —  d)  X  {x  —  b)  (x  —  c) 
(x  —  b)  (x—  c)  X  {x  —  a){x  —  d) 
(x  —  b)  (x  —  d)  xix  —  a){x  —  c) 
{x  —  c)  {x  —  d)  X  (a?  —  a)  {x—  b)\ 
whence  it  appears,  that  an  equation  of  the  fourth  degree  may 
have  six  divisors  of  the  second. 

By  combining  the  simple  factors  three  and  three,  we /form 
quantities  of  the  third  degree  for  divisors  of  the  proposed  equa- 
tion I  for  an  equation  of  the  degree  n  the  number  wiU  be 
n(n— l)(n~2). 
1.2.3        * 
and  so  on. 

Of  Elimination  among  Equations  excesding  (he  First  Degree. 

185.  The  rule  given  m  art.  78,  or  the  method  pointed  out  in 
art.  84,  is  sufficient,  in  all  cases,  for  eliminating  in  two  equations 
an  unknown  quantity,  which  does  not  exceed  the  first  degree, 
whatever  may  be  the  degree  of  the  others ;  and  the  rule  of  art* 
78,  is  applicable,  even  when  the  unknown  quantity  is  of  the  first 
degree  in  only  one  of  the  proposed  equations. 
If  we  have,  for  example,  the  equations 

-aa?*  +  bxy  +  cy*  =  m*, 
x»  +  xy  =  n«, 
taking,  in  the  second,  the  value  of  y,  which  will  be 

n«  — z». 
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and  substituting  this  value  and  its  square,  in  the  place  of  y  and 
jf*  in  the  first  equation,  we  obtain  a  result  involving  only  x. 

186.  If  both  of  the  proposed  equations  involved  the  second 
power  of  each  of  the  two  unknown  quantities,  the  above  method 
could  be  applied  in  resolving  only  one  of  the  equations,  either 
with  respect  to  x  or  y. 

Jjet  there  be,  for  example,  the  equations 

ax'  4"  ^^y  +  ^y*  =  'w'l 

the  second  gives 

y  =  db  Vn«  —  x«  ; 
Substituting  this  value  of  y,  and  its  square  in  the  first,  we  obtain 
ax*  db  bx  Vit^  —  x»  +  €  {n*  —  x*)  =  m^. 

Our  purpose  appears  to  be  answered,  since  we  have  arrived  at 
a  result,  which  does  not  involve  the  unknown  quantity  y,  but  we 
are  unable  to  resolve  the  equation  containing  a?,  without  reducing 
it  to  a  rational  form,  by  making  the  radical  sign,  under  which 
the  unknown  quantity  is  found,  to  disappear. 

It  will  be  readily  seen,  that  if  this  radical  expression  stood 
alone  in  one  member,  we  might  make  the  radical  sign  to  disap- 
pear by  raising  this  member  to  a  square.  Collecting  together 
all  the  rational  terms  then  in  one  member,  by  transposing  the 
terms  dthx  Vn*  —  x*  and  m*,  we  have 


ax*  +  c(n*  —  «*)  —  m«  =  q=  6 dp  Vn   — x*  ; 
taking  the  square  of  each  member,  we  form  the  equation 

which  contains  no  radical  expression. 

The  method,  we  have  just  employed  for  making  the  radical 
sign  to  disappear,  deserves  attention,  on  account  of  the  frequent 
occasion  we  have  to  apply  it ;  it  consists  in  insulating  the  quantity 
found  utkder  the  radical  sign^  and  then  reusing  the  two  members  of 
the  proposed  equation  to  the  poroer  denoted  by  the  degne  of  this  sign* 

187.  The  complicated  nature  of  this  process,  which  increases 
in  proportion  to  the  number  of  radical  expressions,  added  to  the 
difficulty  of  resolving  one  of  the  proposed  equations  with  refer- 
ence to  one  of  the  unknown  quantities,  a  difficulty,  which  is  often 
insurmountable  in  the  present  state  of  algebra,  has  led  those,  who 
have  cultivated  this  science,  to  seek  a  method  of  eficcting  the 
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elimination  without  this;  so  that  the  resolution  of  the  equations 
shall  be  the  last  of  the  operations  required  for  the  solution  of  the 
problem. 

In  order  to  render  the  operation  more  simple,  we  reduce  equa. 
tions  with  two  unknown  quantities  to  the  form  of  equations  with 
only  orfe,  by  presenting  only  that,  which  we  wish  to  eliminate. 
If  we  have,  for  example, 

X*  -{-  axy  -f-  6j?  =  cy*  ^  c{y  ^  e, 
we  bring  all  the  terms  into  one  member,  and  arrange  them  with 
reference  to  x ;  the  equation  then  becomes 

«*  +{fiy  +  b)x  —  cy^  —dy  —  t=:Oi 
abridging  this,  by  making 

ay+b=zP,    —cy'—dy  —  e=zQj 
we  have 

««  +  Pa?  +  Q  =  0. 
The  general  equation  of  the  degree  m  with  two  unknown 
quantities  must  contain  all  the  powers  of  x  and  y,  which  do  not 
exceed  this  degree,  as  well  as  those  products,  in  which  the  sum 
of  the  exponents  of  x  and  y  does  not  exceed  m ;  this  equation 
then  may  be  represented  thus ; 
^+{a+lyy^'M^+dy+ey^)j^^+{f+gy+hy»  +ky^)af^ 

+ip+9y+ry*  •  •  •  +«jr"')^+P'+9'y+»^»' ...  +t/y-=0. 

No  coefficient  is  assigned  to  a?"*  in  this  equation,  because  we 
may  always,  by  division,  free  any  term  of  an  equation  we  please, 
from  the  number,  by  which  it  is  multiplied.    Now  if  we  make 
a  +  hy-P,    c+dy+ey'=Q,  f+gy+hy»+ky^=R, 

p  +  qy....  +  uy^'=T,j/  +  ify....+v'jr=^U, 
the  above  equation  takes  the  following  form, 

a^  +  Pa^^  +  Qx'^  +  Raf^ +  Tx+  t7  =  0. 

188.  It  should  be  observed,  that  we  may  immediately  elimi- 
nate X  in  the  two  equations  of  the  second  degree, 

X*  +  Px  +  Q=iO,    a?«  +  Jpj?-|-Q'  =  0, 

by  subtracting  the  second  from  the  first.     This  operation  gives 

{P  —  F)x  +  Q  —  Q^=zO, 

Q—  Of  ' 
whence  x  = pZLTp* ' 

substituting  this  value  in  one  of  the  two  proposed  equations,  (he 
first  for  example,  we  find 
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(Q_<y)>       P(Q-<y) 
(P  — F)«  F  — P'      ^^         ' 

making  the  deDominators  to  disappear,  we  have 

then  developing  the  two  last  terms,  and  making  the  reduction 

{Q  —  Q^y  +{P  —  P')iPQ'  —  QP)z=0. 
We  have  then  only  to  substitute  for  P,  Q,  P',  and  C  the  partic- 
ular values,  which  answer  to  the  case  under  consideration. 

189.  Before  proceeding  further,  I  shall  show,  how  we  may 
determine,  whether  the  value  of  any  one  of  the  unknown  quanti- 
ties satisfies  at  the  same  time  the  two  equations  proposed.  In 
order  to  make  this  more  clear,  I  shall  take  a  particfular  example ; 
the  reasoning  employed  will,  however,  be  of  a  general  nature. 

Let  there  be  the  equations 

•      x^  +  3a?«y  +  Sxy»  —  98  =  0 (1), 

x«  +  4  xy   —  2y«     —10  =  0 (2), 

which  we  shall  suppose  furnished  by  a  question,  that  gives  i/  =:  3. 

In  order  to  verify  this  supposition,  we  must  substitute  3  in  the 
place  of  y,  in  the  proposed  equation ;  we  have  then 

a?»  +  9  x«  +  27  a;  —  98  =  0 (a), 

a?=  +  12a;  —  28  =  0 (b), 

equations,  which  must  present  the  same  value  of  x,  if  that,  which 
has  been  assigned  to  y,  be  correct.  If  the  value  of  x  be  repre- 
sented by  a,  the  equation  (a)  and  the  equation  (b)  will,  accord- 
ing to  what  has  been  proved  in  art.  179,  both  of  them  be  divisi- 
ble by  0?  —  a ;  they  must,  thereforc,  have  a  common  divisor,  of 
which  X  —  a  forms  a  part ;  and  in  fact,  we  find  for  this  common 
divisor  x  —  2  (48) ;  we  have  therefore  a=z2.  Thus  the  value 
y  =  3  fulfils  the  conditions  of  the  question,  and  corresponds  to 
X  =  2. 

If  there  remained  any  doubt,  whether  or  not  the  common  divi- 
sor of  the  equations  (a)  and  (b)  must  give  the  value  of  a?,  we 
might  remove  it,  by  observing,  that  these  equations  reduce  them- 
selves to 

{x^  +  11  X  +  49)  (x  —  2)  =  0, 
(x+14)(x  — 2)  =  0, 
from  which  it  is  evident,  that  they  are  verified  by  putting  2  in 
the  place  of  x. 

190.  The  method  I  have  just  explained,  for  finding  the  value 
of  X,  when  that  of  y  is  known,  may  be  employed  immediately  ip 
the  elimination  of  x. 
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Indeed,  if  we  take  the  equations  (1)  and  (3),  and  go  through 
the  process  necessary  for  determining  whether  they  have  a  com- 
mon divisor  involving  a;,  instead  of  finding  one,  we  arrive  at  a 
remainder,  which  contains  only  the  unknown  quantity  y  and 
numbers,  that  are  given ;  and  it  is  evident,  that  if  we  put  in  the 
place  of  y  its  value  3,  this  remainder  will  vanish,  since  by  the 
same  substitution,  the  equations  (1)  and  (2),  become  the  equations 
(a)  and  (b),  which  have  a  common  divisor.  Forming  an  equa* 
ti9n,  therefore,  by  taking  this  remainder  and  zero  for  the  two 
members,  we  express  the  condition,  which  the  values  of  y  must 
fulfil,  in  order  that  the  two  given  equations  may  admit,  at  the 
same  time,  of  the  same  value  for  x. 

I'he  adjoining  table  presents  the  several  steps  of  the  operation 
relative  to  the  equations, 

a?^  +  3^»  y  +  3  X  t/«  —  98  1=  0, 
X*  +  4xy   —  2y«      —  10  =  0, 
on  which  we  have  been  employed  in  the  preceding  article.    We 
find  for  the  last  divisor, 

(9y«  +  I0)x— 2y»  — lOy— 98; 
and  the  remainder,  being  taken  equal  to  zero,  gives 
43  y*  +  545  y*  —  1960 1/»  +  750  y«  —  2940  y  —  4302  =  0, 
an  equation,  which  admits,  besides  the  value  i/  =  3  given  above, 
of  all  the  other  values  of  y,  of  which  the  question  proposed  15 
susceptible. 

The  remainder  above  mentioned  being  destroyed,  that  preced- 
ing the  last  becomes  the  common  divisor  of  the  equations  pro- 
posed ;  and  being  put  into  an  equation,  gives  the  value  of  x  when 
that  of  y  is  introduced.  Knowing,  for  example,  that  i/  =  3,  we 
substitute  this  value  in  the  quantity 

(9y»  +  10)^7  — 2y'  —  10y  — 98; 
then  taking  the  result  for  one  member,  and  zero  for  the  other, 
we  have  the  equation  of  the  first  degree 

91a? — 182  =  0,    or    x  =  2. 

191.  The  operation  to  which  the  above  equations  have  been 
subjected,  furnishes  occasion  for  several  important  remarks. 
First,  it  may  happen  that  the  value  of  y  reduces  the  remainder 
preceding  the  last  to  nothing;  in  this  case,  the  next  higher 
remainder,  or  that  which  involves  the  second  power  of  x,  be- 
comes the  common  divisor  of  the  two  proposed  equations.  Intro- 
ducing then  into  thiS  the  value  of  y,  and  putting  it  equal  to  zero, 
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we  have  an  equation  of  the  second  degree,  involving  only  Xj  the 
two  values  of  which  will  correspond  to  the  known  value  of  y. 
If  this  value  still  reduce  to  nothing  the  remainder  of  the  second 
degree,  we  must  go  back  to  the  preceding,  or  that  into  which 
the  third  power  of  x  enters,  because  this,  in  the  case  under  con- 
sideration, becomes  the  common  divisor  of  the  two  proposed 
equations ;  and  the  value  of  y  will  correspond  to  the  three  values 
of  0?*  In  general,  we  must  go  back  until  we  arrive  at  a  remain- 
der, which  is  not  destroyed  by  substituting  the  value  ofy. 

It  may  sometimes  happen,  that  there  is  no  remabder,  or  that 
the  remamder  contains  only  known  quantities. 

In  the  first  case,  the  two  equations  have  a  common  divisor 
independently  of  any  determination  of  y ;  they  assume  then  the 
following  form, 

PX  D^O,  QxD  =  0, 
D  being  the  common  divisor.  It  is  evident,  that  we  satbfy  both 
the  equations  at  the  same  time,  by  making  in  the  first  place 
I>  =  0 ;  and  this  equation  will  enable  us  to  determine  one  of  the 
unknown  quantities  by  means  of  the  other,  when  the  factor  D 
contains  both ;  but  if  it  contains  only  given  quantities  and  «,  this 
unknown  quantity  will  be  determinate,  and  the  other  will  remain 
wholly  indeterminate.  With  respect  to  the  factors,  which  do 
not  contain  x,  they  ^re  found  by  what  is  laid  down  in  art.  50. 

Next,  if  we  make  at  the  same  time 

P  =  0,    Q  =  0, 
we  have  still  two  equations,  which  will  furnish  solutionis  of  the 
question  proposed. 

Let  there  be,  for  example, 

(a  a?  +  6  y  —  c)  (mo?  +  ny  —  d)  =:  0, 
(a' a?  +  l/y  —  (/){mx  +  ny  —  d)  =  0; 
by  supposing,  first,  the  second  factor,  common  to  the  two  equa- 
tions, to  be  nothing,  we  have  with  respect  to  the  unknown  quan- 
tities X  and  y  only  the  equation 

mx  -}-  »*y  —  d  =  0, 
and  in  this  view  the  question  will  be  indeterminate ;  but  if  we 
suppress  this  factor,  we  are  furnished  with  the  equations 

aa?  +  6y  —  «  =  0,    afx  +  Vy  —  </  =  0, 
or  ax  +  by=c^     afx  +  b'y=:&\ 

and  in  this  case  the  question  will  be  determinate,  since  we  have 
as  many  equations  as  unknown  quantities. 
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Wben  the  remainder  contains  only  given  quantities,  the  two 
jirofiosed  equations  are  contradictory ;  for  the  common  divisor) 
by  which  it  is  shown  that  they  may  both  be  true  at  the  same 
tfane,  cannot  exist,  except  by  a  condition  which  can  never  be 
fblfilled/'^^  This  case  corresponds  to  that  mentioned  in  art.  68, 
relative  to  equations  of  the  first  degree.* 

192.  If  then  we  have  any  two  equations, 

«»  +  Px^^  +  Qx*-*  +  /?x"^ +  Tx  +  17  =  0, 

a»  +  Px— »  +  Q'a?*-*  +  iZ'i— » +  Px  +  Z'  =  0, 

where  the  second  unknown  quantity,  y^  is  involved  in  the  coeffi- 
cients, P,  Q,  &c.  P,  Q',  &c.  in  seeliing  the  greatest  common 
divisor  of  their  first  members,  we  resolve  them  into  other  more 
nmple  expressions,  or  come  to  a  remainder  independent  of  Xj 
which  must  be  made  equal  to  zero. 

This  remainder  will  form  the  Jinal  equation  of  the  question 
proposed,  if  it  does  not  contain  factoid  foreign  to  this  question  ; 
but  it  very  often  begins  with  polynomials  involving  y,  by  which 
the  highest  power  of  a?,  in  the  several  quantities,  that  have  been 
successively  employed  as  divisors,  is  multiplied,  and  we  arrive 
at  a  result  more  complicated  than  that  which  is  sought  should 
be.  In  ordier  to  avoid  being  led  into  error  with  respect  to  the 
values  of  y  arising  from  these  factors,  the  idea,  which  first  pre- 
sents itself,  is,  to  substitute  immediately  in  the  equations  propos- 
ed each  of  the  values  furnished  by  the  equation  involving  y 
only ;  for  all  the  values,  which  give  a  common  divisor  to  these 
equations,  necessarily  belong  to  the  question,  and  the  others  must 
be  excluded.  It  will  be  perceived  also,  that  the  final  equation  will 

•  It  will  be  readily  perceived,  by  what  precedes,  that  the  problem 
for  obtaining  the  final  equation  from  two  equations  with  two  unknown 
quantities,  is,  in  general,  determinate ;  but  the  same  final  equation 
answers  to  an  infinite  Variety  of  systems  of  equations  with  two  un- 
known quantities.  Reversing  the  process,  by  which  the  greatest 
common  divisor  of  two  quantities  i^  obtained,  we  may  form  these 
systems  at  pleasure ;  but  as  this  inquiry  relates  to  what  would  be  of 
little  use  in  the  elementary  parts  of  mathematics,  and  would  lead  me 
into  tedious  details,  I  shall  not  pursue  it  here.  Researches  of  this 
Batare  must  be  left  to  the  sagacity  of  the  intelligent  reader,  who 
will  not  fail,  as  occasion  offers,  of  arriving  at  a  satisfactory  result. 
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and  this  value  of  x  will  be  known,  or  at  least  will  be  expressed 

by  means  of  ^,  if  we  substitute  {or  p  its  value  deduced  from  the 

equations  of  the  first  degree,  formed  above. 

This  expression  assumes,  in  general,  a  fractional  form,  so  that 

M 
we  have  x  =  ^,  or  JVa?  —  M=zO]  and  it  may  be  seen  in  this 

case,  that  the  values  of  y,  which  would  cause  M  and  JV  to  vanish 
at  the  same  time,  would  verify  the  preceding  equation  inde- 
pendently of  17 ;  this  takes  place  in  consequence  of  the  fact,  that 
by  means  of  these  values,  the  proposed  equations  would  acquire 
a  common  factor  of  a  degree  above  the  first.  It  would  not  be 
difficult  10  go  back  to  the  immediate  conditions  in  which  this 
circumstance  is  implied;  but  the  limits  I  have  prescribed  to 
myself  in  the  present  treatise  do  not  permit  me  to  enter  into  de- 
tails of  this  kind. 

194.  Now  let  there  be  the  equations 

co^  +  Px  +  Q=zO,    x^  +  Fx  +  0"  =zO; 
the  factors,  by  which  x —  a  is  multiplied,  will  be  here  of  the 
first  degree,  or  a?  -f-  P  and  x  -{-  j/  simply  ;  in  this  case, 

i?  z=  0,  i?'  =  0,  S'  =  0,  J  =  0,  9^  =  0,  r'  =  0, 
and  we  have 

p+j/  =P'+p  }    i  p—j/  =p-.p' 

Q  +  Pp'  =  0^  -i-Fp}  or  ^P'p  —  Ppf  =  Q—Q^ 
Qpf=Q'p  )       (Q'p  —  Qp'=0. 

From  the  first  two  equations  we  obtain 

_  {P-P')P-(Q-Q') 
P—  p—p  ' 

y—  p  —  p' 

Substituting  these  values  in  the  third,  we  have 
{P^P')Q'P—{Q  —  Q^Q^  =  {P-P')FQ—iQ  —  Q^q 
or  (P-i>')(PQ'_QP)  +  CQ  — e)'=0. 

Now  if  in  the  equation 

x=p  —  P; 
we  put,  in  the  place  of  ;>,  its  value  found  above,  we  have 

Q— <y 
*  —  F^Tf- 

195.  In  order  to  aid  the  learner,  I  shall  indicate  t}ie  oper^ations: 
necessary  for  eliminating  x  in  the  two  equations 

x^-^-Px^  +  Qx  +  R^zO,    x^+Fx^  +Q'x  +  R'=zO. 


Equatum$  estcteiing  ike  First  Degru»  1 9? 

In  this  case,  we  have 

S'  =  0,     r'  —  O    (193), 
and  are  furnished  with  these  five  equations ; 

P+P"    =P'    +P. 

e  +  ^/  +  9'  =0'  +P'p  +  9^ 

R  +  Q^+P<^  =  R'  +Q!p  +  P'q. 

R<jf=R'q, 
which  may  take  the  following  form, 

P-I^  =P-P'. 
Fp  —  Pf/+  q  —  q^  =Q  —  Q!, 
Qp  —  Qj/  +  Fq  —  Pq'=R  —  R', 

R'P  —  Rf^  +  Q!q  —  Q^=o, 

Rq—R(f  =  Q. 
We  may,  by  the  rules  given  in  art.  88,  obtain  immediately 
firom  any  four  of  these  equations,  the  values  of  the  unknown 
quantities  p, //,  q  and  9^;  but  the  simple  form,  under  which  the 
first  and  the  last  of  the  equations  are  presented,  enables  us  to 
arrive  at  the  result,  by  a  more  expeditious  method.  In  order  to 
abridge  the  expressions,  wc  make 

P  — /^  =  e,    Q^q  =  tf,    R  —  R'zzLd's 
and  proceed  to  deduce  from  the  first  and  last  of  the  proposed 
equations, 

lf=f-t,     q[^-^\ 

then  substituting  these  values  in  the  three  others,  and  making 
the  denominator  R  to  disappear,  we  have 

(T*  —  P)  jRp  +  (^    —    iZ')  9  =  ^  («'  —  ^e)  •  •  •  (a), 
(Q'  _  Q)  Rp+(RP'^PR')q  =  R  (e"—  Qe)  .  .  .  (b), 

(B'  —  R)Rp+  {RQ  —  QR')q  =  —  R'e (c). 

If  now  we  obtain,  from  the  equations  (a)  and  (b),  the  values  ofp 

and  q  (88),  and  suppress  the  factor  R,  which  will  be  common  to 

the  numerators  and  the  denominator,  we  have 

_  («'  —  P«)  («P'  —  PR')  —  (fl  —  R')  (e>'  —Qe) 

^"~(P'  — F)    {RP' —  PR') —  {r  —  R'){Q!  —  Q)  ' 

_  {P'  —  P)  (e"  —  Qe)R  —  R{e'  —  Pe)  (Q'  —  Q) 

^~Ip'  —  P)  [iVP'  —  PR')—  (R  —  R')   {Q!  —  Q)    ' 

putting  these  values  in  the  equation  (c),  wc  obtain  a  final  equa- 

tion,  divisible  bj  R,  and  which  may  be  reduced  to 
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(R'  —  R)  [{c'  —Pc)  {RF  —  PR')  —  (i? — R')  (e"  —  Qe)] 
+  (/{  rj' —  Q/?')  [(/"  -  P)  (e"  —  Q  «)  —  (e' — />  f)  (C  -  <2)] 

=  -Re[{P'-P)  {RP'  -  PR')  -  (ft  — i?')  (<;)'  _  O] ; 
it  only  remains  then  to  substitute  for  the  letters  c,  c',  c'',  the  quan- 
tities thty  represent. 

IDG.  If  we  have  the  three  unknown  quantities  x,  y,  and  z,  and 
nre  furnished  with  an  equal  number  of  equations,  distinguisued 
lij  (1),  (2)  and  (3);  in  order  to  determine  these  unknown  quan- 
tities, we  may  combine,  for  exariiple,  the  equation  (1)  with  (2)  and 
with  (3),  to  eliminate  a?,  and  then  exterminate  y  from  the  two  re- 
suU.s,  which  arc  obtained.  But  it  must  be  observed,  that  by  this 
successive  eliminaiion^the  three  proposed  equations  do  not  concur, 
in  the  same  manner,  to  form  the  final  equation;  the  equation  (1) 
is  cmi)loycd  twice,  while  (2)  and  (3)  are  employed  only  once ; 
hence  the  result,  to  which  we  arrive,  contains  a  factor  foreign  to 
the  question  (84).  Bezout,  in. his  Tli6orie  des  Equations^  has 
made  use  of  a  method,  which  is  not  subject  to  this  inconvenience, 
and  by  which  he  proves,  that  the  degree  of  the  final  equatiwi^  re- 
suliing  from  the  elimination  among  any  number  whatever  of  com- 
plete equations^  containing  an  equal  number  of  unknown  quantities^ 
and  quantities  of  any  degrees  whatever^  is  equal  to  the  product  of  the 
exponents^  which  denote  the  degree  of  these  equations.  M.  Poisson, 
has  given  a  demonstration  of  the  same  proposition  more  direct 
and  shorter  than  that  of  Bezout;  but  the  preliminary  informa- 
tion, which  it  requires,  will  not  permit  me  to  explain  it  here ;  it 
will  be  found  in  the  Supplement.  At  present,  I  shall  observe  sim- 
ply, that  it  is  easy  to  verify  this  proposition  in  the  case  of  the 
final  equations  presented  in  articles  194  and  195.  If  we  suppose 
the  proposed  equations  given  in  those  articles  to  be  complete,  the 
unknown  qnasitity  y  enters  of  the  first  degree  into  P  and  P\  of 
the  secorid  degree  into  Q  and  Q',  of  the  third  into  R  and  R' ; 
hence  it  foUo^v?,  that  e  will  be  of  the  first  degree,  tf  of  the  second, 
and  c''  of  the  third,  and  that  the  terms  of  the  highest  degree  found 
in  the  products  indicated  in  the  final  equation  given  in  art.  194, 
will  have  4,  or  2  .  2,  for  an  exponent,  and  those  of  the  final 
equation,  art,  195,  will  have  9  or  3  .  3. 
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Of  Commensurable  Roots^  and  the  equal  Roots  of  Numerical 
Equations. 

197.  Having  made  known  the  most  important  properties  of 
algebraic  equations,  and  explained  the  method  of  eliminating  the 
unknown  quantities,  when  several  occur,  I  shall  proceed  to  the 
numerical  resolution  of  equations  with  only  one  unknown  quan- 
tity, that  is,  to  the  finding  of  their  roots,  when  their  coefficients 
are  expressed  by  numbers.* 

I  shall  begin  by  showing,  that  when  the  proposed  equation  has 
only  whole  numbers  for  its  coefficients^  and  that  of  its  first  term  is 
unt/y,  its  real  roots  cannot  be  expressed  by  fractions ^  and  consequently 
can  be  only  whole  numbers^  or  numbers^  that  are  incommensurable^ 

In  order  to  prove  this,  let  there  be  the  equation 

x«  +  Px*-^  +  Qa?—* ^  Tx  +  U  =0, 

in  which  we  substitute  for  x  an  irreducible  fraction  - ;  the  cqiia- 

lion  then  becomes 

h  +  pU+'^h- +  Ti^u  =  o;      ; 

reducing  all  the  terms  to  the  same  denominator,  we  have 

fl»  +  Pa— *6  +  Qd^*b» .  . -f  ra6"-^  +  f/t*  =  0, 

which  is  equivalent  to 

«•  +  6  (P  a«-»  +  Q  a»"*6 +  Ta  i*"*  +  C7ft«-  )  =  0. 

The  first  member  of  this  last  equation  consists  of  two  entire 
parts,  one  of  which  is  divisible  by  6,  and  the  other  is  not  (98), 

since  it  is  supposed,  that  the  fraction  -  is  reduced  to  its  most  sim- 
ple form,  or  that  a  and  6  have  no  common  divisor ;  one  of  these 
parts  cannot  therefore  destroy  the  other. 

198.  After  what  has  been  said,  we  shall  perceive  the  utility 
of  making  the  fractions  of  an  equation  to  disappear,  or  of  render- 
ing its  coefficients  entire  numbers,  in  such  a  manner,  however, 

*  There  is  no  general  solution  for  degrees  higher  than  the  fourth ; 
properly  speaking,  it  is  only  that  for  the  second  degree,  which  can 
be  regarded  as  complete.  The  expressions  for  the  roots  of  equa- 
tions of  the  third  and  fourth  degree  are  very  complicated,  subject  to 
exceptions,  and  less  convenient  in  practice  than  those,  which  I  am 
about  to  give ;  I  shall  resume  the  subject  in  the  Supplement. 
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that  the  first  term  may  have  odIj  unity  for  its  coefficient.  This 
is  done  by  making  iht  unknown  quantity  proposed^  equal  to  a  new 
unknonm  quantity  divided  by  the  product  of  all  the  denominators  of 
ike  equation^  then  reducing  all  the  terms  to  the  same  denominator, 
by  the  method  given  in  art.  52. 
Let  there  be,  for  example,  the  equation 

'      in  n        jp 

we  take  x  =  -^,  and  introducing  this  expression  for  x  into  the 
proposed  equation,  we  obtain 

— i^—  +  -?i^  +     ^y     +  -  =  0- 
^3„3|,3    I    m^n'^ p^    '    mn^p       p  ' 

as  the  divisor  of  the  first  term  contains  all  the  factors  found  in 
the  other  divisors,  we  may  multiply  by  this  divisor  and  thus  re- 
duce each  term  to  its  most  simple  expression  ;  we  find  then 
y^  -{-  anpy^  -{-  hm^  np^  y  +  cm^n^p'  =0. 

If  the  denominators,  m,  n,  jd,  have  common  divisors,  it  is  only 
necessary  to  divide  y  by  the  least  number,  which  can  be  divided 
at  the  same  time  by  all  the  denominators.  As  these  methods  of 
simplifying  expressions  will  be  readily  perceived,  I  shall  not 
stop  to  explain  them  ;  I  shall  observe  only,  that  if  all  the  denom- 
inators were  equal  to  m,  it  would  be  sufficient  to  make  a?  =  ?-. 

The  proposed  equation,  which  would  be  in  this  case, 

m  mm 


m^  ^    m^    ^  m^  ^  m  ' 


then  becomes 

and  we  have 

y^  +  <»y*  +  ^^y  -{-  m^  c  =z  0. 
It  is  evident,  that  the  above  operation  amounts  to  multiplying 
all  the  roots  of  the  proposed  equations  by  the  number  m,  since 

y    • 

a?  =  ~  gives  y  =z  mx. 
ffi 

199.  Now  since,  if  a  be  the  root  of  the  equation 

X*  +  P  »»"*  +  Qa?«-'  ....  +  Tx  +  U=0, 

we  have 

J7=:_a»  — Pa'^i-.Qa*-' —  Ta  (179), 
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it  follows,  that  a  is  necessarily  one  of  the  divisors  of  the  entire 
namber  U^  and  consequently,  when  this  number  has  but  few  divi- 
sors, we  have  only  to  substitute  them,  successively  in  the  place 
of  J7,  in  the  proposed  equation,  in  order  to  determine,  whether  or 
not  this  equation  has  any  root  among  whole  numbers. 
If  we  have,  for  ejcample,  the  equation 

4P3_6a?«  +  27  a?  — 38  =  0, 
as  the  numbers 

1,  2,  19,  38, 
are  the  only  divisors  of  the  number  38,  we  make  trial  of  these, 
both  in  their  positive  and  negative  state ;  and  we  find,  that  the 
whole  number  4*  ^  only  satisfies  the  proposed  equation,  or  that 
X  =  2.  We  then  divide  the  proposed  equation  by  x  —  2 ;  put- 
ting the  quotient  equal  to  zero,  we  form  the  equation 

X*  —4x  +  \9  =2  0, 
the  roots  of  which  are  imaginary ;  and  resolving  this,  we  find 
that  the  proposed  equation  has  three  roots, 

a?  =  2,    a?  =  2  +  V— 15,    a?  =  2  —  V—  is. 
200.  The  method  just  explained,  for  finding  the  entire  number, 
which  satisfies  an  equation,  becomes  impracticable,  when  the 
last  term  of  this  equation  has  a  great  number  of  divisors ;  but  the 
equation, 

I7  =  — a«  — Pa«-*  —  Qa"-«  ...  .  —  Ta, 
furnishes  new  conditions,  by  means  of  which  the  operation  may 
be  very  much  abridged.     In  order  to  make  the  process  more 
plain,  I  shall  take,  as  an  example,  the  equation 

aj4  -|.  Px»  +  Qx^  +  Rx  +  S=zO. 
The  root  beuig  constantly  represented  by  a,  we  have 
a4  -I-  Po»  +  Qa«  +  Ra  +  S  =:0, 
S  =  —Ra  —  Qa^-^Pa^  —  a*, 

from  which  we  obtain 

S 


a 


=  —  R—Qa—Pa^—a^. 


'*  S 
It  is  evident  from  this  last  equation,  that  -  must  be  a  whole  num- 
ber. 
Bringing  R  into  the  first  member,  we  have 

?  +  Rz=:  —  Qa  —  Pa*^a^', 
.a 
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S 
abridging  the  expression  by  making  -  +/?  =  /?',  and  dividing 

the  tveo  members  of  the  equation 

R  :=:  —  Qa  —  Pa*  —  tf » 

by  a,  we  have 

R' 

a 

R' 
whence  we  conclude,  that  —  must  also  be  a  whole  number. 

a 

R' 
Transposing  Q,  and  making h  Q  =  Qfi  ^^^  dividing  the 

two  members  by  a,  we  obtain 

whence  we  infer,  that  —  must  be  a  whole  number. 


a 


Qf 

Lastly,  bringing  P  into  the  first  member,  making 1-  P  =  P', 


and  dividing  by  a,  we  have 


a 


Putting  together  the  above  mentioned  conditions,  we  shall  per- 
ceive that  the  number  a  will  be  the  root  of  the  proposed  equa- 
tion, if  it  satisfy  the  equations 

R' 

0 

in  such  a  manner,  as  to  make  R'^  Qf^  and  P'  whole  numbers. 

Hence  it  follows,  that  in  order  to  determbe,  whether  one  of' 
the  divisors  a  of  the  last  term  S  can  be  a  root  of  the  proposed 
equation,  we  roust, 

1st.  Divide  the  last  term  by  the  ditUor  a,  and  add  to  the  quotimt 
ihe  coefficient  of  the  term  involving  x  ; 

Sd.  Divide  this  sum  by  the  divisor  a,  and  add  to  the  quoiient  the 
coefficient  of  the  term  involving  x*  ; 

3d.  Divide  this  sum  by  the  divisor  a,  and  add  to  the  quotiesU  the     • 
coefficieni  of  the  term  involving  x^  ; 
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4th.  Divide  this  sum  by  the  divisor  a,  and  add  to  the  quotient' 
unity f  or  the  coefficient  of  the  term  involving  x*  ;  the  result  will 
become  equal  to  zeroj  t/a  if,  in  fact^  the  root. 

The  rules  given  above  are  applicable,  whatever  be  the  degree 
of  the  equation ;  it  must  be  observed,  however,  that  the  result 
will  not  become  equal  to  zero,  until  we  arrive  at  the  first  term 
of  the  proposed  equation.* 

301.  In  applying  these  rules  to  a  numerical  example,  we  may  ^ 
conduct  the  operation  in  such  a  manner  as  to  introduce  the  sev- 
•ral  trials  with  all  the  divisors  of  the  last  term,  at  the  same  time. 
«    For  the  equation 

X*  —  9a:»  +  23a?»  —  20*  +  15  =:  0, 
the  operation  is,  as  follows ; 

+  15,  +    5,  +    3,  +    1,  —    1,  —    3,  —    5,  —  15, 
+     1,  +    3,  +    5,  +  15,  —15,  —    5,  —    3,  —    1, 
—  19,  —  17,  —  15,  —    5,  —  35,  —  25,  ~  23,  —  21, 
_    5,  —    5,  +  35, 
+  18,  +18,  +58, 
+    6,  +18,-58, 

-  3,  +    9,-67, 

—  1,  +    9,  +  67, 
0. 

All  the  divisors  of  the  last  term  15  are  arranged^  in  the  order 
of  magnitude,  both  with  the  sign  +  and  — ,  and  placed  in  the 
same  line ;  this  is  the  line  occupied  by  the  divisors  a. 

The  second  line  contains  the  quotients  arising  from  the  num- 
ber 15,  divided  successively  by  all  its  divisors;  this  is  the  line 

for  the  quantities  -. 
The  third  line  is  formed  by  adding  to  the  numbers  found  in  the 

*  It  would  not  be  difficult  to  prove  by  means  of  the  formula  for  the 

S  R'  O* 
quotients  given  in  art  180,  that  the  quantities  — ,  — ,  —^  taken  with 

a     a    a 

the  contnry  sign,  and  with  the  order  inverted,  are  the  coefficients 

of  the  quotient  arising  from  the  polynomial 

X*  +  Px9  +  Q»>  +Rx  +  S 

divided  by  x  — ^  a,  and  which  is,  consequently, 

ar3  —  ^  af«  —  —  x . 

a  a  a 
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preceding  the  coefficieDt  —  20,  by  which  x  is  multiplied ;  this  is 

the  line  for  the  quantities  R^  =z  — |-  jR. 

The  fourth  line  contains  the  quotients  of  the  several  numbers 
in  the  preceding,  divided  by  the  corresponding  divisors ;  this  is 

R 

the  line  for  the  quantities  — •    In  forming  this  line,  we  neglect  all 

the  numbers,  which  are  not  entire. 

The  fifth  line  results  from  the  numbers,  written  in  the  preced- 
ing, added  to  the  number  23,  by  which  x*  is  multiplied  f  this 
line  contains  the  quantities  ^. 

The  sixth  line  contains  the  quotients  arising  from  the  numbers 
in  the  preceding,  divided  by  the  corresponding  divisors ;  it  com- 
prehends the  quantities—. 

The  seventh  line  comprehends  the  several  sums  of  the  num- 
bers in  the  preceding,  added  to  the  coefficient  —  9,  by  which  x^ 

is  multiplied ;  in  this  line  are  found  the  quantities 1-  P. 

Lastly,  the  eighth  line  is  formed,  by  dividing  the  several  num- 
bers in  the  preceding  by  the  corresponding  divisors ;  it  is  the 

line  for  — .    As  we  find  —  1  only  in  the  column,  at  the  head  of 

which  +  3  stands,  we  conclude,  that  the  proposed  equation  has 
only  one  commensurable  root,  namely,  +  3 ;  it  is,  therefore,  divi- 
sible by  a?  —  3.* 

The  divisors  +  1  and  —  1  may  be  omitted  in  the  table,  as  it 
is  easier  to  make  trial  of  them,  by  substituting  them  immediately 
in  the  proposed  equation. 

202.  Again,  let  there  be,  for  example, 

a?'  —  7a?«  +  36  ==  0. 

Having  ascertained,  that  the  numbers  -|-  1  and  —  1  do  not 
satisfy  this  equation,  we  form  the  table  subjoined,  according  to 
the  preceding  rules,  observing  that,  as  the  term  involving  x  is 
wanting  in  this  equation,  x  must  be  regarded  as  having  0  for  a 
coefficient ;  we  must,  therefore,  suppress  the  third  line,  and  de- 
duce the  fourth  immediately  from  the  second. 


*  Formiog  the  quotient  accordiogr  to  the  preceding  note,  we  find 
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+  a^+U,+  l«,  +  9,  +  ^+4,+   3,+    «,-  t,-   3,-4,-fl,-«,-W,- 18,-36 
+   1,+  %+   3,  +  ^  +  ^  +  0,  +  li,+  l«,-18,-U,-«,-fl,-^-    3,-   a,-   1 

+  1,  +  4,  +  9,  +  9,  +  4,  +  1, 
_  6,  —  3,  +  2,  +  2,  —  3,  —  6, 
—  1,-1,  _  1,  +  1,  +  1, 

0,       0,  0. 

We  find  in  this  example  three  numbers,  which  fulfil  all  the 
conditions,  namely,  +  6,-1-3,  and  —  2.  Thus  we  obtain,  at  the 
same  time,  the  three  roots,  which  the  proposed  equation  admits 
of;  we  conclude  then,  that  it  is  the  product  of  three  simple  fac- 
tors, «  —  6,  X  —  3,  and  a?  -f-  2. 

203.  It  may  be  observed,  that  there  are  literal  equations, 
which  may  by  transformed,  at  once,  into  numerical  ones. 

If  we  have,  for  example, 

y3    ^  2py3  _  33p3  y  +   14^3   =  0, 

making  y  =  ;)a?,  we  obtain 

p^  x^  +  2p»x«  —  SSp^x  +  Up*  =  0, 
a  result,  which  is  divisible  by  p^^  and  may  be  reduced  to 
a?3  ^  2jp«  _  sSx  -f-  14  =  0. 
As  the  commensurable  divisor  5f  this  last  equation  is  x  +  7j 
which  gives  a?  =  —  7,  we  have 

The  equation  involving  y  is  among  those  which  are  called 
honu^eneous  equations^  because  taken  inde})endently  of  the  nu- 
merical coefficients,  the  several  terms  contain  the  same  number 
of  factors.* 

204.  When  we  have  determined  one  of  the  roots  of  an  equa- 
tion, we  may  take  for  an  unknown  quantity  the  difference  be- 
tween this  root  and  any  one  of  the  others ;  by  this  means  wc 
arrive  at  an  equation  of  a  degree  inferior  to  that  of  the  equation 
proposed,  and  which  presents  several  remarkable  properties. 

Let  there  be  the  general  equation 

af  +  Px"^"^  +  ^s^'^  +  Rsf^ +  Tx  +  U  =  0, 

and  let  a,  6,  r,  d,  &c.  be  its  roots ;  substituting  a  -|-  y  in  the  place 
of  :r,  and  developing  the  powers,  we  have 

*  For  a  more  fall  account  of  the  commeruurable  divisors  of  equa- 
tions, the  reader  is  referred  to  the  third  part  of  the  Elfynens  cT  Algi- 
bre  of  Clairant.  This  geometer  has  treated  of  literal  as  well  as 
namerical  equations. 


206  EUmmIt  ofAlgAra. 


>=0. 


+  [/  3 

The  first  column  of  this  result,  being  similar  to  the  proposed 
equation,  vanishes  of  itself,  since  a  is  one  of  the  roots  of  this 
equation ;  we  may,  therefore,  suppress  this  column,  and  divide 
all  the  remaining  terms  by  y  \  the  equation  then  becomes 

-f-T' 

This  equation  has  evidently  for  its  m  —  1  roots 

y  =  6  —  a^y  z=,  c  —  a,  y  =  d  —  a &c. 

I  shall  represent  it  by 

•^  +  l^  +  2j3'* +ir-«  =  o...:...(<0, 

abridging  the  expressions,  by  making 

9n rf»-»  +  (m—  1) Po»"*  +  (m  —  2) Qo"^ -|-  r=  wf, 

m(m  —  1) o«^  +  (m  —  1)  (m  —  2)  Po»-« =  B, 

&c., 

and  I  shall  designate  by  V  the  expression 

a-  +  Pa«»-»  +  Qa"*-* +  Ta  +  f7. 

^  205.  If  the  proposed  equation  has  two  equal  roots ;  if  we  have, 
for  example,  o  =  6,  one  of  the  values  of  y,  namely,  6  —  a,  be- 
comes nothing ;  the  equation  (<l)  will  therefore  be  verified,  by 
supposing  y  =  0 ;  but  upon  this  supposition  all  the  terms  vanish, 
except  the  known  term  A ;  this  last  must,  therefore,  be  nothing 
of  itself;  the  value  of  a  must,  therefore,  satisfy,  at  the  same  time, 
the  two  equations 
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F=0    and    jJ  =  0. 

When  the  proposed  equation  has  three  roots  equal  to  a,  uBme' 
ly,  a  =:  6  :;=  c,  two  of  the  roots  of  the  equation  {d)  become  noth- 
mg,  at  the  same  time,  namely,  6  -—  a  .and  c-^a.  In  this  case  the 
equation  (d)  will  be  divisible  twice  successively  by  y  —  0  (179) 
or  y ;  but  this  can  happen,  only  when  the  coefficients  A  and  B 
are  nothing ;  the  value  of  a  must  then  satisfy,  at  the  same  time, 
the  three  equations 

r  =  0,    wi  =  0,    B  =  0. 

Pursuing  the  same  reasoning,  we  shall  perceive,  that  when  the 
proposed  equation  has  four  equal  roots,  the  equation  (li)  will 
have  three  roots  equal  to  zero,  or  will  be  divisible  three  times 
successively  by  y ;  the  coefficients,  A,  B,  and  C,  must  then  be 
nothing,  at  the  same  time,  and  consequently  the  value  of  a  must 
satisfy  at  once  the  four  equations, 

F  =  0,    ^  =  0,    B  =  0,     C  =  0. 

By  means  of  what  has  been  said,  we  shall  not  only  be  able  to 
ascertain,  whether  a  given  root  is  found  several  times  among  the 
roots  of  the  proposed  equation,  but  may  deduce  a  method  of  de- 
terminmg,  whether  this  equation  has  roots  repeated,  of  which  we 
are  ignorant. 

For  this  purpose,  it  may  be  observed,  that  when  we  have 
jf  rz  0,  or 

we  may  consider  a  as  the  root  of  the  equation  . 

fnj-^»+(m— l)/'a?»-*+(m— 2)Qaj"-«...+ r=:0,  ^ 
«  representing,  in  this  case,  any  unknown  quantity  whatever; 
and  since  a  is  also  the  root  of  the  equation  F  =  0,  or 

a^  +  Pa;«-i  +  &c.  =  0, 
it  follows,  (189)  that  x  —  a  is  a  factor  common  to  the  two  above 
mentioned  equations* 

Changing  in  the  same  manner  a  into  x  in  the  quantities,  £,  C, 
&c*  the  binomial  x  —  a  becomes  likewise  a  factor  of  the  two 
new  equations,  B  ==  0,  0  =  0,  &c,  if  the  root  a  reduces  to  noth- 
ing the  original  quantities,  B,  C,  &c. 

What  has  been  said  with  respect  to  the  root  a,  may  be  Applied 
to  eyery  other  root,  which  is  several  times  repeated ;  thus,  by 
seeking,  according  to  the  method  given  for  finding  the  greatest 
common  divisor,  the  factors  common  to  the  equations., 
F  =  0,    ,4  =  0,    B  =:  0,     C  =  0,  &c., 
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wc  shall  be  furnished  with  the  equal  roots  of  the  proposed  equa- 
tion, in  the  following  order ; 

The  factors  common  to  the  first  two  equations  only,  are  twice 
factors  in  the  equation  proposed ;  that  is,  if  we  find  for  a  com- 
mon divisor  of  F*  =  0  and  ./I  =  0,  an  expression  of  the  Cmts 
(c  =za)  (x  —  6),  for  example,  the  unknown  quantity  x  will  have 
two  values  equal  to  a,  and  two  equal  to  6,  or  the  proposed  equa- 
tion will  have  ihese  four  factors, 

(a  — a),     (a?  — a),     {x  —  6),     («  —  (f). 

The  factors  common,  at  the  same  time,  to  the  first  three  <^  the 
above  mentioned  equations  form  triple  factors  in  the  proposed 
equation ;  that  is,  if  the  former  are  presented  under  the  form 
(a?  —  «)(«  —  (?),  the  latter  will  take  the  form,  (c — a)«  (a — 6)\ 
This  reasoning  may  easily  be  extended  to  any  length  we  please. 

206.  It  may  be  remarked,  that  the  equation  wf  =z  0,  which,  by 
by  changing  a  into  x,  becomes 

m«^*  +  (m—  1)  Paf^*  +  (m  — 2)  Qjf^ . .  -j-  r=  0, 
is  deduced  immediately  from  the  equation  F  =  0,  or  from  the 
proposed  equation, 

a*  +  Pa;«-*  +  Q«*-*  ...  +  Tx+  17  =  0, 
by  multiplying  each  term  of  this  last  by  the  exponent  of  the 
power  of  X,  which  it  contains,  and  then  diminishing  this  exponent 
by  unity.  We  may  remark  here,  that  the  term  (7,  which  is 
equivalent  to  U  X  o?^,  is  reduced  to  nothing  in  th!9  operation, 
where  it  is  multiplied  by  0.  The  equation  J?  ==  0  is  obtained 
from  w2  =  0,  in  the  same  manner  as  wf  =  0  is  deduced  Irom 
F  ==  0 ;  C  =  0  is  obtained  from  B  ==  0,  in  the  same  manner  as 
this  from  •4  =  0,  and  so  on.* 

307.  To  illustrate  what  has  been  said,  by  an  example,  I  shall 
lake  the  equation 

a?i  _  13a?*  +  eix^  _i7la?«  +  216«—  108  =  0; 
the  equation  w2  =  0  becomes,  in  this  case, 

*  It  is  shown^  though  very  imperfectly,  iu  most  elementary  trea- 
tises, that  the  divisor  common  to  the  two  equations  V=iO  and  ^  =  0, 
contains  equal  factors  raised  to  a  power  less  by  unity  than  that  of 
the  equation  proposed  ;  this  may  be  readily  inferred  from  what  pre- 
cedes ;  but  for  a  demonstration  of  this  proposition  we  refer  the  reader 
to  the  Stq^pUmentf  where  it  b  proved  in  a  manner,  which  appears  to 
me  to  be  simple  and  new. 
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5x*  —  52a?»  +  201a?"  —  342*  +  216  =  0; 
the  divisor  common  to  this  and  the  proposed  equation  is 

x3  —  8a:«  +  21a?—  18. 
As  this  divisor  is  of  the  third  degree,  it  must  itself  contain  sev- 
eral factors ;  we  must  therefore  seek,  whether  it  does  not  contaii^ 
some  that  ai*e  common  to  the  equation  J3  =  0,  which  is  here 

20x»  —  156a?"  +  402  a?— 342  =  0. 
We  find,  in  fact,  for  a  re$ult  x  —  3  ;  the  proposed  equation  then 
has  three  roots  equal  to  3,  or  admits  of  (a?  —  3)'  among  the 
number  of  its  factors.  Dividing  the  fiitst  common  divisor  by 
X  —  3,  as  many  times  as  possible,  that  is,  in  this  case  twice,  we 
obtam  X  —  2.  As  this  divisor  is  common  only  to  the  proposed 
•  equation,  and  to  the  equation  j3  =  0,  it  can  enter  only  twice  into 
the  proposed  equation.  It  is  evident  then,  that  this  equation  b 
equivalent  to 

(«  —  3)"  (a?  —  2)"  =  0. 
208.  As  the  equation  (d)  gives  the  difference  between  b  and 
the  several  other  roots,  when  b  is  substituted  for  a,  the  difference 
between  c  and  the  others,  when  e  is  substituted  for  «,  &c.  and 
undergoes  no  change  in  its  form  by  these  several  substitutions, 
retaining  the  coeflScients  belonging  to  the  equation  proposed,  it 
may  be  convefted  into  a  general  equation,  which  shall  give  all 
the  differences  between  the  several  roots  combined  two  and  two. 
For  this  purpose,  it  is  only  necessary  to  eliminate  a  by  means 
of  the  equation 

a*  +  Pa"^^  +  Qa'"-' +  Ta+  V=zO', 

for  the  result  being  expressed  simply  by  the  coeflBcients,  and  ex- 
hibiting the  root  under  consideration  in  no  form  whatever,  an- 
swers alike  to  all  the  roots. 

It  is  evident,  that  the  final  equation  must  be  raised  to  the  de- 
gree m{m —  1) ;  for  its  roots 

a  —  6,    a  —  c,    a  —  d,    &c. 
6  —  a,    6  —  c,    6-  rf,    &c. 
c-"^  a^    c  —  6,    c  —  d,    &c. 
^re  equal  in  number  to  the  number  of  arrangements,  which  the 
m  letters,  a,  fe,  c,  &c.  admit  of  when  taken  two  and  two.    More- 
over, since  the  quantities 

a  — 6  and  6  — a,  a  —  c  and  C'^a,  6  — c  and  c  — 6,  &c. 
differ  only  in  the  sign,  the  roots  of  the  equation  are  equal,  when 
taken  two  and  two,  independently  of  the  signs ;  so  that  if  we  have 
Alg.  27 
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t^  =  a,  we  shall  have,  at  the  same  time,  y  =  —  (x.  Hence  it  fol- 
lows, that  this  equation  must  be  made  up  of  terms  involving  only 
even  powers  of  the  unknown  quantity ;  for  its  first  member  must 
be  the  product  of  a  certain  number  of  factors  of  the  second  de- 
gree of  the  form 

y«_a«=(y  — a)(y  +  a)    (184); 
it  will,  therefore,  itself  be  exhibited  under  the  form 

y^+py»^+qy^-^ +  ty^+U=zO. 

If  vit  put  y'  =:  r,  this  becomes 

2*  +  P  **^*  +  9  **^ -t-<z  +  <*  =  0; 

aod  as  the  unknown  quantity  z  is  the  square  of  y,  its  values  will 
be  the  squares  of  the  differences  between  the  roots  of  the  pro- 
posed equation. 

It  may  be  observed  that  as  the  differences  between  the  real 
roots  of  the  proposed  equation  are  necessarily  real,  their  squares 
will  be  positive,  and  consequently  the  equation  in  z  will  have 
only  positive  roots,  if  the  proposed  equation  admits  of  those  only, 
which  are  real. 

Let  there  be,  for  example,  the  equation 
a?»  —  7«  -f  7  =  0; 
putting  0?  =  a  -{-  y,  we  have 

a3  +  3fl»y  +  3fly«  -f  y»  ) 
—  7  a— 7y  >  =  0. 

+  7  S 

Suppressing  the  terms  o»  —  7  a  +  7,  which,  from  their  identity 
with  the  proposed  equation,  become  nothing  when  united,  and 
dividing  the  remainder  by  y^  we  have 

3a«  +3ay-f  y«— 7  =  0; 
eliminating  a  by  means  of  this  equation  and  the  equation 

a^  —  7a  +  7  =zO; 
we  have 

y6  _  42y«  ^  441  y*  — .  49  =  0 ; 
putting  r  =  y',  this  becomes 

^3  _  42  z«  +  441  r  —  49  =  0. 
209.  The  substitution  of  a  -}-  y  in  the  place  of  x  in  the  equation 

0!^+  P  a^^  +  Q  x"^ -f  t;  =  0  (204), 

is  sometimes  resorted  to  also  in  order  to  make  one  of  the  terms 
of  this  equation  to  disappear.  We  then  arrange  the  result  with 
reference  to  the  powers  of  y,  which  takes  the  place  of  the  un- 
known quantity  x,  and  consider  a  as  a  second  unknown  quan- 
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lity,  which  is  determined  by  putting  equal  to  zero  the  cocflScient 
of  the  term  we  wish  to  cancel ;  in  this  way  we  obtain 

^  -}"  w» oy^^  +  ^  a*  y"*^  •  • .  •  •  +  fl"* 

+  C»-^ +  Qa-^r-^^ 

+U  ' 

If  the  term  we  would  suppress  be  the  second,  or  that  which 

involves y*"%  we  make  ma  +  P  =  0,  from  which  we  deduce 

p 
a  = .    Substituting  this  value  in  the  result,  there  remain 

only  the  terms  involving 

Hence  it  follows,  that  we  make  the  second  t4hn  of  an  equation  to 
disappear^  by  substitutir^  for  the  unknown  quantity  in  this  equation 
anew  unknown  quantity,  united  with  the  coefficient  of  the  second 
term  taken  with  the  sign  contrary  to  that  originally  belonging  to  it, 
and  divided  by  the  exponent  of  the  first  term. 

Let  there  be,  for  example,  the  equation 

ajs  -(•  6a? —  3a?  +  4  =  0; 
we  have  by  the  rule 

a?  =  y— f=y  — 2; 
substituting  this  value,  the  equation  becomes 

»'  — 6y«  +  12y—    8^ 
+  6y«— 24y  +  24l 

—    3y+    6f-"' 
+    4j 
which  may  be  reduced  to 

y3  _  i5y  4.  26  =  0, 
in  which  the  te»i  involving  y*  does  not  appear.     We  may  cause 
the  third  term,  or  that  involving  y"*^,  to  disappear  by  putting 
equal  to  zero  the  sum  of  the  quantities,  by  which  it  is  multiplied, 
that  is,  by  forming  the  equation 

!!L(!L=i)  o»  +  (♦»-  1)  /»«  +  Q  =  0. 

Pursuing  this  method,  we  shall  readily  perceive,  that  the  fourth 
term  will  be  made  to  vanish  by  means  of  an  equation  of  the  third 
degree,  and  so  on  to  the  last,  which  can  be  made  to  disappear 
only  by  means  of  the  equation 

a«  +  Pa"^^  +  Q  a"*-*  .....+  [7  =  0, 
perfectly  similar  to  the  equation  proposed. 
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It  is  not  difficult  to  discover  the  reason  of  tbis  similarity.  By 
making  the  last  term  of  the  equation  in  y  equal  to  zero,  we  sup- 
pose, that  one  of  the  values  of  this  unknown  quantity  is  zero ; 
and  if  we  admit  this  supposition  with  respect  to  the  equation 
X  =i  y  -{-  a^ii  follows  that  «  =  a ;  that  is,  the  quantity  er,  in  this 
case,  is  necessarily  one  of  the  values  of  x. 

210.  We  have  sometimes  occasion  to  resolve  equations  into 
factors  of  the  second  and  higher  degrees.  I  canpot  here  explain 
in  detail  the  several  processes,  which  may  be  employed  for  this 
purpose ;  one  example  only  will  be  given. 

Let  there  be  the  equation 

x3_24x»  +  12a?«  —  11a?  +  7  =  0, 
in  which  it  is  required  to  determine  the  factors  of  the  third  de- 
gree ;  1  shall  repre^nt  one  of  these  factors  by 

a;3  +px^  +qoD  +  r, 
the  coefficients,  />,  ^,  and  r,  being  indeterminate.     They  must  be 
such,  that  the  first  member  of  the  proposed  equation  will  be  ex- 
actly divisible  by  the  factor 

a?3  -j-px'  +  JJC  +  r, 
independently  of  any  particular  value  of  x ;  but  in  making  an 
actual  division,  we  meet  with  a  remainder 

—  {p^  —  ^pq—  <2Ap  4-  r  —  12)  a?« 
_(pj^_pr_^3  _  249  +  11) a? 
—  (p*  r  —  qr  —  24  r  —  7), 
an  expression,  which  must  be  reduced  to  nothing,  independently 
of  Xy  when  we  substitute  for  the  letters,  /?,  9,  and  r,  the  values 
that  answer  to  the  conditions  of  the  question.     We  have  then 
p^  —  2pq  —  24p  +  r  —  12  =  0, 
p«  9_pr— g»— 24  J  +  11  =  •, 
p^  r  —  qr  —  24 r  —  7  =  0. 
These  three  equations  furnish  us  with  the  means  of  determin- 
ing the  unknown  quantities,  />,  9,  and  r ;  and  it  is  to  a  resolution 
of  these,  that  the  proposed  question  is  reduced. 

• 

Of  the  Resolution  of  Numerical  Equations  by  Approximation* 

211.  Having  completed  the  investigation  of  commensurable 
divisors,  we  must  have  recourse  to  the  methods  of  finding  roots 
by  approximation,  which  depend  on  the  following  principle ; 
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When  we  arrive  at  two  quantities  tnhich^sHhstiMed  in  the  place  of 
the  unknoTion  quantity  in  an  equation,  lead  to  two  results  with  con^ 
irary  signs^f  we  may  infer ^  that  one  of  the  roots  of  the  proposed  equa- 
tion lies  between  these  two  quantities,  and  is  consequently  real. 

Let  there  be,  for  example,  the  equation 

.tj3  — 13a?«  +  7  a:—  1  =  0; 
if  we  substitute,  successively^  2  and  ^  in  the  place  of  or,  in  the 
first  member,  instead  of  being  reduced  to  zero,  this  member 
becomes,  in  the  former  case,  equal  to  —  31,  and  in  the  latter,  to 
-f-  2939 ;  we  may  therefore  conclude,  that  this  equation  has  a 
real  root  between  2  and  20,  that  is,  greater  than  two  and  less 
than  20. 

As  there  will  be  frequent  occasion  to  express  this  relation,  I 
shall  employ  the  signs  >-  and  <[,  which  algebraists  have  adopt- 
ed to  denote  the  inequality  of  two  magnitudes,  placing  the  greater 
of  two  quantities  opposite  the  opening  of  the  lines,  and  the  less 
against  the  point  of  meeting.    Thus  I  shall  write 

aci  ^  2,  to  denote,  that  x  is  greater  than  2, 
X  <^  20,  to  denote,  that  x  is  less  than  20. 

Now  in  order  to  prove  what  has  been  laid  down  above,  we 
may  reason  in  the  following  manner.  Bringing  together  the 
positive  terms  of  the  proposed  equation,  and  also  those  which  are 
negative,  we  have 

a.3  +  7«  — (13ji»  +  1), 

a  quantity,  which  will  be  negative,  if  we  suppose  a?  =  2,  because, 
upon  this  supposition^ 

aj3  ^  7a?<  13a?«  +  1, 
and  which  becomes  positive,  when  we  make  x  =z  20,  because,  in 
this  case, 

x^  +  7ap>  13a?«  +  1. 
Moreover,  it  is  evident,  that  the  quantities 

a?*  +  7  a?  and  13j?«  +  1, 
each  increase,  as  greater  and  greater  values  are  assigned  to  x,  and 
that,  by  taking  values,  which  approach  each  other  very  nearly, 
we  may  make  the  increments  of  the  proposed  quantities  as  small 
as  we  please.  But  since  the  first  of  the  above  quantities,  which 
was  originally  less  than  the  second,  becomes  greater,  it  is  evi- 
dent, that  it  increases  more  rapidly  than  the  other,  in  conse- 
quence of  which  its  deficiency  is  made  up,  and  it  comes  at  length 
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to  exceed  the  other ;  there  must,  theref<^,  be  a  point  at  which 
the  two  magnitudes  are  equal. 

The  value  of  a?,  whatever  it  be,  which  renders 
a?»  +.  7a?  =  13a?*  +  1, 
and  such  a  value  has  been  proved  to  exist,  gives 
x^  +  7x  —  (\S  ««  +  1)  =  0, 
or  a?»  —  13  «•  +  7  a?  —  1=0, 

and  must  necessarily,  therefore,  be  the  root  of  the  equation  pro- 
posed. 

What  has  been  shown  with  respect  to  the  particular  equation 

may  be  affirmed  of  any  equation  whatever,  the  positive  terms  of 
which  I  shall  designate  by  P,  and  the  negative  by  X.  Let  a 
be  the  value  of  a?,  which  leads  to  a  negative  result,  and  6  that 
which  leads  to  a  positive  one ;  these  consequences  can  take  place 
only  upon  the  supposition,  that  by  substituting  the  first  value, 
we  have  P«<  JV,  and  by  substituting  the  second,  P  >  A";  P, 
therefore,  from  being  less,  having  become  greater  than  .AT,  we 
conclude  as  above,  that  there  exists  a  value  of  x  between  a  and 
hj  which  gives  P  =  .Y.* 

*  The  above  reasoning,  though  it  may  be  regarded  as  sufficiently 
evident,  when  considered  in  a  general  view,  has  been  developed  by 
M.  Encontre  in  a  manner,  that  will  be  found  to  be  useful  to  those, 
who  may  wish  to  see  the  proofs  given  more  in  detail. 

1.  It  is  evident,  that  the  increments  of  the  polynomials  P  and  N 
may  be  made  as  small  as  we  please.    Let 

P=zax*»4-^^"  ••  ••  +  ^^f 
m  being  the  highest  exponent  of  x ;  if  we  put  a  -f-  y  in  the  place  of  x, 
this  polynomial  takes  the  form 

A  +  Bff+Cff' +  Tir, 

the  coefficients,  ^,  £,  C,  . . .  .  T,  being  finite  in  number  and  having 
a  finite  value  ;  the  first  term  A  will  be  the  value  the  polynomial  P 
assumes,  when  x  =  a ;  the  remainder, 

Bff+Cy^  ....+  Ty^=y  {B+  Cy  .  . . .  T^^^), 
will  be  the  quantity,  by  which  the  same  polynomial  is  increased  when 
we  augment  by  y  the  value  x  =  a.     This  being  admitted,  if  S  desig- 
nate the  greatest  of  the  coefficients,  ^,  C, .  . . .  T,  we  have 

B  +  Cy  . . . .  +  Ty— 1  <  ^(l  +  y  . .  . .  +  y«-i)5 
now 

l  +  y....  +  ir->=i^  (158);, 
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The  statement  here  given  seems  to  require,  that  the  values  as- 
signed to  X  should  be  both  positive  or  both  negauve,  for  if  they 
have  different  signs,  that  which  is  negative  produces  a  change  in 
the  signs  of  those  terms  of  the  proposed  equation,  which  contain 
odd  powers  of  the  unknown  quantity,  and,  consequently,  the  ex- 
*pressions  P  and  Jf  are  not  formed  in  the  same  manner,  when  we 
substitute  one  value,  as  when  we  substitute  the  other.  This  di£S- 
culty  vanishes,  if  we  make  oc  =  0 ;  in  this  case,  the  proposed 
equation  reduces  itself  to  its  last  term,  which  has  necessarily  a 
sign  contrary  to  that  of  the  result  arising  from  the  substitution  of 
one  or  the  other  of  the  above  mentioned  values.  Let  there  be, 
for  example,  the  equation 

the  first  member  of  which,  when  we  put 

Of  =  —  1     and    X  ==  2, 
becomes  +  l^  and  —  45.     If  we  suppose  x  =  0,  this  member- 
is  reduced  to  —  3 ;  substituting,  therefore, 

therefore, 

y  (B  +  C y  . . . .  +  ry«-»)  <  Sy  ^^^\ 
and,  consequently,  the  quantity  by  which  the  polynomial  P  is  increas- 
ed, will  be  less  than  any  given  quantity  m,  if  we  make     ^^         ^  ^- 

Sy 
less  than  this  last  quantity ;  this  is  effected  by  making  - — ^^—  =  m, 

y 

because,  in  this  case, = y  ^         being  «<  1,  the  quantity       |  J^       ? 

equal  to  - — ^   ,  will  necessarily  be  less  than  the  quantity 

»,  which  is  indefinitely  small. 

2.  If  we  designate  by  h  the  increment  of  the  polynomial  P,  and  by 
h  that  of  the  polynomial  IV,  the  change,  which  will  be  produced  in 
the  value  of  their  difference,  will  be  A  —  ifc,  and  may  be  rendered 
smaller  than  a  given  quantity,  by  making  smaller  than  this  same 
quantity  the  increment,  which  is  the  greater  of  the  two ;  we  may, 
therefore,  in  the  interval  between  x  =  a  and  x  =  5,  take  values, 
which  shall  make  the  difference  of  the  polynomials  P  and  N  change 
by  quantities  as  small  as  we  please,  and  since  this  difference  passes  in 
this  interval  from  positive  to  negative,  it  may  be  made  to  approach 
as  near  to  zero  as  we  choose.  See  Annaks  de  Maihematiques  pures 
it  nq^pUquieSf  publishedtty  M.  Gergonne,  vol.  iv.  p.  210. 
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»  =  0    and    «  =  •—  1, 
we  arrive  at  tifo  results  with  contrary  signs ;  but  putting «—  y 
in  the  place  of  ^,  the  proposed  equation  is  changed  to 

y«  +2y3  — 3y«  +15y— 3=0, 
and  we  have 

P  =  y*  +2y3  +  15y,     JV=3y«  +  3, 
whence 

P  <  a;  when  y  =  0, 
P>A;wheny  =  1. 
Reasoning  as  before,  we  may  conclude,  that  the  equation  in  y 
has  a  real  root,  found  between  0  and  +  1 ;  whence  it  follows, 
that  the  root  of  the  equation  in  x  lies  between  0  and  —  1,  and, 
consequently,  between  -(-  2  and  —  1. 

As  every  case  the  proposition  enunciated  can  present,  may  be 
reduced  to  one  or  the  other  of  those  which  have  been  examined, 
'the  truth  of  this  proposition  is  sufficiently  established. 

212.  Before  proceeding  further,  I  shall  observe,  that  whatever 
be  the  degree  of  an  equation,  and  tohateoer  its  coefficients,  we  may 
always  assign  a  ntimber,  which,  substituted  for  the  unknown  quan' 
tity,  zoill  render  (he  first  term  greater  than  the  sum  of  all  the  others. 
The  truth  of  this  proposition  will  be  immediately  apparent  from 
what  has  been  intimated  of  the  rapidity,  with  which  the  several 
powers  of  a  number  greater  than  unity  increase  (126) ;  since  the 
highest  of  these  powers  exceeds  those  below  it  more  and  more  in 
proportion  to  the  increased  magnitude  of  the  number  employed, 
so  that  there  is  no  limit  to  the  excess  of  the  first  above  each  of 
the  others.  Observe,  moreover,  the  method  by  which  we  may  find 
a  number  that  fulfils  the  condition  required  by  the  enunciation. 
It  is  evident,  that  the  case  most  unfavourable  to  the  supposi- 
tion, is  that,  in  which  we  make  all  the  coefficients  of  the  equation 
negative,  and  each  equal  to  the  greatest,  that  is,  when  instead  of 

«»  +  Pa:«^»  +  Qx^* +  To?  +  f7  =  0, 

we  take 

af^  _  Sx^^  —  S  «*-* —  So?  —  S  =  0, 

S  representing  the  greatest  of  the  coefficients,  P,  Q, . .  •  •  T,  (7. 
Giving  to  the  first  member  of  this  equation  the  form 

x'^  —  S  (af~-i  +  ir»»"» -f  1), 

we  may  observe,  that 

aj*-i  +  ac-^  .  .  .  .  +  1  =  ^*~^     (158); 
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the  preceding  expression  then  may  be  changed  into 

a*  —  — i ^,  or  into  a?* . 

z—l     '  »  — 1  ^  X  — 1 

If  we  substitute  M  for  x,  this  becomes 


M—l  ^   M  — 1' 
a  quantity,  which  eyideotly  becomes  positive,  if  we  make 

Now  if  we  divide  each  member  of  this  equation  by  M",  we  have 

>=M^    <>'-^=^+»- 
By  substituting  therefore  for  x  the  greatest  of  the  coefficients 
found  in  the  equation,  augmented  by  unity,  we  render  the  first 
term  greater  than  the  sum  of  all  the  others. 

A  smaller  number  may  be  taken  for  JIf,  if  we  wish  simply  to 
render  the  positive  part  of  the  equation  greater  than  the  nega- 
tive ;  for  to  do  this,  it  is  only  necessary  to  render  the  first  term 
greater  than  the  sum  arising  from  all  the  others,  when  their  co* 
efficients  are  each  equal,  not  to  the  greatest  among  all  the  coeffi- 
cients, but  to  the  greatest  of  those  which  are  negative ;  we  havep 
therefore,  merely  to  take  for  M  this  coefficient  augmented  by 
unity.* 

Hence  it  follows,  that  the  positive  roots  of  the  proposed  equa- 
tion  are  necessarily  comprehended  within  0  and  S  4-  1* 

In  the  same  way  we  may  discover  a  limit  to  the  negative  roots ; 
for  this  purpose  we  must  substitute  —  y  for  «,  in  the  proposed 
equation,  and  render  the  first  term  positive,  if  it  becomes  nega- 
tive (178).  It  is  evident,  that  by  a  transformation  of  this  kind, 
the  positive  values  of  y  answer  to  the  negative  values  of  «,  and 
the  reverse.  If  JR  be  the  greatest  negative  coefficient  after  thif 
change,  A  -f-  1  will  form  a  limit  to  the  positive  values  of  y ;  con* 
sequently  —  JR  —  1  will  form  that  of  the  negative  values  of  «• 

Lastly,  if  we  would  find  for  the  smallest  of  the  roots  a  limit 
approaching  as  near  to  zero  as  possible,  we  may  arrive  at  it  by 

*  In  the  Resolution  des  equations  numiriqueSj  by  Lagrange,  there 
are  formulas,  which  reduce  this  number  to  narrower  limits^  but  what 
has  been  said  above  is  sufficient  to  render  the  fundamental  proposi- 
tions for  the  resolution  of  numerical  equations  independent  of  the 
consideration  of  infinity. 

Alg.  28 
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substituting  -  for  x  in  the  proposed  equation,  and  preparing  the 

equation  in  y,  which  is  thus  obtained,  according  to  the  directions 
given  in  art.  178.  As  the  values  of  y  are  the  reverse  of  those 
of  OP,  the  greatest  of  the  first  will  correspond  to  the  least  of  the 
second,  and,  reciprocally,  the  greatest  of  the  second  to  the  least 
of  the  first.  If,  therefore,  ^  -}*  ^  represent  the  highest  limit  to 
the  values  of  y,  that  is,  if 

yKS'  +  i, 

which  gives 

we  shall  have,  successively. 

Indeed,  it  is  very  evident,  that  we  may,  without  altering  the 
relative  magnitude  of  two  quantities  separated  by  the  sign  <  or 
>,  multiply  or  divide  them  by  the  same  quantity,  and  that  we 
may  also  add  the  same  quantity  to  or  subtract  it  from  each  side 
of  the  signs  <  and  >,  which  possess,  in  this  respect,  the  same 
properties  as  the  sign  of  equality, 

213.  It  follows  from  what  precedes,  that  every  equation  of  a 
degree  denoted  by  en  odd  nurriber  has  tucessarily  a  real  root  affected 
Toith  a  sign  contrary  to  that  of  its  last  term  ;  for  if  we  take  the 
number  M  such,  that  the  sign  of  the  quantity 

JIf-  +  PJtf«"*  +  CJtf "-« +  TM±Uj 

depends  solely  on  that  of  its  first  term  Jlf**,  the  exponent  m  being 
an  odd  number,  the  term  JU*  will  have  the  same  sign  as  the 
number  M  (128).  This  being  admitted,  if  the  last  term  U  has 
the  sign  +^  and  we  make  x  =z  —  jif,  we  shall  arrive  at  a  result 
affected  with  a  sign  contrary  to  that,  which  the  supposition  of 
07  =  0  would  give ;  from  which  it  is  evident,  that  the  proposed 
equation  has  a  root  between  0  and  —  M^  that  is,  a  negative 
root.  If  the  last  term  U  has  the  sign  — ,  we  make  x  =^  +  ^j 
the  result  will  then  have  a  sign  contrary  to  that  given  by  the 
supposition  of  x  =  0,  and  in  this  case,  the  root  will  be  found 
between  0  and  -f-  J^j  that  is,  it  will  be  positive. 

214.  When  the  proposed  equation  is  of  a  degree  denoted  by 
an  even  number,  as  the  first  term  Jlf**  remains  positive,  whatever 
sign  we  give  to  J/,  we  are  not,  by  the  preceding  observations, 
furnished  with  the  means  of  proving  the  existence  of  a  real  root, 
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if  the  last  term  has  the  sign  +,  since,  whether  we  make  op  =  0, 
or  J?  =  d=  Jlf,  we  have  always  a  positive  result.  But  when  this 
term  is  negative,  we  find,  by  making 

^p  ^1  -f-  JMi  X  =:  0,  ap  =  —  JH, 
three  results,  affected  respectively  with  the  signs  -|-,  — -,  and  +, 
and,  consequently,  the  proposed  equation  has,  at  least,  two  real 
roots  in  this  case,  the  one  positive,  found  between  M  and  0,  the 
other  negative,  between  0  and  —  M\  therefore,  every  equation  of 
an  even  degree^  the  last  term  of  which  is  negative,  has  at  least  two 
real  roots,  the  one  positive  and  the  other  negative. 

215«  I  now  proceed  to  the  resolution  of  equations  by  approxi- 
mation ;  and  in  order  to  render  what  is  to  be  offered  on  this 
subject  more  clear,  I  shall  begin  with  an  example. 
Let  there  be  the  equation 

X*  —  4x^  —  3a?  +  27  =  05 
the  greatest  negative  coefficient  found  in  this  equation  being  —  4, 
it  follows  (212),  that  the  greatest  positive  root  will  be  less  than 
5.    Substituting  —  y  for  x,  we  have 

y'  +4y3  +  3y  +  27=:0; 
and  as  all  the  terms  of  this  result  are  positive,  it  appears,  that 
y  must  be  negative ;  whence  it  follows,  that  x  is  necessarily  posi- 
tive, and  that  the  proposed  equation  can  have  no  negative  roots ; 
its  real  roots  are,  therefore,  found  between  0  and  +  5. 

The  first  method,  which  presents  itself  for  reducing  the  limits, 
between  which  the  roots  are  to  be  sought,  is  to  suppose  succes- 
sively 

apz=l,     a?  =  2,     x  =  3,     x=:4; 
and  if  two  of  these  numbers,  substituted  in  the  proposed  equation, 
lead  to  results  with  contrary  signis,  they  will  form  new  limits  to 
the  roots.    Now  if  we  make 

X  =  1,  the  first  member  of  the  equation  becomes  +  21, 

«  =  2 +    5, 

a?  =  3 —    9, 

a  =  4 +  15; 

it  is  evident,  therefore,  that  this  equation  has  two  real  roots,  the 
one  found  between  2  and  3,  and  the  other  between  3  and  4.  To 
approximate  the  first  still  nearer,  we  take  the  number  2,5,  which 
occupies  the  middle  place  between  2  and  3  (Arith*  129),  the 
present  limits  of  this  root ;  making  then  x  =  2,5,  we  arrive  at 
the  result 
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+  39,0625  —  62,5  —  7^  +  27  =r  —  3,9375  ; 
as  this  result  is  negative,  it  is  evident,  that  the  root  sought  is 
between  2  and  2,5.  The  mean  of  these  two  numbers  is  2,25 ; 
taking  x  =  2,3  we  have  the  root  sought  within  about  one  tenth 
of  its  value,  and  shall  approximate  the  true  root  very  fast  by  the 
following  process,  given  by  Newton. 

We  make  a;  ;^  2,3  -{-  y ;  it  is  evident,  that  the  unknown  quan- 
tity y  amounts  only  to  a  very  small  fraction,  the  square  and 
higher  powers  of  which  may  be  neglected ;  we  have  then 
«•  =  (2,8)*+    4(2,3)»y 

—  4  a?»  =  —  4  (2,3)3  —  12  (2,3)«  y 

—  3a?    =t  — 3(2,3)   —    3y; 
substituting  these  values,  the  proposed  equation  becomes 

—  0,5839  —  17,812y  =  0, 
which  gives 

0,5839 

^^        ir,812' 
Stopping  at  hundredths,  we  obtain  for  the  result  of  the  first 
operation 

y  =  —  0,03  and  a?  =  2,3  —  0,03  =  2,27. 
To  obtain  a  new  value  of  «,  more  exact  than  the  preceding,  we 
suppose  X  =  2,27  -]-  %f ;  substituting  this  value  in  the  proposed 
equation  and  neglecting  all  the  powers  of  jf  exceeding  the  irst, 
we  find 

—  0,04595359  —  18,046468  ^  =:  0, 

whence 

0,04595359  ^_ 
^  18,046468  vj^-'^i 

and,  consequently,  x  =  2,2675.    We  may,  by  pursuing  this  pro- 
cess, approximate,  as  nearly  as  we  please,  the  true  value  oi  x* 

If  we  seek  the  second  root,  contained  between  3  and  4,  by  the 
same  method,  we  find,  stopping  at  the  fourth  decimal  place, 

X  =  3,6797. 

216.  We  may  ascertain  the  exactness  of  the  method  above 
explained,  by  seeking  the  limit  to  the  values  of  the  terms,  which 
are  neglected. 

If  the  proposed  equation  were 

jp«  +  Px-^+e«*^ +  Tx+U^O, 

substituting  a  -f>  y  lor  x,  we  should  have  for  the  result  the  first 
of  the  equations  found  m  art.  204,  because  a  being  not  the  root  of 
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the  equation,  bat  only  an  approximate  value  of  x,  cannot  reduce 
to  nothing  the  quantity 

a«  +  P«-^*  +  Crt^ +  r«+  U. 

Representing  this  last  by  V^  we  haye,  instead  of  the  equation  (d) 
above  referred  to,  the  following 

^+ry+T^**+rTY7s^' +i'-  =  °' 

firon  which  we  obtain 

V _    By* Cy»  __|P 

^~        A       l.iA       1.2. 9  A A' 

N^ecting  the  powers  of  y  exceeding  the  first,  we  have 

r 

and  this  value  differs  from  the  real  value  of  y  by 

1.2-4        1  .2  .SA •^* 

If  a  differs  firom  the  true  value  of  x  only  by  a  quantity  less 

than  -  0,  the  above  mentioned  error  becomes  less  than  that. 
P 

which  would  arise  from  putting -a  in  the  place  of  y,  which  would 

give 

_     B      /a\« € 

1  .2A  \p/        1  .2.SA 
Finding  the  value  of  this  quantity,  we  shall  be  able  to  determine, 
whether  it  may  be  neglected  when  considered  with  reference  to 

•-^  and  if  it  be  found  too  large,  we  must  obtain  for  a  a  number, 

which  approaches  nearer  to  the  true  value  of  x. 

To  conclude,  when  we  have  gone  through  the  calculation  with 
several  numbers,  y,  y',  j/^\  &c.  if  the  results  thus  obtained  form 
a  decreasing  series,  an  approximation  is  certain. 

21 7.  The  method  we  have  employed  above,  is  called  the 
Method  by  successive  Substitutions.  Lagrange  has  considerably 
improved  it.*  He  has  remarked,  that  by  substituting  only  entire 


*  See  Resolution  des  Equations  mmiriques. 
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numbers,  we  may  pass  over  several  roots  without  perceivmg 
them.    In  fact,  if  we  have,  for  example,  the  equation 
{x—  i)  {x  —  i)  («  —  3)  (a?~  4)  =  0, 
by  substituting  for  x  the  numbers,  0,  1,  3,  3,  &c.  we  shall  pass 
over  the  roots  \  and  ^,  without  discovering  that  they  exist ;  for 
we  shall  have 

(0  — i)(0— l)(0-3)(0  — 4)  =  +  iX  iX3  X  4, 
0-i)0-i)0-3)(l-4)=:  +  |X  IX  2X  3, 

results  affected  by  the  same  sign.  It  will  be  readily  perceived, 
that  this  circumstance  takes  place  in  consequence  of  the  fact, 
that  the  substitution  of  1  for  x  changes  at  the  same  time  the 
signs  of  both  the  factors,  x  —  |,  and  x  —  |,  which  pass  from  the 
negative  state,  in  which  they  are  when  0  is  put  in  the  place  of 
9,  to  the  positive ;  but  if  we  substitute  for  x  a  number  between 
\  and  I,  the  sign  of  the  factor  x  —  \  alone  will  be  changed,  and 
we  shall  obtain  a  negative  result. 

We  shall  necessarily  meet  with  such  a  number,  if  we  substi- 
tute, in  the  placf  of  a?,  numbers,  which  differ  from  each  other  by 
a  quantity  less  than  the  difference  between  the  roots  |  and  |. 
If,  for  example,  we  substitute  ^  f ,  |,  4,  4,  &;c.  there  will  be  two 
changes  of  the  sign. 

It  may  be  objected  to  the  above  example,  that  when  the  frac- 
tional coefficients  of  an  equation  have  been  made  to  disappear, 
the  equation  can  have  for  roots  only  either  entire  or  irrational 
numbers,  and  not  fractions ;  but  it  will  be  readily  seen,  that  the 
irrational  numbers,  for  which  we  have,  in  the  example,  substitut- 
ed fractions  for  the  purpose  of  simplifying  the  expressions,  may 
differ  from  each  other  by  a  quantity  less  than  unity. 

In  general,  the  results  will  have  the  same  sign,  whenever  the 
substitutions  produce  ^  change  in  the  sign  of  an  even  number  of 
factors.*  To  obviate  this  inconvenience  we  must  take  the  num- 
bers to  be  substituted,  such,  that  the  difference  between  the  small- 
est limit  and  the  greatest,  will  be  less  than  the  least  of  the  dif- 
ferences, which  can  exist  between  the  roots  of  the  proposed  equa- 
tion ;  by  this  means  the  numbers  to  be  substituted  will  necessa- 


*  Equal  roots  cannot  be  discovered  by  this  process,  when  their 
number  is  even ;  to  find  these  we  must  employ  the  method  given  in 
art  205. 
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lily  fall  between  the  successive  roots,  and  will  cause  a  change 
in  the  sign  of  one  factor  only.  This  process  does  not  presuppose 
the  smallest  difference  between  the  roots  to  be  known,  but  re- 
quires only,  that  the  limit,  below  which  it  cannot  fall,  be  deter- 
mined. 

In  order  to  obtain  this  limit,  we  form  the  equation  involving 
the  squares  of  the  differences  of  the  roots  (308). 

Let  there  be  the  equation 
z"+p«^*  +  92*-»....  +  <z  +  u  =  0....  (D), 

to  obtain  the  smallest  limit  to  the  roots,  we  make  (313)  z  =  -; 

V 

we  have  then  the  equation 

^  +  ?;srx  +  ?-Si----  +  '-  +  «  =  ^^ 
or,  reducing  all  the  terms  to  the  same  denominator, 

1  -}.pv  +  g«« +  <t?»-*  +  ur*  =0, 

then  disengaging  !?•,    ^ 

r*  +  -  v»"* . .  .  +  ?  V «  +  ^  V  +  i  =  0 ; 
u  u  u  u 

and  if  -  represent  the  greatest  negative  coefficient  found  in  this 
equation,  we  shall  have 

<z. 


It  is  only  necessary  to  consider  here  the  positive  limit,  as  this 
alone  relates  to  the  real  roots  of  the  proposed  equation. 
Knowing  the  limit 

1      _     n 

II 
less  than  the  square  of  the  smallest  difference  between  the  roots 
of  the  proposed  equation,  we  may  find  its  square  root,  or  at  least, 
take  the  rational  number  next  below  this  root;  this  number, 
which  I  shall  designate  by  fc,  will  represent  the  difference  which 
must  exist  between  the  several  numbers  to  be  substituted.  We 
thus  form  the  two  series, 

—  t,  —Sit,  —3*,  &c. 
from  which  we  are  to  take  only  the  terms,  comprehended  be- 
tween the  limits  to  the  smallest  and  the  greatest  positive  roots. 


334  Ekmmii  ofA^^bra. 

and  those  to  the  smallest  and  the  greatest  negative  roots  of  the 
proposed  equation*     Substituting  these  different  numbers,  we 
shall  arrive  at  a  series  of  results,  which  will  show  by  the  changes 
of  the  sign  that  take  place,  the  several  real  roots,  whether  posi- 
tive or  negative. 
318.  Let  there  be,  for  example,  the  equation 
a?3  _  7  X  +  7  =  0, 
from  which,  in  art.  208,  was  derived  the  equation 
2r»  — 42^«  +  44l2r  — 49  =  0; 

making  2  =:  -,  and,  after  substituting  this  value,  arranging  the 

result  with  reference  to  v,  we  have 

from  which  we  obtain 

r<  10,  z>  t?t; 
we  must,  therefore,  take  fc  =  or  <  — =r.    This  condition  will  be 

fulfilled,  if  we  make  kzn  {\  but  it  is  .only  necessary  to  suppose 
fc  =  I ;  for  by  putting  9  in  the  place  of  t;  in  the  preceding  equa- 
tion, we  obtain  a  positive  result,  which  must  become  greater, 
when  a  greater  value  is  assigned  to  9,  since  the  terms  v^  and  9  v* 
already  destroy  each  other,  and  }f  v  exceeds  ^\. 
The  highest  limit  to  the  positive  roots  of  the  proposed  equation 
a?3_7cF  +  7  =  0, 
is  8,  and  that  to  the  negative  roots  —  8 ;  we  must,  therefcMre,  sub- 
stitute for  X  the  numbers 

0,     i,       I,       I,       I, Vi 

"^  h  —  li  —  f 5  ""  T> —  V* 

We  may  avoid  fractions  by  making  a?  z=  -- ;  for  in  this  case 

the  differences  between  the  several  values  of  a/  will  be  triple  of 
those  between  the  values  of  cr,  and,  consequently,  will  exceed 
unity ;  we  shall  then  have  only  to  substitute,  successively, 
0,       1,       2,       3, 24, 

in  the  equation 

a/^  —  eSiK/  +  189  =  0. 
The  signs  of  the  results  will  be  changed  between  +  ^  ^^^  +  ^9 
between  -]-  5  and  +  6,  and  between  —  9  and  —  10,  so  that  we 
shall  have  for  the  positive  values, 
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•       a/  >  4  and  <  5  )  ^         V  0?  >  i  and  <  i 
a/  >  5  and  <^  ej  ^°^°^^  (a?  >  |  and  <  | 

aad  the  n^ative  valae  of  x'  will  be  found  between  —  9  and 
•—  10,  that  of  OP  between  —  f  and  —  y. 

Knowing  now  the  several  roots  of  the  proposed  equatbn  within 
\^  we  may  approach  near^  to  the  true  value  by  the  method 
explained  in  art,  215. 

319.  The  methods  employed  in  the  example  given  in  art.  315, 
and  in  the  precediiig  article,  may  be  applied  to  an  equation  of 
any  degree  whatever,  and  will  lead  to  values  approaching  the 
several  real  roots  of  this  equation.  It  must  be  admitted,  how- 
ever,  that  the  operation  becomes  very  tedious,  when  the  degree 
of  the  proposed  equation  is  very  elevated ;  but  in  most  cases  it 
will  be  unnecessary  to  resort  to  the  equation  (D),  or  rather  its 
place  may  be  supplied  by  methods,  with  which  the  study  of  the 
higher  branches  of  analysis  will  make  us  acquainted** 

I  shall  observe,  however,  that  by  substituting  successively  the 
numbers,  0, 1,  3,  3,  Sec.  in  the  place  of  op,  we  shall  often  be  lead 
to  suspect  the  existence  of  roots,  that  differ  from  each  other  by  a 
quantity  less  than  unity.  In  the  example,  upon  which  we  have 
been  employed,  the  results  are 

+  7,  +  1,  +  1,  +  13, 
which  begin  to  increase  after  having  decreased  from  -f  7  to  +  1* 
From  this  order  being  reversed  it  may  be  supposed,  that  between 
the  numbers  +  1  and  -f-  3  there  are  two  roots  either  equal  or 
nearly  equal.    To  verify  this  supposition,  the  unknown  quantity 

should  be  mulUplied.    Making  a.  =  ^,  we  find 

y»-^700y +  7000  =  0, 
an  equation,  which  has  two  positive  roots,  one  between  13  and 
14,  and  the  other  between  16  and  17. 

The  nomlftr  of  trials  necessary  for  discovering  these  roots  is 
not  great ;  for  it  is  only  between  10  and  30,  that  we  are  to  search 
fory;  and  the  values  of  this  unknown  quantity  being  deter- 


*  A  very  elegant  method,  given  by  Lagrange  for  avoiding  the  use 
of  the  equation  (D)  mdy  be  found  in  the  Traitt  de  laRisoluHan  dts 
Bqn&Hcns  nnmirijues. 
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mined  in  whole  numbers,  we  may  find  those  of  x  within  one 
tenth  of  unity. 

220.  When  the  coefficients  in  the  equation  proposed  for  reso- 
lution are  very  large,  it  will  be  found  convenient  to  transform 
this  equation  into  another,  in  which  the  coefficients  shall  be  re>> 
duced  to  smaller  numbers.    If  we  have,  for  example, 

X*  —  80«'  +  1998  a:>  —  14937  a?  +  6000  =  0, 
we  may  make  a?  z=  10  z ;  the  equation  then  becomes 

z^  —  Sz^  +  19,98  z>  —  14,937  z  +  0,6  =  0. 
If  we  take  the  entire  numbers,  which  approach  nearest  to  the 
coefficients  in  this  result,  we  shall  have 

z\  —  8  z9  +  20  z«  —  15  2  +  0,5  =  0. 
It  may  be  readily  discovered,  that  z  has  two  real  values,  one 
between  0  and  1,  the  other  between  1  and  2,  whence  it  follows, 
that  those  of  the  proposed  equation  are  between  0  and  10,  and 
10  and  20. 

I  shall  not  here  enter  into  the  investigation  of  imaginary  roots, 
as  it  depends  on  principles  we  cannot  at  present  stop  to  illus- 
trate ;  I  shall  pursue  the  subject  in  the  Supplement. 

221.  Lagrange  has  given  to  the  successive  substitutions  a  form 
which  has  this  advantage,  that  it  shows  immediately  what  ap- 
proaches we  make  to  the  true  root  by  each  of  the  several  opera- 
tions, and  which  does  not  presuppose  the  value  to  be  known 
within  one  tenth. 

Let  a  represent  the  entire  number  immediately  below  the  root 
sought;  to  obtain  this  root,  it  will  be  only  necessary  to  augment 

a  by  a  fraction ;  we  have,  therefore,  x  =  a  -f  -.    The  equation 

involving  y,  with  which  we  are  furnished  by  substituting  this 
value  in  the  proposed  equation,  will  necessarily  have  ope  root 
greater  than  unity ;  taking  6  to  represent  the  entire  number  im* 
mediately  below  this  root,  we  have  for  the  second  af^proximation 

cp  ==  a  -{-  ^.    But  6  having  the  same  relation  to  y,  which  a  has 

to  X,  we  may,  in  the  equation  involving  y,  make  y  =  6  -{-  — ,  and 

%f  will  necessarily  be  greater  than  unity ;  representing  by  V  the 
entire  number  immediately  below  the  root  of  the  equation  in  y^, 
we  have 

.    .  1        hh'+i 
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substituting  this  value  in  the  expression  for  «,  we  have 

for  the  third  approximation  to  x.  We  may  find  a  fourth  by 
makbg  ^  =  ft'  +  — ;  for  if  6^'  designate  the  entire  number  imr 
me^ately  below  y ,  we  shall  have 

»^  =  ^  +  6^  -  — V      ' 

whence 

_  h''       _hh'  h''  +  b"  +  b 

—  b'b^'  +  l 

*""**"*"  66' 6'' +  6" +  6' 
and  so  on* 
333«  I  shall  apply  this  method  to  the  equation 
a?»  — .  7  a?  +  7  =  0. 
We  have  already  seen  (218),  that  the  smallest  of  the  positive 
roots  of  this  equation  is  found  between  |  and  |,  that  is,  between 

1  and  2 ;  we  make,  therefore,  a?  =  1  -|-  - ;  we  shall  then  have 

y'  — 4y»  +3y+  1  =0. 
The  limit  to  the  positive  roots  of  this  last  equation  is  5,  and  by 
substituting,  successively ,  0,  1, 2, 3, 4,  in  the  place  of  y,  we  imme- 
diately discover,  that  this  equation  has  two  roots  greater  than 
unity,  one  between  1  and  2,  and  the  other  between  2  and  3. 
Hence 

a?  =  1  -f  I,    and    a?  =  1  +  >, 
that  is, 

a?  =  2,    and     a?  =  §• 
These  two  values  correspond  to  those,  which  were  found  above 
between  f  and  f ,  and  between  f  and  |,  and  which  differ  from 
each  other  by  a  quantity  less  than  unity. 

In  order  to  obtain  the  first,  which  answers  to  the  supposition 
of  y  =  1,  to  a  greater  degree  of  exactness,  we  make 

we  then  have 

y''  — 2y'«— y'+l  =0. 
We  find  in  this  equation  only  one  root  greater  than  unity,  and 
that  is  between  2  and  3,  which  gives 
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y  =  1  +  f  =  I, 
whence 

X  =  1  +  i  =  I . 

^gain,  if  we  suppose  y  =  2  -|-  — ,  we  shall  be  furnished  with 

the  equation 

y//3-.3y'»— 4y"— 1=0; 
we  find  the  value  of  y  to  be  between  4  aed  5 ;  taking  the  small- 
est of  these  numbers,  4,  we  have 

y  =  2  +  i,    y  =  1  +  I  =  V,    «=  t  +  tV  =  fl- 
it would  be  easy  to  pursue  this  process,  by  making  y''  =  4  +  — ^ 

'and  so  on. 

I  return  now  to  the  second  value  of  x,  which,  by  the  first  ap. 
proximation,  was  found  equal  to  |,  and  which  answers  to  the 

supposition  of  y  =>2.     Makmg  y  =  2  -^ — ;  and  substituting  this 

expression  in  the  equation  involving  y,  we  have,  after  changing 
the  signs  in  order  to  render  the  first  term  positive, 

y'  +2^'  — 2i^— 1  =0. 
This  equation,  like  the  corresponding  one  in  the  above  operation, 
has  only  one  root  greater  than  unity,  which  is  found  between  1 
and  2 ;  taking  y  =^  1,  we  have 

y  =  3,        «  =  |. 
Again  assuming 

1_ 

we  are  furnished  with  the  equation 

in  which  j/^  is  found  to  be  between  4  and  5,  whence 

y  =  f,      y=V,      «  =  «• 

We  may  continue  the  process  by  making  y''  =  4  +  -777  and  so  on. 

The  equation  op*  —  7x-|-7  =  0  has  also  one  negative  root, 
between  —  3  and  —  4.    In  order  to  approach  it  more  nearly, 

we  make  a?  =  —  3 ;  which  gives 

y3  _  20y«  —  9y  —  1  =  0,  y  >  20  and  <  21, 
whence 

X  —  —  o  —  J,  —  —  Tir» 


y'  =  1  +  ^, 
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To  proceed  further,  we  m^  suppose  y  =  20  -|-  -  &c.,  we 

shall  then  obtain,  successively,  values  more  and  more  exact. 

The  several  equations  transfcvmed  into  equations  in  y,  y,  ]('% 
&c.  will  have  only  one  root  greater  than  unity,  unless  two  or 
more  roots  of  the  proposed  equation  are  comprehended  within 
the  same  limits  a  and  a  -^  1 ;  when  this  is  the  case,  as  in  the  above 
example,  we  shall  find  in  some  one  of  the  equations  in  y,  j/,  &c. 
several  values  greater  than  unity.  These  values  will  introduce 
the  different  series  of  equations,  which  show  the  several  roots  of 
the  proposed  equation,  that  exist  within  the  limits  a  and  a  -|-  1. 
The  learner  may  exercise  himself  upon  the  following  equation ; 
ap3  —  2a?  —  *  =  0, 
the  real  root  of  which  is  between  2  and  3 ;  we  find  for  the  entire 
valuesofy,  y,  &c. 

10,  1,  1,  2,  1,  3,  1,  1,  12,  &c. 
and  for  the  approximate  values  of  x, 

I,  fi,  ff,  It,  vvs  \Y.  m,  uh  ViV,  WW. 

Of  Proportion  and  Progression. 

223.  Arithmetic  introduces  us  to  a  knowledge  of  the  defini- 
tion and  fundamental  properties  of  proportion  and  eqi^ifftrenee^ 
or  of  what  is  termed  geometrical  and  arithmetical  proportion,  t 
now  proceed  to  treat  of  the  application  of  algebra  to  the  princi<* 
pies  there  developed ;  this  will  lead  to  several  results,  of  which 
frequent  use  is  made  in  geometry. 

I  shall  begin  by  observbg,  that  equidifference  and  proportion 
may  be  expressed  by  equations.    Let  A^  B,  C,  Z),  be  the  four . 
terms  of  the  former,  and  a,  6,  c,  d,  the  four  terms  of  the  latter ; 
we  have  then 

B  —  Az^D—C  {Arith.  127),  ^  =  ^  {Ariih.  Ill), 

equations,  which  are  to  be  regarded  as  equivalent  to  the  expres* 
sions 

A.B:  C  .D,        fl  :  6  : :  c  :  d, 
and  which  give 

^  +  D  =  J5+C,        ad:=zbc. 
Hence  it  follows,  that,  in  equidifference^  the  sum  of  the  extreme  temfs 
is  equal  to  that  of  the  means^  and,  in  proportion,  the  product  of  the 
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€Xtremes  is  equal  to  (he  product  of  the  means^  as  has  been  showD  in 
Arithmetic  (137,  113),  by  reasonings,  of  which  the  above  equa- 
tions are  only  a  translation  bto  algebraic  expressions. 

The  reciprocal  of  each  of  the  preceding  propositions  may  be 
easily  demonstrated ;  for  from  the  equations 

A  +  D=z  B  +  Cj        adl  =  bc, 
we  return  at  once  to 

D^C  =  B-A,       ^  =  ^, 

'        a       c' 

and,  consequently,  when  four  quarUitUs  are  such^  that  two  among 
them  give  the  same  sum,  or  the  same  product,  as  the  other  two,  the 
first  are  the  means  and  the  second  the  extremes  (or  the  converse) 
of  an  equidifference  or  proportion^ 

When  B  =  C,  the  equidifference  is  said  to  be  continued ;  the 
same  is  said  of  proportion,  when  6  =  c.    We  have  in  this  case 

j*  +  D  =  2J5,        ad=zb'i 
that  is,  in  continued  equidifference,  the  sum  of  the  extremes  is  equal 
to  double  the  mean  ;  and  in  proportion,  the  product  of  the  extremes 
is  equal  to  the  square  of  the  mean.     Fro/n  this  we  deduce 

the  quantity  B  is  the  middle  or  mean  arithmetical  proportional 
between  A  and  D,  and  the  quantity  b  the  mean  geometrical  pro- 
portional between  a  and  d. 
The  fundamental  equations, 

B  —  A  =  D-C,       ^  =  ^, 
a       i 

lead  also  to  the  following ; 

C^A^D^B,       -=^?; 
a        b 

from  which  it  is  evident,  that  we  may  change  the  relative  places 
of  the  means  in  the  expressions  A  .Bi  C  •  D,a:b:i  c:  d,  and  in 
this  way  6btain  ^  •  C  :£•  Z),  a:c::bid.  In  general,  we  may 
make  any  transposition  of  the  terms,  which  is  consistent  with  the 
equations  - 

A  +  D  =  B  +  C  md  ad=:bc  (Arith.  114.) 
I  have  now  done  with  equidifference,  and  shall  proceed  to 
consider  proportion  simply. 
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334.  It  IS  evident,  that  to  the  two  members  of  the  equation 

^  z=:  -  we  may  add  the  same  quantity,  m,  or  subtract  it  from 
a        c 

them ;  so  that  we  have 

-  d=  m  =  -  db  m ; 
a  c 

reducing  the  terms  of  each  member  to  the  same  Aominator,  we 

obtain 

hdtzma  _  d-^imc 

an  equation,  which  may  assume  the  form 

e  dzhmc 

a       6d:ma' 
and  may  be  reduced  to  the  following  proportion, 
b  dz  ma:  d  dt  men  a:  c'j 

and  as  •  =  ^  we  have  likewise 

ddtmc d 

b±ma,^V 
or  h  dt  mai  d  dti  mc  lib:  d* 

These  two  proportions  may  be  enunciated  thus ;  The  first  conBtr 
gueni  plus  or  minus  Us  anteudmt  taken  a  given  number  of  times^  is 
to  the  second  consequent  plus  or  minus  its' antecedent  taken  the  same 
nunAer  of  times^  as  the  first  term  is  to  the  thirds  or  as  the  second  is 
to  the  fourth. 

Taking  the  sums  separately  and  comparing  them  together,  and 
also  the  differences,  we  obtain 

d-^-mc  c       :  d — mc c 

b-j-ma       a'        h — ma       a' 
whence  we  conclude 

d-^-mc d —  mc 

b'\-ma       6  —  ma* 
that  is, 

b  '^^'  maz  d  -^^  mc  ::b  —  ma:  d  —  mcj 
or  rather,  by  changing  the  relative  places  of  the  means 

b  ^  ma:b  —  ma::  d  -}-  mc:  d  —  mc^ 
and  if  we  make  m  =  1,  we  have  simply 

b  +  a:b  —  a::  d  +  c:  d  —  c, 
which  may  be  enunciated  thus ; 

The  sum  of  the  first  two  terms  is  to  their  difference  as  the  sum  of 
Ae  la^t  two  is  to  their  difference. 


932  Ekmmts  ofAlgAra. 

.  335.  The  proportion  aihixci  d  may  be  written  thus  \ 

ai  ciih  \  d\ 
we  have  then 

-  d=  m  =  Y  =t  *»» 
a  h     ^ 

whence 

A  c±ma       d±mh 

and  lastly, 

c  ±  m a  :  d  dz  mh  : :  a  :  h,  or  :i  c  :  d^ 
from  which  it  follows,  that  the  second  antecedent  plus  or  minus  tht 
first  taken  a  given  number  of  times^  is  to  the  second  consequent  plus 
or  minus  the  first  taken  the  same  number  of  times,  as  any  one  of  the 
antecedents  whateoer  is  to  i4s  consequent. 

This  proposition  may  also  be  deduced  immediately  from  that 
given  in  the  preceding  article ;  for  by  changing  the  order  of  the 
means  in  the  original  proportion 

a  :  6  : :  c  :  d, 
and  applying  the  proposition  referred  to,  we  obtain,  successively, 

a:  e::b  I  d, 
c  ±  m a  :  d  zh  mb  : :  a  :  b  or  ::  c:  d, 
and  denominating  the  letters,  a,  6,  c,  d,  m  this  last  proportion, 
according  to  the  place  they  occupy  in  the  original  proportion,  we 
may  adopt  the  preceding  enunciation. 
Making  m  =  1,  we  obtain  the  proportions 
c  ±  a  :  d  ±:  b  : :  a:  b 
:  :  c  :  d, 
c  -{-  a:  c  —  a::  d  -^^  b:  d  —  h; 
whence  it  appears,  that  the  sum  or  difference  of  the  antecedents  is 
to  the  sum  or  difference  of  the  consequents,  as  one  antecedent  is  toils 
conseq%ientj  and  that  the  sum  of  the  anteudents  is  to  their  d^erence 
as  that  of  the  consequents  is  to  their  difference* 
In  general,  if  we  have 


g 


and  make  -  =  g,  we  shall  have 


d  f  h 

which  gives 


,  =?.  f  =  ?,   -  =  J.&c., 


b=zaq,  d  =  cq,fs:  eq^  ft  as  g?,  &c. 
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then,  by  adding  these  equatkms  member  to  member,  we  obtain 

or  b  +  d  +/+  h  SK  q{a  +  c  +  e  +  g). 

whence  it  follows,  that 

h  +  d+f+h  _  h 

a+c+e+g       ^       a 
This  result  is  enunciated  thus ;  in  a  series  of  equal  ratios^ 

a:b::c:d::e:f::g:h,  &c« 
the  sum  of  any  number  whaie$er  of  antecedents  is  to  the  sum  of  a 
Hki  number  of  consequents,  as  one  antecedent  is  to  its  cons^uent* 
336.  If  we  have  the  two  equations 

b       d         A     f       ^ 

-  3=  -,    and     -  =  -, 
a       c  ^       g 

aiid  multiply  the  first  members  together  and  the  second  together, 

the  result  will  be 

ae       eg^ 
an  equation  equivalent  to  the  proportion 

ae  :  bfi  :  eg  :  dh, 
which  may  be  obtabed  also  by  muhiplying  the  sev^l^I  t^rms  of 
the  proportion 

a:b: :  c  :  df 
by  the  corresponding  ones  in  the  proportion 

e:f:ig:K 
Two  proportions  multiplied  thus  term  by  term  are  said  to  be 
mult^lied  in  order ;  and  the  products  obtained  in  this  way,  are, 
as  win  be  seen,  proportional ;  the  new  ratios  are  the  ratios  com- 
pounded of  the  original  ratios  (Arith.  123). 

It  will  be  readily  perceived  also,  that  if  we  divide  two  propor- 
tions term  by  term,  or  in  order,  the  result  will  be  a  proportion^ 

227.  If  we  have  -  =  -i 

a       c* 

we  may  deduce  from  it 

ft*  _  ^ 

which  gives 

tf"  :  i*»  :  :  c*  :  dh ; 
whence  it  follows,  that  the  squares,  the  cubes,  and,  in  general,  the 
similar  powers  of  four  proportional  quantities  are  eUso  proportional 

The  same  may  be  said  of  fractional  powers,  for,  since 

£lg.  30 
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m  fn 

»»  ^        ,  m 

c  ^  V' 

m  m 


and 


therefore, 


or 


if  a  :  6  :  :  c  :  d ;  that  is,  Ae  roots  of  the  same  degree  of  four  pro* 
porlional  qvantilies^  are  also  proportional* 

Such  are  the  leading  principles  in  the  theory  of  proportion. 
This  theory  was  invented  for  the  purpose  of  discovering  certain 
quantities  by  comparing  them  with  others. .  Latin  names  were 
for  a  long  time  used  to  express  the  different  changes  or  transfor- 
mations, which  a  proportion  admits  of.  We  are  beginning  to 
relieve  the  memory  of  the  mathematical  student  from  so  unne- 
cessary a  burden  ;  and  this  parade  of  proportions  might  be  en- 
tirely superseded  by  substituting  the  corresponding. equations, 
which  would  give  greater  uniformity  to  our  methods,  and  more 
precision  to  our  ideas. 

228.  We  pass  from  proportion  to  progression  by  an  easy 
transition.  After  we  have  acquired  the  notion  of  three  quanti- 
ties in  continued  equidifference,  the  last  of  which  exceeds  the 
second,  as  much  as  this  exceeds  the  first,  we  shall  be  able,  with- 
out difficulty,  to  represent  to  ourselves  an  indefinite  number  of 
quantities,  a,  6,  c,  d,  &c.,  such,  that  each  shall  exceed  the  pre- 
ceding one,  by  the  same  quantity  d,  so  that 

6  =  0-1- d,  c=^t-f.<y,  d  =  c-|-d,  e  =  d-|-d,  &c. 
A  series  of  these  quantities  is  written  thus ; 

-T-  amh.c,d*e.f  &c. 
and  is  termed  an  arithmetical  progression ;  I  have  thought  it  pro^ 
per,  however,  to  change  this  denomination  to  that  of  progression 
by  differences.    (See  Arith.  art^  127,  note.) 

We  may  determine  any  term  whatever  of  this  progression, 
without  employing  the  intermediate  ones.  In  fact,  if  we  substi- 
tute for  h  its  value  in  the  expression  for  c,  we  have 
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cz:i  a  +  ^^'j 
by  means  of  this  last,  we  find 

d  =  a  -|-  Sd,  then  c  =  o  -|-  4<y, 
and  so  on ;  whence  it  is  evident,  that  representing  by  /  the  term, 
the  place  of  which  is  denoted  by  n,  we  have 
J  =  a  +  (n—  l)<f. 
Let  there  be,  for  example,  the  progression 

-~  3  .  5  .  7  .  9  .  11  .  13  .  15  .  17,  &c. 
here  the  first  term  a  =  3,  the  difierence  or  ratio  d  =  2 ;  we  find 
for  the  eighth  term 

3  ^.  (8  —  1)  2=  17, 
the  same  result,  to  which  we  arrive  by  calculating  the  several 
preceding  terms. 

The  progression  we  have  been  considering  is  called  increasing ; 
by  reversing  the  order,  in  which  the  terms  are  written,  thus, 

-r-  17.  15  .  13  .  11  .  9.  7  .  5  .  3.  1 1  .  —  3,  &c. 

we  form  a  decreasing  progression.  We  may  still  find  any  term 
whatever  by  means  of  the  formula  a  +  (n —  1)^,  observing 
only,  that  <f  is  to  be  considered  as  negative,  since,  in  this  case,  we 
must  subtract  the  difierence  from  any  particular  term  in  order  to 
obtain  the  following. 

229.  We  may  also,  by  a  very  simple  process,  determine  the 
sum  of  any  number  whatever  of  terms  in  a  progression  by  dif- 
ferences.   This  progression  being  represented  by 

* "  C».Cl«C..»..*«..*l*IC.f, 

and  S  denoting  the  sum  of  all  the  terms,  we  have 

S  :=:a  +  h  +  C.... J^i^k^  I. 

Reversing  the  order,  in  which  the  terms  of  the  second  member 
of  this  equation  are  written,  we  have  still 

S=z  l  +  k  +  i -(-c  +  6  +  a. 

If  we  add  together  these  equations,  and  unite  the  corresponding 
terms,  we  obtain 

2  5=(a+0+(*+*)+(^+0--+(»+0+(*+6)+(^+«)  5 
but  by  the  nature  of  the  progression,  wc  have,  beginning  with 
the  first  term, 

a  +  d  =  6,  5-^.^  =  0, i  +  dz=:k,  k  +  d=il, 

and,  consequently,  beginning  with  the  last 

/ — d  =:fe,  k  —  <^  =  t, c  —  ^  =  6,  6  — <^  =  a; 

,by  adding  the  corresponding  equations,  we  shall  perceive  at 
once,  that 
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a  +  I  z^  b  -^r  10^:=^  c  +  ij  &c. 
and,  consequently,  that 

wkence  it  follows,  that 

2      ' 
Applying  this  formula  to  ibe  progression 
-r-  3  •  5  •  7  •  0  &c« 
we  find  for  iiie  sum  of  the  first  eight  termfl 

<itin«  =  80. 

330.  The  equation 

/  =  a  +  (n— l)<r, 
together  with 

furnishes  us  with  the  means  of  finding  any  two  of  the  five  quan- 
tities, 0,  ^,  A,  /,  and  5,  when  the  other  three  are  known ;  I  shaH 
not  stop  to  treat  of  the  several  cases,  which  may  be  presented. 

231.  From  proportion  is  derived  progression  by  quaiunu  or 
geometrical  progression,  which  consists  of  a  series  of  terms*  sucb, ' 
that  the  quotient  arising  from  the  division  of  one  term  by  that 
which  precedes  it,*  is  the  same,  from  whatever  part  erf  the  series 
the  two  terms  are  taken.    The  smes 

TT    2;    6;  18;  54;  l63:,S^c. 
-H-  45  :  15  :    5  ;    I :      f  :  &c. 
are  progression*'  of  this  kind ;  the  quotient  or  ratio  is  3  in  the 
first,  and  |  in  the  other;  the  first  is  increasing,  and  the  second 
decreasing.    Each  of  these  progressions  forms  a  series  of  equal 
ratios,  and  for  this  neason  is  written,  as  above. 

Let 

a,h,Cjd, t,  /, 

be  the  terms  of  a  progression  by  quotients ;  making  -  =  7,  we 

have  by  the  nature  of  the  progression, 

b c  d e        / 

or        6  =  09,  c=i:6  9,  il=:c9,  e  =  <{^.../  =  ftf. 
Substituting,  successively,  the  value  of  6  in  the  expressMn  for  c, 
and  the  value  of  c  in  the  expression  for  d,  &c.,  we  have 
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i  =:  ttf,  c  =s  aq*j  dz=z  aj*,  <  ==  aq*, .  •  .  /  =  «?•*•*, 
taking  n  to  represent  the  place  of  the  term  /,  or  the  nomber  of 
terms  considered  in  the  proposed  progression. 

By  means  of  the  formula  I  =:  a  9**^  we  may  determine  any 
term  whatever,  without  making  use  of  the  several  intermediate 
ones.    The  tenth  term  of  the  progression 
*  2  :  6  :  18  :  &c., 
for  example,  is  equal  to  3  X  3>  =  39366, 

233.  We  may  also  fiad  the  sum  of  any  number  of  terms-we 
please  of  the  progression 

TT  a :  i  :  c  :  <2,  &c. 
by  adding  together  the  equations 

foe  the  result  will  be 
b  +  c  +  d  +  e...  +  l  =  (u  +  h  +  c  +  d...  +  k)q; 

and  representing  by  5  the  sum  sought,  we  have 

b -^  c -^  d  +  e  ,  .  •  • -^^  I  sz  S'^-^a^ 
a  +  b  +  c  +d....+k=iS  — i, 

whence  5  — .  a  =:  5  (S  —  i), 

and,  consequently, 

■■■■■■■■■■  I ■      *■■     ' ■     ■■■ ■   ■        *      ■  ■  *'*'■  ■'  >■■   ■  ■    I  ■  ..I     ■  III..-* 

t  The  truth  of  this  result  may  be  rendered  very  evident,  indepen- 
dently of  analysis.  If  it  were  required,  for  exanple,  to  find  the  sum 
of  the  progreMioB 

-^  2  :  6  :  18  :  54  :  162, 
mohiplying  by  the  ratio,  we  have 

-H-  6  :  18  :  54  :  162  :  486. 
The  first  series  being  subtracted  firom  tbi^  gives  486  -—  2^  equjU  to  so 
many  times  the  first  series,  as  is  denoted  by  the  ratio  minus  one,  that  is 

If  we  multiply  by  the  ratio  q  the  general  series 

-iraib'.eidit ^ 

we  have  -lir  aq  :bq  :  cq  :  dq  :  eq lq» 

Then,  because  6  =r  a  9,  to.,  the  second  series  minus  the  first  is  /g  —  a^ 
equal  to  so  many  times  the  first  series,  as  is  denoted  by  the  ratio 
minus  one. 

Hence         a  +  b  +  c  +  d  +  e +  /=  ^;^. 
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In  the  above  example,  we  find  for  the  sum  of  the  first  ten 
terms  of  the  progression 

^  2  :  6  :  18  :  &c. 

\ '  =  3»  •  —  1  =  59048.    • 

2 

233.  The  two  equations, 

Comprehend  the  mutual  relations,  which  exist  among  the  five 
quantities,  a,  9,  n,  /,  and  5,  in  a  progression  by  quotients,  and 
enable  us  to  find  any  two  of  these  quantities,  when  the  other 
three  are  given. 

234.  )f  we  substitute  a  9"*^  in  the  place  of  /,  in  the  expression 
for  5,  we  have 

q  —  1 
When  g  is  a  whole  number,  the  quantity  9*  will  become  greater 
and  greater  in  proportion  to  the  increased  magnitude  of  the 
number  n;  and  S  may  be  made  to  exceed  any  quantity  wha^ 
ever,  by  assigning  a  proper  value  to  n,  that  is,  by  taking  a  suffi- 
cient number  of  terms  in  the  proposed  progression.     But  if  q  is 

a  fraction,  represented  by  — ,  we  have 

1_  ~"        m— 1         "~m— 1' 

m 
and  it  is  evident,  that  as  the  number  n  becomes  greater,  the  term 

— ^  will  become  smaller,  and,  consequently,  the  value  of  S  will 

approach  nearer  and  nearer  to  the  quantity  — 37T1  froni  which 
it  will  differ  only  by 


(m  —  I)  ««-»  ' 
therefore,  the  greater  the  number  of  terms  we  take  in  the  pro- 
posed progression,  the  more  nearly  will  their  sum  approach  to 

t  Multiplying  the  numerator  and  denominator  by  —  m. 
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^^    .    It  may  even  difier  from  -— —  by  a  quantity  less  than 

any  assignable  quantity,  without  ever  becoming  in  a  rigorous 
sense  equal  to  it. 

The  quantity  -^^ — ,  which  I  shall  designate  by  L,  forms,  we 

perceive,  a  limit,  to  which  the  particular  sunft  represented  by  S, 
approach  nearer  and  nearer. 

Applying  what  has  been  said  to  the  progression 
^  1  :  i  :  i  :  i  ••  tV,  &c. 
we  have 


whence 


fl  =  1, 9  =  1  =  I, 


m  =  2,     L  = =  2 ; 

m  —  1 


and  the  greater  the  number  of  terms  we  take  in  the  above  pro- 
gression, the  nearer  their  sum  will  approach  to  an  equality 
with  2. 
We  have,  in  fact 

1  =:    1     =  2—  1, 

1+i  =:|.=  2-1, 

1  +  i+i  =  J    =2-i, 

1  +  4  +  i  +  i  =  V  =2-i, 

1  +  i  +  i  +  i  +  tV  =  «  =  2  —  tV  • 
&;c. 

The  expression  for  L  may  be  considered  as  the  sum  of  the 
decreasing  progression  by  quotients,  continued  to  infinity,  and  it 
is  thus,  that  ii  is  usually  presented ;  but  in  order  to  form  a  clear 
idea  of  it,  we  must  represent  it  in  a  limited  view. 

235.  We  may  obtain  from  the  expression 

q-l     ' 

all  the  terms  of  the  progression,  of  which  it  denotes  the  sum ; 
fw,  if  we  divide  9"  —  1  by  gr  —  1  (158),  we  find 

^^  =  r^  =  1  +  ?  +  9'  +  ?'  +  ?* +  j-s 

which  gives 

Szna  +  a^-j-a^* +  fl 9*^*.    • 

We  may  employ  the  value  of  L  for  the  same  purpose ;  in  this 
case,  m  is  to  be  divided  by  m  —  1,  as  follows ; 
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1—1 


—  m+  1 


1+-  +  ^+-.  +  *^- 


^  W  ^  HI* 

&c. 

We  begin,  by  dividing,  according  to  the  usual  method,  by  the 
first  term,  and  find  1  for  the  quotient;  we  multiply  this  quotient 
by  the  divisor  and  subtract  the  product  from  the  dividend ;  then, 
dividing  the  remainder  by  the  first  term  of  the  divisor,  we  obtaiit 

—  for  the  quotient,  and  have  —  fot  a  remaindei^ ;  we  go  through 

the  same  process  with  this  remainder  as  with  the  preceding. 
Persuing  this  method,  we  soon  discover  the  law,  to  which  the 
several  particular  quotients  are  subjected,  and  perceive  that  the 

expression is  equivalent  to  the  series 

1  +  -  +  4  +  A+&C. 

continued  to  infinity.  Substituting,  for  m  its  value  -,  and  multi- 
plying by  a,  we  find  as  before 

a  +  ^7  +  «?*  +  *^f*  +  &c^ 
fin*  the  progression  of  which  L  represents  the  limit. 
9S«.  The  series 

mm'       «' 

is  considered  as  the  value  of  the  fraction  --^ — ,  whenever  it  is 

m  —  1 

converging^  that  is,  when  the  terms,  ef  which  it  is  composed,  be- 
come smaller  and  smaller  the  fiirther  they  are  removed  from  the 
first. 

Indeed*,  if  we  make  the  division  cease  successively  at  the  first, 
second,  third remainder,  we  have 
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tke  quotients  1 


1+^ 

m 


and  the  remainders  1 
1 


m 


the  fiNtner  of  which  approach  the  true  value,  exactly  in  im>por- 
tion  as  the  latter  are  diminished;  and  this  takes  place,  only 
when  m  exceeds  unity.  In  all  other  cases  we  must  have  regard 
to  the  remainders,  which,  increasing  without  limit,  make  it  evi- 
dent, that  the  quotients  are  departing  further  and  further  from 
the  true  value* 

To  render  this  clear,  we  have  only  to  make,  successively, 
^  =  3,  fn=  l,m  =  |.     Upon  the  first  supposition,  we  have 

-^  =  2  =  1  +  i  +  J  +  i  +  tV  +  &c. 

and  it  has  been  shown  (334),  that  the  series,  which  constitutes 
the  second  member,  approaches,  in  fact,  nearer  and  nearer  to  2. 
The  second  supposition  leads  us  to 

;j^-^=  I  =  1  +  1  +  1  +  .1  +  1  +  1  +  1  &c. 

This  result,  l+l-f-l  +  ^  +  l  &^c»i  continued  to  mfinity,  pre- 
sents in  reality  an  infinite  quantity,  as  the  nature  of  the  expres* 
sion  I  implies ;  yet  if  we  neglect  the  remainders  in  this  example, 
we  are  led  into  an  absurdity ;  for  since  the  divisor,  multiplied  by 
the  quotient,  must  produce  the  dividend,  we  kave 

1  =(1  +  1  +  1  +  1+ )0; 

but  the  second  member  is  strictly  reduced  to  nothing,  we  have 
therefore  1=0. 

The  third  supposition  leads  to  consequences  not  less  absurd,  if 
we  neglect  the  remainders,  and  consider  the  series,  which  is  ob- 
tained, as  expressing  tb^  vahie  of  the  fraction,  from  which  it  is 
derived.    Making  m  =  |,  we  find 

^^^  =  ^1  =  1+2+ .4 +  8  +  16+ &c., 

which  is  evidently  false.  ^ 

There  will  be  no  contradiction  of  this  kind,  if  we  observe,  that, 
in  the  second  case,  the  remainders 
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,11       1     p 
1,-,    — ,   — ,  &c. 
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are  each  equal  to  1,  and  that,  since  thej  do  not  diminidi,  they 
can  never  be  neglected,  to  whatever  extent  the  series  is  con- 
tinued. If  we  add,  therefore,  one  of  these  remainders  to  the 
second  member  of  the  equation 

1=(1  +  1  +  1  +  1  +  1+ )0, 

the  equation  becomes  true.    In  the  third  case,  the  remainders, 
-    1      1        1     o  ^ 

form  the  increasing  progression,  1, 2, 4,  8, 16,  &c.  and,  if  we  add 
to  the  several  quotients  the  fractions,  arising  from  the  corres- 
ponding remainders,  the  exact  expressions  for  will  be 


1  + 


m—  1 


1+^  + 


i»       m  (m —  1) 

l+i^.i_+_i_ 
^m  ^m«  ^  m«(m— 1) 

&c«, 

each  of  which  gives  —  1,  when  m  =^  |. 

If  we  take  m  =^  —  w,  the  fraction becomes  —7—  2  the 

fit  —  1  »+  1 

series,  which  is  produced  by  developing  this  fraction,  assumes 

the  form 

l_i  +  i.^-L  +  &c., 
n       n^        ft'   '         ' 

and  making  n  =  1,  we  have 

1_1  +  1_1+1_1+  &c., 
a  series,  which  becomes  alternatelj  1  and  0,  and  which,  con- 
sequently, as  often  exceeds,  as  it  falls  below,  the  true  value  of 

- — : — ,  equal  in  this  case  to  I :  but  as  the  above  series  is  not  con- 
»  +  1'    ^  ' ' 

verging,  it  cannot  give  this  true  value ;  and  we  must,  therefore, 
take  into  consideration  the  remainder,  at  whatever  term  we 
stop. 

If  we  suppose,  in  the  preceding  series,  n  =  2,  we  have 
1  —  i  +  i  —  i  +  A,  —  &c., 
a  series,  in  which  the  particular  sums,  1,  i,  |,  |,  &c.  are,  alter- 
nately, smaller  and  greater  than  the  true  value  of  ,  which 

ft  ^p"  1 
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is  t,  but  to  which  they  approach  continnally,  because  the  pro- 
posed series  is  converging.  * 

Although  diowging  series,  that  Is,  those,  the  terms  of  which  go 
on  increasing,  continue  to  depart  further  and  further  from  the 
true  value  of  the  expressions  from  which  they  are  derived,  yet 
considered  as  developments  of  these  expressions,  they  may  serve 
to  show  such  of  their  properties,  as  do  not  depend  on  their  sum* 
mation. 

237.  If  we  continue  any  process  of  division  in  algebra,  accord- 
ing to  the  method  pursued  above  (235),  with  respect  to  the  quan- 
tities m  and  m  —  1,  the  quotient  will  always  be  expressed  by  an 
infinite  series  composed  of  simph  Urtnsm  Infinite  series  are  also 
formed  by  extracting  the  roots  of  imperfect  powers,  and  contin- 
uing the  operation  upon  the  severarsuccessive  remainders ;  but 
they  are  obtained  more  easily  by  means  of  the  formula  for  bino- 
mial quantities,  as  will  be  shown  in  the  Supplementy  where  I  shall 
treat  of  the  more  common  series. 

TTuary  of  Exponential  Quantities  and  of  Logarithms. 

'  238.  In  the  several  questions,  we  have  resolved  thus  far,  the 
unknown  quantities  have  not  been  made  subjects  of  considera- 
tion as  exponents ;  this  will  be  requisite,  however,  if  we  would 
determine  the  number  of  terms  in  a  progression  by  quotients,  of 
which  the  first  term,  the  last  term,  and  the  ratio  are  given.  In 
fact,  we  are  furnished  by  a  question  of  this  kind  with  the  equa- 
tion 

/  =  aj*-*  (231), 
in  which  n  will  be  the  unknown  quantity ;  abridging  the  expres- 
sion, by  making  n  —  1  =  a?,  we  have  I  zn  aq*.  This  equation 
cannot  be  resolved  by  the  direct  methods  hitherto  explained ; 
and  quantities  like  x  cannot  be  represented  by  any  of  the  signs 
already  employed.  In  order  to  present  this  subject  in  a  more 
clear  light,  I  shall  go  back  to  state,  according  to  Euler,  the  con- 
nexion which  exists  between  the  several  algebraic  operations, 
and  the  manner,  in  which  they  give  rise  to  new  species  of 
quantities. 

239.  Let  a  and  (  be  two  quantities,  which  it  is  required  to 
add  together ;  we  have 

a  -f-  6  =  c; 
and  in  seeking  a  or  b  from  this  equation,  we  find 
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(i=rc— *b,    tssic  —  a; 
hence  the  origin  of  Subtraction ;  but  when  this  last  operation 
cannot  be  performed  in  the  order  in  which  it  is  indicated,  the 
result  becomes  negative. 

The  repeated  addition  of  the  s^me  quantity  gives  rise  to  mu\* 
tiplication ;  a  representing  the  multiplier,  b  the  multiplicand,  and 
c  the  product,  vre  have 

a6  =  c, 
whence  we  obtain 

t     I       c 

and  hence  arises  division,  and  fractions,  in  which  this  division 
terminates,  when  it  cannot  be  performed  without  a  remainder. 

The  repeated  multiplication  of  a  quantity  by  itself  produces 
the  powers  of  this  quantity ;  if  b  represent  the  number  of  times 
a  is  a  factor  in  the  power  under  consideration,  we  havie 

a*  =  c. 
This  equation  differs  essentially  from  the  preceding,  as  the  quan- 
tities a  and  6  do  not  both  enter  into  it  of  the  same  form,  and  hence 
the  equation  cannot  be  resolved  in  the  same  way  with  respect  to 
both.  If  it  be  required  to  find  a,  it  may  be  obtained  by  simply 
extracting  the  root,  and  this  operation  gives  rise  to  a  new  species 
of  quantities,  denominated  irrational ;  but  h  must  be  determined 
by  peculiar  methods,  which  1  shall  proceed  to  illustrate^  after 
haying  explained  the  leading  properties  of  the  equation  a*  =  c* 

240.  It  is  evident,  that  if  we  assign  a  constant  value  greater 
than  unity  to  a,  and  suppose  that  of  b  to  vary,  as  may  be  requi* 
site,  we  may  obtain  successively  for  c  all  possible  numbers^ 
Making  6  =  0,  we  have  c  =  1 ;  then  since  b  increases,  the  cor* 
responding  values  of  c  will  exceed  unity  more  and  more,  and 
may  be  rendered  as  great  as  we  please.  The  contrary  will  be 
the  case,  if  we  suppose  b  negative ;  the  equation  a*  =s  c  being 

then  changed  into  ar^  =  c,  or  -j  =:  c,  the  values  of  c  will  go  on 

decreasing,  and  may  be  rendered  indefinitely  small.  We  may, 
therefore,  obtain  from  the  same  equation  all  possible  positive 
numbers,  whether  entire  or  fractional,  upon  the  supposition,  that 
a  exceeds  unity.  The  same  is  true,  if  we  have  a  <  1 ;  only  the 
order,  in  which  the  values  stand,  will  be  reversed ;  but  if  we 
suppose  a  =  1,  we  shall  always  find  c  s  1,  whatever  valae  be 
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assigned  to  b;  we  must,  therefore^  consider  the  observations 
wUch  follow,  as  applying  only  to  cases,  in  which  a  differs  essei> 
liallj  from  unity. 

In  order  to  express  more  clearly,  that  a  has  a  constant  valuer 
and  that  the  two  other  ^quantities  h  and  c  are  indeterminate,  I 
shall  represent  them  by  the  letters  a?  and  y ;  we  then  have  the 
equation  of  =  y,  in  which  each  value  of  y  answers  to  one  value 
of  X,  so  that  either  of  these  quantities  may  be  determined  by 
means  of  the  other. 

241.  This  fact,  that  all  numbers  may  be  produced  by  means 
6f  the  powers  of  one,  is  very  interesting,  not  only  when  consid« 
»ed  in  relation  to  algebra,  but  also  on  account  of  the  facility 
with  which  it  enables  us  to  abridge  numerical  calculations.  In- 
deed, if  we  take  another  number  y',  and  designate  by  a/  the  cor* 
responding  value  of «,  we  shall  have  a*'  =  y,  and,  consequently, 
if  we  multiply  y  by  y,  we  have 

yy'  =  o*  X  a^  =  0-^; 
if  we  divide  the  same,  the  one  by  the  other,  we  find 

y       a*  » 

lastly,  if  we  take  the  m^  power  of  y,  and  the  n*^  root,  we  have 

y*  =  (a*)«  =  a~ 

for  the  one,  and 

1  1        * 

y"=(a*)»  =  c^ 

for  the  other. 

It  follows  from  the  first'two  results,  that  knowing  the  expo- 
nents X  and  x'  belonging  to  the  numbers  y  and  y,  we  may,  by 
taking  their  sum,  find  the  exponent  which  answers  to  the  pro- 
duct yy,  and  by  taking  their  difierence,  that  which  answers  to 

the  quotient  — •     From  the  last  two  equations  it  is  evident,  that 

the  exponent  belonging  to  the  m^  power  of  y  may  be  obtained 
by  simple  multiplication,  and  that  which  answers  to  the  n^  root, 
by  simple  division. 

Hence  it  is  obvious,  that  by  means  of  a  table,  in  which  against 
the  several  numbers  y,  are  placed  the  corresponding  values  of 
0?,  y  being  given,  we  may  find  x,  and  the  reverse ;  and  the  multi'" 
pSeaium  of  any  two  numUrs  is  nduced  to  simple  addition^  because, 
instead^of  employing  these  numbers  in  the  operation,  we  may 
add  the  ccnresponding  values  of  «,  and  then  seeking  in  the  tablr 
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the  number,  to  which  this  sum  answers,  we  obtain  the  product 
required.  The  quotient  of  the  proposed  numbers,  may  be  found, 
in  the  same  table,  opposite  the  difference  between  the  corres- 
ponding values  of  x^  and,  therefore,  division  is  performed  by  means 
of  stibtraction. 

These  two  examples  will  be  sufficient  to  enable  us  to  form  aa 
idea  of  the  utility  of  tables  of  the  kind  here  described,  which 
have  been  applied  to  many  other  purposes  since  the  time  of  Na- 
pier, by  whom  they  were  invented.  The  values  of  x  are  termed 
logarithms,  and,  consequently,  logarithms  are  the  exponents  of  the 
jHnoers,  to  which  a  constant  number  must  be  raised.^  in  order  that  all 
possible  numbers  may  be  successively  deduced  from  it. 

TTu  constant  number  is  called  the  base  of  the  table  or  system  of' 
logarithms. 

1  shall,  in  future,  represent  the  logarithmof  y  by  ly ;  we  have 
then  0?  =  ly,  and  since  y  =:  a',  we  are  furnished  with  the  equa- 
tion y  =  a^y. 

242.  As  the  properties  of  logarithms  are  independent  of  any 
particular  value  of  the  number  a,  or  of  their  base,  we  may  form 
an  infinite  variety  of  different  tables  by  giving  to  this  number  all 
possible  values,  except  unity.  Taking,  for  example,  a  =  10,  we 
have  y  =  (10)^^,  and  we  discover  at  once,  that  the  numbers 

1,     10,     100,     1000,     10000,     100000,    &c., 
which  are  all  powers  of  10,  have  for  logarithms,  the  numbers 
0,         1,         2,         3,         4,        5,        &c. 

The  properties  mentioned  in  the  preceding  article  may  be 
verified  in  this  series ;  thus  if  we  add  together  the  logarithms 
of  10  and  1000,  which  are  1  and  3,  we  perceive,  that  their  sum, 
4,  is  found  directly  under  10000,  which  is  the  product  of  the  pro* 
posed  numbers. 

243.  The  logarithms  of  the  intermediate  numbers,  between  1 
and  10,  10  and  100,  100  and  1000,  &c.  can  be  found  only  by 
approximation.  To  obtain,  for  example,  the  logarithm  of  2,  we 
must  resolve  the  equation  (10)*  =  2,  by  the  method  given  in  art. 
221,  finding  first  the  entire  number  approaching  nearest  to  the 
value  of  X,     It  is  obvious  at  once,  that  x  is  between  0  and  1, 

since  (10)*  =  1,  (10)^  =r  10;  we  make  therefore  ir  =  -,  the 

z 

X  ^ 

equation  then  becomes  (lO)""  =  2,  or  10  =  2'  ;  now  z  is  found 
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between  3  and  4 ;  we  suppose,  therefore,  2:  =  3  -{*  - ,  and  hence 

10  =  2**^  =  2»  X  2^  ==  8  X  A 

or  ^  =  V  =  f , 

or,  lastly,  2  =  {\Y. 

As  the  value  of  2^  is  between  3  and  4,  we  make 

we  have  then 

whence  we  obtain 

(f  )^  =  2  (1)»  =  HI,  or  (Hir  =  *  •> 
and  after  a  few  trials  we  discover  that  t^'  is  between  9  and  10. 
The  operation  may  be  continued  further ;  but  as  I  have  exhibited 
this  process  merely  to  show  the  possibility  of  finding  the  loga- 
rithms of  all  numbers,  I  shall  confine  myself  to  the  supposition 
Qf  yy  --  9 .  ^Q  j^^Yg  x\iQXiy  going  back  through  the  several  steps,* 

^  =  V,    ^=\h    ^  =  11- 
Thb  value  of  x,  reduced  to  decimals,  is  exact  to  the  fourth  figure, 
as  it  gives 

X  =  0,30107. 
By  calculations  carried  to  a  greater  degree  of  exactness,  it  is 
found,  that 

0?  =  0,3010300, 
the  decimal  figures  being  extended  to  seven  places. 

Regarding  this  value  of  x  as  an  exponent,  we  must  conceive 
the  number  10  to  be  raised  to  the  power  denoted  by  the  number 
3010300,  and  the  root  of  the  result  to  be  taken  for  the  degree 
denoted  by  10000000;  we  thus  arrive  at  a  number  approaching 

very  nearly  to  2;  that  is  (io)'^**'^^«^«  =  2,  very  nearly;  the 

first  member  is  a  little  greater  than  2;  but  (lO)"'^'^"  is 
smaller.* 

*  The  method  explained  in  this  article  becomes  impracticablei 
when  the  numbers,  the  logarithms  of  which  are  required,  are  large ; 
another  method  however,  which  may  be  very  useful,  is  given  by  Long, 
an  English  geometer,  in  the  Philosophical  TransacUons  for  Uie  year 
1724,  No.  339. 
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344.  By  multipljing  the  logarithm  of  3,  succeBsively,  by  S,  3, 
4,  &c.,  we  obtain  logarithms  of  the  numbers,  4, 8, 16,  &€•,  which 
are  the  2*,  3*,  4*,  &c  powers  of  2. 

By  adding  to  the  logarithm  of  2  the  logarithms  of  10,  100, 
1000,  &c.  we  obtain  those  of  30,  200,  2000,  &c.,  it  is  evident, 
therefore,  that  if  we  have  the  logarithms  of  the  former  numbers^ 
we  may  find  the  logarithms  of  all  numbers  composed  of  them, 
which  latter  can  be  only  powers  or  products  of  the  former. 
The  number  2K),  for  example,  being  equal  to 

2X3X5X7, 
its  logarithm  is  equal  to 

12  +  13  +  15  +  17, 
and  since  5  =  y,  we  have 

16  =  110  — 13. 

I*   ■  ■  I  !■      II  ■  I      I. 

As  the  process  for  determining  x  in  the  equation  (lO)'  =  y  is 
very  laborous,  we  may,  reversing  the  order,  furnish  ourselves  witfi 
the  severed  expressions  for  z,  then  forming  a  table  of  the  values  of  y 
corresponding  to  those  of  x,  we  shall  afterwards,  as  will  be  perceived, 
be  able,  in  any  particular  case,  to  determine  x  by  means  of  y. 

We  take  first  for  x  the  values  comprehended  between  0,1  and  0,9 ; 
we  have  then  only  to  determine  the  value  of  y,  which  answers  to 

X  =  0,1,  or  (10)^^,  because  the  several  other  values  of  y,  namely, 

(10)*,     (10)1^,  &c. 
are  the  2^,  S',  &c.  powers  of  the  first. 

By  extracting  the  square  root,  we  discover  at  once,  that 

(10)^    or    (10)^  =  8,162277660  ; 
then  taking  the  fifth  root  of  this  result,  we  have 

(10)tV=  1^58925412. 
By  a  similar  process,  we  deduce  from 

(10)*  =  1,258925412, 
the  value  of 

V  (10)*  =  (10)*  =  (10)  T^^  =  1,122018454  ; 
then  taking  the  fifth  root,  we  have 

(10)T*^  =  1,023292992 ; 

and  raising  the  result  to  the  2* ,  3*, 9*  powers,  we  obtain  the 

values  of  y,  corresponding  to  those  of  x  comprehended  between  0,01 

and  0,09. 
It  will  be  readily  seen,  that  by  this  method,  we  may  also  find  the 
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^45.  Logarithms,  which  are  always  expressed  by  decimals, 
are  composed  of  two  parts,  namely,  the  unils  placed  on  the  left 
^f  the  comma,  and  the  decimal  figures  found  on  the  right.     The 


talues  of  y  for  those  of  x  between  0,001  and  0^009,  between  0,0001 
and  0,0009 ;  thus  we  shall  be  furnished  with  the  following  table. 


_L^ 


0,9 

8 
7 
6 
5 
4 
S 
2 
1 


7,943282347 
6,309573445 
5,011872336 
3,98l07l70f^ 
3,162277660 
2,511886433 
1,995262315 
1,584893193 
1,25892541^ 


0,09 
8 
7 
6 

5 
4 

3 
2 

1 


0,009 
8 
7 
6 
5 
4 
3 
2 
1 


0,0009 
8 
7 


Kat  Num 


Log- 


l,23026b77l 
1,202264435 
1,174897555 
,148153621 
1,122018454 
1, 096478 19() 
1,071519305 
1,047128548 
1,02329299^ 


1,020939484 
1,018591388 
1,016248694 
1,013911386 
1,011579454 
1,009252886 
1,006931669 
1,004615794 
1^02305238 


1,0020744750, 

.,001843766 

1,001613109 

1,001382506 

1,001151956 

1,000921459 

1,000691015 

1,000460623 

1,00023028: 


0,00009 
8 
7 


5 

4 

3 

2 

1 

0,00000"9 

8 
7 
6 

5 
4 
3 
2 

1 


o,ooooooy 

8 
7 
6 

5 
4 
3 
2 

1 


),00000009 
8 
7 
6 
5 
4 
3 


Nat.  NuoK 

,006267254 
,000184224 
,000161194 
,000138165 
,000115136 
,000092106 
,000069080 
000046053 
,000023026 


,000020724 
,000018421 
,000016118 
,000013816 
,000011513 
,000009210 
,000006908 
,000004605 
,000002302 


,000002072 
,000001842 
,000001611 
,000001381 
,000001151 
,000000921 
,000000690 
,000000460 
,000000230 


,000000207 
,000000184 
,000000161 
,000000138 
,000000115 
,000000092 
,000000069 
,000000046 
,000000023 


By  means  of  this  table,  we  may  find  the  logarithm  of  any  number 
whatever,  by  dividing  it  by  10  a  sufficient  ntfmber  of  times.  To 
obtain,  for  example,  the  logarithm  of  2549,  we  first  divide  this  num- 

Alg*  32 
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first  of  these  is  called  the  characlerUiic^  because  in  the  logarithms 
under  consideration,  which  are  adapted  to  the  supposition  of 
a  =  10,  and  which  are  called  common  logarithms^  this  part  shows, 


her  by  (lO)^  or  1000,  which  is  the  greatest  power  of  10  it  contains ; 
we  have  then 

2549  =  (10)3  X  2,549  ; 
wc  then  seek  in  the  table  the  power  of  10  immediately  below  2;549y 
and  find 

(10)«»*=:  2,511886432; 
dividing  2,549  by  this  last  number,  we  have 

2,549  ==  (10/**  X  1,014775177, 
Aguin   seeking   in   the  table  the  power  of  10  immediately  below 
1,014775177  we  find 

(I0)<w».=  1,013911386; 
then  dividing  the  preceding  quotient  1,014775177  by  this  number^ 
we  obtain  a  third  quotient  1,000851742.     This  process  is  to  be  con- 
tinued, until  we  arrive  at  a  quotient,  which  differs  from  unity  only  in 
those  decimal  places  wc  propose  to  neglect. 

If  we  consider,  in  the  present  case,  the  third  quotient  as  equal  to 
unity,  the  proposed  number  will  be  resolved  into  factors,  which  will 
be  powers  of  10,  for  we  shall  have 

2549  =  (10)3  X  (10)^**  X  ClO)«'«»  =  (10)»»«», 
from  which  it  is  evident,  that  3,406  is  the  logarithm  of  the  number 
2549*     By  extending  the  divisions  to  7  in  number,  this  logarithm  will 
be  found  to  be  3,406869. 

The  same  table  enables  us  with  still  more  ease  to  find  a  number 
by  means  of  its  logarithm,  as  in  the  following  example. 

Let  2,547  be  the  given  logarithm ;  the  number  sought  will  be 
*  (10)^'"^  =  (10)a  X  (10)«^  X  (10  )»*X  (10)»'«*'; 

it  will,  therefore,  bo  equal  to  the  product  of  the  numbers 
(10)»      =  100, 
(10)®»*    =  3,162277660, 
(10)W  =  1,09647819^ 
•  (10)»»«^  =  1,016248694, 

taken  from  the  table ;  and  will,  consequently,  be 
2,547  =  1 .  352,357. 
A  table  of  the  same  kind  with  the  above,  but  much  more  extended, 
has  been  published  in  England,  by  Dodson,  the  object  of  which  is  to 
furnish  the  means  of  finding  the  number  answering  to  a  given  loga- 
rithm. 
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to  what  order  of  units  the  number  corresponding  lo  the  loga- 
rithm belongs.  The  several  logarithms  of  the  numbers  between 
1  and  1.0,  as  they  .are  between  0  and  1,  have,  necessarily,  0  for 
their  characteristic;  those  of  the  numbers  between  10  and  100 
have  1  for  their  characteristic ;  those  of  the  numbers  between 
100  and  1000  have  2 ;  in  general,  the  characteristic  of  a  loga- 
rithm contains  as  many  units,  as  the  proposed  number  has  figures, 
minus  one. 

246.  It  is  important  also  to  remark,  that  the  decimal  part  of 
the  logarithms  of  numbers,  which  are  decuple  the  one  of  the 
other,  is  the  same ;  for  example, 

the  logarithm  of        64360      is       4,7352794, 
5436  3,7352794, 

543,6  2,7352794, 

54,36  1,7352794, 

5,436        0,7352794; 
for,  as  each  of  these  numbers  is  the  quotient  of  that  which  pre- 
cedes  it,  divided  by  10,  the  logarithm  of  tt^  one  is  found  by  tak- 
ing an  unit  from  the  characteristic  of  that  of  the  other  (241,242). 

247.  According  to  what  has  been  said  in  art.  240,  the  loga- 
rithms of  fractional  numbers  are,  upon  our  present  hypothesis, 
negative ;  and  we  may  easily  deduce  them  from  those  of  entire 
numbers,  if  we  observe  that  a  fraction  represents  the  quotient 
arising  from  the  division  of  the  numerator  by  the  denominator. 
When  the  numerator  is  less  than  the  denominator,  its  logarithm 
is  also  less  than  that  of  the  denominator,  and,  consequently,  if  we 
subtract  the  latter  from  the  former,  the  result  will  be  negative. 

In  order  to  obtain  the  logarithm  of  the  fraction  J,  for  example, 
we  subtract  from  0,  which  denotes  the  logarithms  of  1,  the  frac- 
tion 0,3010300,  which  represents  that  of  2 ;  the  result  is 

—  0,3010300. 
If  we  subtract  from  0  the  number  1,3010300,  which  is  the  loga- 
rithm of  20,  we  have  the  logarithm  of  ^V)  ^qual  to 

—  1,3010300. 
The  logarithm  of  3  being  0,4771213,  that  of  |  will  be 
0,3010300  —  0,4771213  =  —  0,1760913. 

248.  It  is  evident  from  the  manner  in  which  the  logarithms  of 
fractions  are  obtained,  that,  considered  independently  of  their 
Signs,  they  belong  (241)  to  the  quotients,  arising  from  the  divis- 
ion of  the  denominator  l>y  the  numerator,  and,  consequently,  an- 


353  Elements  of  Algebra* 

swep  to  the  number,  by  which  it  is  necessary  to  divide  unity  inr 
order  to  obtain  the  proposed  fraction.  Indeed,  |,  for  example, 
may  be  exhibited  under  the  form  i,  and  1|  =  13  — 12=0,1 76091 3. 

?t  would  be  ujconvcnient,  in  order  to  find  the  value  of  a  frac- 
tion, to  which  a  given  negative  logarithm  belongs,  to  employ  the 
number  to  which  the  same  logarithm  answers  when  positive, 
since  it  would  be  necessary  to  divide  unity  by  this  number ;  but 
if  we  subtract  this  logarithm  from  1,  2,  3,  &c.  units,  the  remain- 
der will  be  the  logarithm  of  a  number,  which  expresses  the  frac- 
tion sought,  when  reduced  to  decimals,  since  this  subtraction 
answers  to  the  division  of  the  numbers,  10,  100,  1000,  &c.  by 
the  number  to  which  the  proposed  logarithm  belongs. 

Let  there  be,  for  example,  — 0,3010300;  if  without  regard- 
ing the  sign,  we  take  this  logarithm  from  1,  or  1,0000000,  the 
remainder  0,  G989700,  being  the  logarithm  of  5,  shows,  that  the 
fraction  sought  is  equal  to  0,5,  since  we  supposed  unity  to  be 
composed  of  10  parts. 

If,  in  seeking  the  logarithm  of  a  fraction,  we  conceive  unity  to 
be  made  up  of  10,  or  100,  or  1000,  &c.  parts,  or  which  amounts 
to  the  same  thing,  if  we  augment  the  characteristic  of  the  loga- 
rithm of  the  numerator  by  a  number  of  units  sufficient  to  enable 
us  to  subtract  that  of  the  denominator  from  it,  we  obtain  in  this 
way  a  positive  logarithm,  which  may  be  employed  in  the  place 
of  that  indicated  above. 

In  order  to  introduce  uniformity  into  oup  calculations,  we 
most  frequently  augment  the  characteristic  of  the  logarithm  of 
the  numerator  by  10  units.  If  we  do  this  with  respect  to  the 
fraction  |,  for  example,  we  have 

10,3010300  —  0,4771213  =  9,8239087. 

It  will  be  readily  seen,  that  this  logarithm  exceeds  the  nega- 
tive logarithm  —  0,1760913  by  10  units,  and  that,  consequently, 
whenever  we  ojiA  it  to  others,  we  introduce  10  units  too  much 
Into  the  result ;  but  the  subtraction  of  these  ten  units  is  easily 
performed,  and  by  performing  it  we  effect  at  the  same  time  the 
subtraction  of  0,1760913.  Let  .AT  be  the  number,  to  which  we 
add  the  positive  logarithm  9,8239087  ;  the  result  of  the  operation 
will  be  represented  by 

JV+  10  — 0,1760913  5 
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and  if  we  subtract  10,  we  have  ^plj 

JV  — 0,1760913. 

Accerding  to  the  preceding  observations,  we  cause  addition  to 
lake  the  place  of  subtraction,  by  employing,  instead  of  the  num- 
ber to  be  subtracted,  its  arithmetical  complement,  that  is,  what 
remains,  when  this  number  is  subtracted  from  one  of  the  num- 
bers, 10,  100,  1000,  &c.,  a  resuU  which  is  obtained  bj  taking 
the  units  of  the  proposed  number  from  10  and  the  several  other 
figures  from  9.  We  add  this  complement  to  the  number,  from 
which  the  proposed  logarithm  is  to  be  subtracted,  and  from  the 
sum  subtract  an  unit  of  the  same  order  as  the  complement. 

It  is  evident,  that  if  the  complement  is  repealed  several  times, 
we  must  subtract,  after  the  addition,  as  many  units  of  the  same 
order  with  the  complement,  as  there  are  in  the  number,  by  which 
it  is  muhiplied  ;  and,  for  the  same  reason,  if  several  complements 
are  employed,  we  must  subtract  for  each  an  unit  of  the  same 
order,  or  as  many  units  as  there  are  complements,  if  they  are  all 
of  the  same  order. 

Sometimes  this  subtraction  cannot  be  effected ;  in  this  case, 
the  result  is  the  arithmetical  complement  of  the  logarithm  of  a 
fraction,  and  answers  in  the  tables  to  the  expression  of  this  frac- 
tion reduced  to  decimals.  If  10  units  remain  to  be  taken  from 
the  characteristic,  as  is  most  frequently  the  case,  the  result  is  the 
same  as  if  wc  had  multiplied  by  10000000000,  the  numerator  of 
the  fraction  sought,  in  order  to  render  it  divisible  by  the  denom- 
inator ;  ihe  characteristic  of  the  logarithm  of  the  quotient  shows 
the  highest  order  of  the  unils  contained  in  this  quotient^  consid- 
ered with  reference  to  those  of  the  dividend.  In  9,8239087,  the 
characteristic  9  shows,  that  the  quotient  must  have  one  figure 
less  than  tbe  number,  by  which  we  have  multiplied  unity ;  and, 
consequently,  if  we  separate  10  figures  for  decimals,  the  first 
significant  figure  on  the  left  will  be  tenths ;  and  we  shall  find  only 
hundredths,  thousandths,  &:c.,  for  the  numbers  the  arithmetical- 
complements  of  which  have  8,  7,  &c.  for  their  characteristics. 

249.  What  has  been  said  respecting  the  system  of  logarithms, 
in  which  a  =  10,  brings  into  view  tbpe  general  principles  neces- 
sary for  understanding  the  nature  of  the  tables ;  for  more  par- 
ticular information  the  learner  is  referred  to  the  tables  themselves, 
which  usually  contain  the  requisite  instructioa  relating  to  their 
arrangement  and   the  method  of  using  them.     I   will  merely 
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mention  the  tables  of  Callet,  stereotype  edition,  and  those  of 
Borda,  as  very  complete  and  very  convenient* 

250»  If  we  have  the  logarithm  of  a  number  y  for  a  particular 
value  of  a,  or  for  a  particular  base,  it  is  easy  to  obtain  the  loga- 
rithm of  the  same  number  in  any  other  system.  If  we  have 
a*  =  y ;  for  another  base  jj,  we  have  ^  =.y^  X  being  different 
from  X ;  hence  we  deduce  A^  =  a*.  Taking  the  logarithms  ac- 
cording to  the  system  the  base  of  which  is  a,  we  have 

M'  =  lo*5 
now  1  a*  =  a:  by  hypothesis,  and  1  ^*  =zX\A  (241) ;  therefore^ 

Z  K4  =  X,  or  JP  =  ,-^ ;  but  if  we  consider  ,4  as  a  base,  X  will  be 
\A 

the  logarithm  of  y  in  the  system  founded  on  this  base ;  if,  there* 

fore,  we  designate  this  last  by  L  y,  in  order  to  distinguish  it  from 

the  other,  we  have 

and  we  find  the  logarithm  of  y  in  the  second  system^  by  dividing 
its  logarithm  taken  in  the  first  by  the  logarithm  of  the  base  of  the 
second  system* 

The  preceding  equation  gives  also  y^  =\A]  from  which  it 

is  evident,  that  whatever  be  the  number  y,  there  is  between  the 
logarithms  ly  and  Ly,  a  ratio  invariably  represented  by  I  A. 

251.  In  every  system  the  logarithm  of  1  is  always  0,  since 
whatever  be  the  value  of  a  we  have  always  a*  =  1.  As  loga- 
rithms may  go  on  increasing  indefinitely,  they  are  said  to  be- 
come infinite  at  the  same  time  with  the  corresponding  numbers; 

and  as,  when  y  is  a  fractional  number,  we  have  y  =  —  =  cr*,  it 

a> 

is  evident,  that  in  proportion  as  y  becomes  smaller,  x  in  its  nega- 
tive state  becomes  greater,  but  we  can  never  assign  for  x  a  num- 
ber, which  shall  render  y  strictly  nothing.  In  this  sense  it  is 
said,  that  the  logarithm  of  zero  is  epial  to  an  infinite  negative  quan- 
tity^ as  we  find  in  many  tables. 

252.  I  now  proceed  to  give  some  examples  of  the  use,  which 
may  be  made  of  logarithms  in  finding  the  numerical  value  of 
formulas.  It  follows  from  what  is  said  in  art.  241,  and  from  the 
definition  of  logarithms,  by  which  we  are  furnished  with  the 
equation  a^^  =  y,  that 
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1{AB)  =  \A  +  IB,        iry  =  IA  —  \B, 
Applying  these  principles  to  the  formula 

which  is  very  complicated,  vte  find 


2M  +  il(B+  C)  +  il(fi-C), 


1(CVD3EF)  =  1C  + JlD+ilf;+  ilJP, 
and,  consequently, 


Ca/Wef  / 


1  _ 

2U  +  il(B+C)  +  il(B_C)— ZC— flB— }1E— JlF. 
If  we  take  the  arithmetical  complements  of  1  C,  f  1 D,  j  I  £,  J  I F, 
designating  them  by  C,  Zy,  £^  jP,  instead  of  the  preceding  re- 
sult, we  have 

2\A  +  i\{B  +  C)  +  i\{B—C)+C' +  !>  +  £' +  P, 
only  we  must  observe  to  subtract  from  the  sum  as  many  units  of 
the  same  order  with  the  complements,  as  there  are  complements 
taken,  that  is  4.  When  we  have  found  the  logarithm  of  the  pro- 
posed formula,  the  tables  will  show  the  number,  to  which  this 
logarithm  belongs,  which  will  be  the  value  sought. 

253.  Logarithms  are  of  most  frequent  use  in  finding  the  fourth 
term  of  a  proportion.    It  is  evident,  that  if  a  :  6  :  :  c  :  d  we  have 

d  =z  — ,    whence     ld  =  16  +  lc  —  la; 
a 

that  is,  the  logarithm  of  the  fourth  term  sought  is  equal  to  the  sum 

of  the  l(^arithins  of  the  two  means^  diminished  by  the  logarithm  of 

the  known  extreme^  or  rather,  to  the  sum  of  the  logarithms  of  the 

means,  plus  the  arithmetical  complement   of  the  logarithm   of  the 

known  extreme* 

254.  If  we  take  the  logarithms  of  each  member  of  the  equa- 
tion -;=:-,  which  presents  the  character  of  a  proportion,  we 

have 

.15— la  =:  Id  — Ic  (252); 
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whence  it  follows,  that  the  four  logerithiDd 

\aAb:\cAd 
form  an  equidifference  (223. 
The  series  of  equations, 

*=i=^  =  ';&c.(231) 
abed  ^       ^ 

leads  also  to 

16  — la  =  Ic— U=:ld— Ic  =  I«  — ld,&c,, 

and  hence  we  infer,  that  the  progression  hy  quotients, 

"TT  «  :  6  :  c  :  d :  c,  &€• 

corresponds  to  the  progression  by  diflTerences, 

-r-l^.l&.lc.loi.le,  &c., 

and,  consequently,  the  logarilhms  of  numbers  in  progression  h/ 

quotients^  form  a  progression  6y  differences. 

255.  If  we  have  the  equation  6*  =  c,  we  may  easily  resolve 

rt  hy  means  of  logarithms;  for  as  1 1*  is  equal  to  z  1 6,  we  have 

z  1 6  =  1  c,  and,  consequently,  z  =  y^  •  The  equation  fc*  =  d  may 

be  resojved  in  the  same  mianncr ;  making  c*  =  u,  we  have 

&•*  =  d,     ti  1  6  =  I  d,      «  z=  — -,      or      c'  =  r-r- ; 

lb  la 

agai4i  taking  the  logarithms,  we  find 

.lc=ir!^^  =  lld-ll6     and  ''^-''' 


sjb/  Ic 

In  this  last  <^xpression,  1 1  b  represents  the  logarithm  of  the  loga- 
rithm of  6,  and  is  found  by  considering  this  logarithm  as  a  num* 

ber.    The  quantities,  t*,  i*  ,  and  all  which  are  derived  from 
them,  are  called  exponential  quantities. 

Questions  relating  to  the  Interest  of  Money* 

256.  The  principles  of  progression  by  quotients  and  of  loga- 
rithms will  be  found  to  occur  in  the  calculations  relating  to  inter- 
est. To  understand  what  I  have  to  offer  on  this  subject  it  must 
be  recollected,  that  the  income  derived  from  a  sum  of  money 
employed  in  trade,  or  in  executing  some  productive  work  will 
be  in  proportion  to  the  frequency  with  which  it  is  exchanged  in 
either  case.  Hr^nce  it  follows,  that  he,  who  borrows  a  sum  of 
money  for  any  purpose,  ought,  upon  reluming  this  money  at  the 
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«|iiration  of  a  given  time,  to  allow  the  lender  a  premium  equiv- 
^JkoI  to  the  profit^  which  he  might  have  received,  if  he  had 
employed  it  himself*  Such  is  the  view  in  which  the  subject  of 
interest  presents  itself.  In  order  to  determine  the  interest  of 
anj  sum,  we  compare  this  ^um  with  100  dollars  taken  as  unity, 
having  fixed  the  premium,  which  ought  to  be  allowed  for  this 
last  at  the  end  of  a  particular  term,  one  year  for  example.  I 
shall  not  here  consider  those  things,  which  in  the  diflferent  kinds 
of  sp^culadoh,  occasion  the  rise  and  fall  of  interest;  this  belongs 
to  die  elements  of  political  and  commercial  arithmetic,  which 
should  be  preceded  by  some  account  of  the  doctrine  of  chances* 
My  object  in  what  foUows  is  simply  to  resolve  certain  questions, 
which  refer  tbemsklves  to  progression  by  quotients* 

To  present  the  subject  in  a  general  point  of  view,  I  shall  sup- 
pose the  annual  premium,  allowed  for  a  sum  1,  to  be  represented 
by  r,  r  being  a  fraction ;  it  is  evident,  that  the  interest  of  a  sum 
100,  for  the  same  time,  will  be  100  r,  that  of  any  sum  whatever 
a  will  be  denoted  by  a  r ;  if  we  designate  this  last  by  a,  we  have 

a  z=z  ar. 
By  means  of  tliis  formula,  it  is  easy  to  find  the  interest  of  any 
sum  whatever,  when  that  of  100  or  of  any  other  sum,  for  a  known 
time,  is  given ;  questions  of  this  kind  belong  to  what  is  called 
simpU  interest. 

257.  But  if  the  lend'ei^,  instead  of  receiving  annually  the  inter- 
eat  of  his  money,  leaves  it  in  the  hands  of  the  borrower  to  ac- 
cumulate, together  with  the  original  sum,  during  the  following 
year,  the  value  of  the  whole  at  the  end  of  this  year  may  be 
found  in  the  following  manner.  The  origihal  sum  being  a,  if 
we  add  to  it  the  interest  a  r,  it  becomes  at  the  end  of  the  first 
year 

a+^ar  =1  a(l  +  r), 
Now  if  we  make 

a(l+r)  =  a', 
the  interest  of  the  sum  of  for  one  year  being  of  r,  that  of  the  sum 
a{\  4-  r)  will  be,  for  a  second  year,  a  r  (I  +  ♦■)  5  ^nd  as,  at  the 
end  of  the  first  year,  the  principal  a,  augmented  by  the  interest, 
becomes  a{l  +  r),  the  principal  of  amounts^  at  the  end  of  the 
second  year,  to 

of  (I  +  r)  =  0(1  +ry  =(7'^ 

Alg.  33 
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If  tbe  lender  does  not  now  withdraw  the  sum  af\  but  leaves  it  to 
accumulate  during  a  third  year,  at  tbe  end  of  this,  it  will  become, 
according  to  what  precedes, 

of'  (1  +  r)  zr  a  (1  +  r)»  =  of". 
It  will  be  readily  perceived,  that  a"'  will  become  at  the  end  of 
the  fourth  year 

a'"(l+r)  =  a(t+r)V 

and  so  on ;  and  that,  consequently,  the  sum  first  lent,  apd  the 
several  sums  due  at  the  end  of  the  first,  second,  third,  fourth,  &c. 
years,  form  the  following  progression  by  quotients ; 

-H-  a ;  o  (I  +  r)  :  a  (1  +  r)«  :  a  (1  +  r)»  ;  a  (1  +  r)*  :  &c 
of  which  the  quotient  is  1  -}-  r,  and  the  general  term 

a{\  +r)»  =  ^, 
the  number  n  repriesenting  the  number  of  years,  during  which 
tbe  interest  is  suffered  to  accumulate. 

If  the  rate  of  interest  be  5  per  cent.,  for  example,  that  is,  if  for 
100  dollars  during  one  year  105  dollars  are  paid  back ;  we  have  • 

100  r  =  5,     or     r  =  yf  ^  =  tVi     ^d     1  -}-  r  =  f  J. 
If  we  would  know  to  what  the  sum  a  amounts,  when  left  to  accu-  ^ 
mulate  during  25  years,  we  have 

/21\** 
«=25,    and    a(^-) 

instead  of  the  original  sum.  The  25th  power  of  \\  may  be  easily 
found  by  means  of  logarithms,  since  we  have  (252) 

l/?iy'=:  25lH=:  25  021— 120)  =  0,6297322, 

which  gives 

f^|iy  *  =  3,386    nearly,    A  =  3,386  a  5 

and  hence  it  may  be  readily  seen,  that  1000  dollars  will  in  this 
way  amount  at  compound  interest  to  3386  dollars,  at  the  end  of 
25  years. 

If  the  sum  lent  were  for  100  years,  we  should  have 

•^  =  «(2o)       ^^^^ 
nearly;  thus  1000  dollars  would  produce,  at  the  end  of  this  pe- 
riod, a  sum  of  131000  dollars  nearly.    These  examples  will  be 
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Sufficient  to  show  with  what  rapidity  sums  accumulate  bj  means 
of  compound  interest. 

358.  The  equation 

A:=za{\+rY, 
gives  rise  to  four  questions ;  the  first,  which  is  to  find  A^  when 
Oj  r,  and  n,  are  known,  presents  itself,  whenever  we  seek  the 
amount  of  the  principal  at  the  end  of  a  number  n  of  years.    I 
have  already  given  an  example  of  this. 

The  second,  which  is  to  find  r,  when  a,  ^,  and  n,  are  known, 
occurs  whenever  it  is  required  to  determine  the  rate  of  interest 
by  means  of  the  original  sum,  the  whole  amount  that  has  become 
due,  and  the  time  during  which  it  has  been  accumulating ;  we 
have  in  this  case  . 


1+r 


^o* 


The  third,  which  is  to  find  a,  when  ^,  r,  and  n  are  known,  the 
formula  for  which  is 

has  for  its  olject  to  determine  the  prmcipal,  which  it  is  neces- 
sary to  employ  in  order  to  be  entided,  after  a  number  n  of  years, 
to  a  sum  Jl* 

The  fourth,  which  is  to  find  n,  when  j^,  o,  and  r  are  known, 
can  be  resolved  only  by  means  of  logarithms  (2^8,353).  Taking 
the  logarithm  of  each  member  of  the  proposed  equation,  we  halve 
M  =  la  +  nl(l  +r), 

whence 

_\A  —  \a 

""^Hi  +  ry 

By  means  of  this  last  equation  we  determine  how  many  years 
the  principal  a  must  remain  at  interest  in  order  to  amount  to  a 
sum  A. 

To  illustrate  this  by  an  example,  I  shall  suppose  that  it  is  re- 
quired to  find  the  time  in  which  the  original  sum  will  be  doubled, 
the  rate  of  interest  being  5  per  cent. ;  we  have 
A=:2a^    M  =  lo  +  l2, 
and,  consequently, 

_  12   _  12  _  0,3010300  _. 

^  "^  IH  "~  1  21  —  1  20  ■"*  0,0211893  ""       '     '    - 
nearly. 

359.  The  following  question  is  one  of  the  most  complicated, 
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that  we  meet  with  relating  to  this  subject.  We  s|]ppo3e^  t}iat 
the  lender  during  a  number  n  of  years,  adds  each  year  a  new 
sum,  to  the  amount  of  this  year ;  it  is  required  to  find  what  will 
be  the  value  of  these  several  sums,  together  with  the  compound 
interest  that  may  thence  arise  at  the  expiration  of  the  term  pro- 
posed. Let  a,  6,  c,  d,  ••••&,  be  the  sums  added  the  first, 
second,  third,  fourth,  &c.  years ;  the  sijim  a  remaining  ia  the 
hands  of  the  borrower  during  a  number  n  of  years,  amounts  tp 

a(l  +r)»; 
the  sum  &,  which  remains  n  —  1  years  only,  becomes 

b(l+rr-\ 
the  sum  c,  which  remains  n  —  2  years  only,  becomes 

c(l+r)«"*, 
and  so  on ;  the  last  sum,  k^  which  is  employed  only  one  year, 
becomes  simply 

&(l  +  r); 
we  have,  therefore, 

^  =  a  ( 1  +  r)«  +  6  ( 1  +  r)'^i  +  c  ( 1  +  r)«-* . . . .  +  fc  ( 1  +  r). 
By  calculating  the  several  tefms  of  the  second  member  sepa- 
rately, we  obtain  the  value  of  A» 
Th^  operation  ia  very  much  simplified  when 

(l  =  fc^c=:c2 ^=^9 

for  in  this  case  we  have 

jJ==a(l+f)»  +  a(l+r)«-^  +  a(l  +  r)»-*....+a(t  +r); 
thie  second  member  of  this  equation  forms  a  progression  by  qao~ 
tients,  of  which  the  first  term  is  a  (1  -f-  r)^  the  last  term  a  (1  +  r)*« 
the  quotient  1  +  r,  and  the  sum,  consequently, 

we  have,  therefore,  in  this  case, 

j^«(i+r)rci+o»-n 

r 
This  equation  gives  rise  also  to  four  questions  corresponding  to 
those  mentioned  in  connexion  with  the  equation 
^  z=  a  (1  +  r)". 
260.  By  reversing  the  case  we  have  been  considering,  we  may 
represent  those  annual  sums,  or  sums  due  at  stated  intervals, 
called  annuities  *}  here  the  borrower  discharges  a  debt  with  the 
mterest  due  upon  it,  by  difierent  payments  made  at  regular  peri- 
ods.   These  payments,  made  by  the  borrower  before  the  debt 
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ia  question  is  discharged,  may  be  considered,  as  sums  advanced 
to  the  lender  toward  the  discharge  of  the  debt,  the  value  of 
which  sums  will  depend  upon  the  interval  of  time  between  the 
payment  and  the  expiration  of  the  annuity*  Thus,  if  we  repre* 
sent  each  sum  by  a,  the  first  payment,  which  will  take  place 
n  —  1  years  before  the  expiration  of  the  term  of  the  annuity, 
referred  to  this  time,  is  worth  a{\  +  r)"** ;  the  second,  referred 
to  the  same  epoch,  is  worth  only  a  (1  +  r)^;  the  third, 
a(i  -}.  r)*"',  and  so  on  to  the  last,  which  amounts  only  to  the 
value  of  a.  But  on  the  other  hand,  the  sum  lent  being  repre* 
sented  by  ^,  will  be  worth  in  the  hands  of  the  borrower,  after  n 
years,  A{1  +  r)*,  which  must  be  equal  to  the  amount  of  the  sev- 
eral payments  advanced  by  him  to  the  lender ;  we  have,  therefore, 
A{1  +  r)-=  a(l  +  ry^^  +  a(\  +  r)-*  +  « (1  +  r)«-». . .  +  a, 
or  taking  the  sum  of  the  progression,  which  constitutes  the  sec- 
ond member 

^(l+r)«=''Kl+r)--l3^ 

an  equation,  in  which  we  may  take  for  the  unknown  quantity^ 
successively,  the  quantity  dS,  which  I  shall  call  the  value  of  the 
annuity,  because  it  is  the  sum,  which  it  represents,  the  quan- 
tity a,  which  is  the  quota  of  the  annuity,  the  quantity  r,  which 
10  the  rate  of  interest,  and  lastly,  the  quantity  n,  which  denotes 
the  term  of  the  annuity.  In  order  to  find  this  last  we  must  have 
recourse  to  logarithms.    We  first  disengage  (1  +  r)*,  which  gives 

then  taking  the  logarithms,  we  have 

nl  (1  +  r)  =  lo  —  1  (o  —  jJr), 
whence 

__la-l(a-^r) 

1(1+0     • 

261.  To  give  an  instance  of  the  application  of  the  above  for- 
mulas, I  shall  take  the  following  question ; 

To  find  what  sum  must  be  paid  annually  to  cancel  in  12  years  a 
debt  of  100  dolls,  vnth  the  interest  during  that  time,  the  rate  of  inter- 
est being  5  per  cent. 

In  this  example  the  quantities  given  are 

Jf=:100,     n=12,     r  =  ^, 


fi6t  EkmmU  of  AlgAra. 

and  the  annuitj  a  n  required  to  be  found;  resolving  the  eqaatton 

with  reference  to  the  letter  a,  we  have 

(l+r)«-l- 
The  values  of  the  letters,  A^  r,  and  n,  are  to  be  substituted  in  this 
expression ;  and  it  will  be  found  most  convenient  in  the  first  place 
to  calculate,  by  the  help  of  logai'ithms,  the  quantity  (1  +  r)*, 
which  becomes  (|})'  * ;  and 

(ii)i«  =  1,79586. 
By  means  of  this  value  we  obtain 

_  100 .  jy .  1,79586  _  5  . 1,79586 
^""     1,79586—1       ^    0,79586    ' 
and,  determinmg  the  values  of  this  last  expression  either  directly^ 
or  by  means  of  logarithms,' we  find 

a=  11,2826; 
an  annuity  of  11,28  dolls.,  therefore,  is  necessary  to  cancel  in  12 
years  a  debt  of  100  dolls.,  the  rate  of  interest  being  5  per  cent. 
362.  I  am  prevented  from  entering  into  further  details  on  this 
subject  by  the  limits  I  have  prescribed  myself  in  this  treatise ;  I 
will  merely  add,  therefore,  that  in  order  to  compare  the  values  of 
different  sums,  as  they  concern  the  person,  who  pays  or  receives 
them;  they  must  be  reduced  to  the  same  epoch,  that  is,  we  mrust 
find  what  they  would  amount  to  when  referred  to  the  same  date. 
A  banker,  for  instance,  owes  a  sum  a  payable  in  n  years ;  as  an 
equivalent  he  gives  a  note,  the  nominal  value  of  which  is  repre- 
sented by  b,  and  which  is  payable  inp  years,  the  first  sum  at  the 

time  the  note  is  given,  is  worth  only  .  ,  because  it  must  be 

be  considered  as  the  original  value  of  a  principal,  which  amounts 
to  a  at  the  expiration  of  n  years ;  the  sum  b,  for  the  same  reason 

is  worth  at  the  time  the  note  is  given  7-—; — rr :  the  difi*erence 

(1  +  ry  ' 

a  h 


(1  +  r)»        (1  +  r)P 
represents,  therefore,  according  as  it  is  positive  or  negative,  what 
the  banker  ought  to  give  or  receive  by  way  of  balance ;  if  this 
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balance  is  not  to  be  paid  until  after  a  number  of  years  denoted 
by  9,  c  representing  its  value  at  the  time  the  exchange  is  made, 
it  will  amount  at  the  expiration  of  this  term,  to 

so  that  it  will  be  equivalent  to 

The  several  sums,  a,  b, /r,  in  art.  259,  were  reduced  to 

the  time  of  the  payment  of  the  sum  A^  and  in  art.  360,  each  of 
the  payments,  as  well  as  the  sum  A^  was  referred  to  the  time, 
when  the  annuity  was  to  ceas^ 


NOTES. 


(Referred  to  Page  81.; 

In  articles  66  and  75  I  have  interpreted  the  negative  solutions  by 
the  examination  of  the  equation,  which  they  immediately  verify,  as  I 
had  done  before,  and  this  method  appeared  to  me  always  exact,  as 
the  object  is  merely  to  show,  that  these  solutions  have  a  rational 
sense,  since  they  resolve  questions  analagous  to  the  one  proposed ; 
but  there  are  often  several  ways  of  forming  these  questions,  and  the 
following,  which  was  communicated  to  me  by  M.  Fran^ais,  a  distin- 
guished geometer.  Professor  at  the  School  of  Artillery  of  Mayence, 
seemed  to  me  more  simple,  than  that  given  in  these  Elements. 

^^  He  thinks,  that  we  ought  to  leave  out  of  the  enunciation  of  the 
question  of  art.  65  the  idea  of  the  departure  of  the  couriers,  and  to 
suppose  them  to  have  been  travelling  from  an  indefinite  time ;  the 
question  then  would  be  stated  thus.  Two  couriers  travel  the  scone 
route  in  the  same  direction  C  AB  C  (page  72) ;  after  they  have  pro- 
eeedtdj  each  a  certain  timey  one  finds  himself  in  A  at  the  instant  that 
the  other  is  in  B ;  their  distance  and  rate  of  going  are  known  ;  it  is 
askedy  at  what  point  of  the  route  they  will  encounter  each  other  f 

This  enunciation  leads  to  the  same  equation,  as  that  of  art.  65  ; 
but  ^^  the  continuity  of  the  motion  being  once  established,  the  nega- 
tive solution  admits  of  an  explanation  without  the  necessity  of  chang- 
ing the  direction  of  one  of  the  couriers.  Indeed,  since  their  motion 
does  not  commence  at  the  points  A  and  B,  but  both,  before  arriving 
at  these  points,  are  supposed  to  have  been  going  in  the  same  manner 
for  an  indefinite  time  from  C  toward  B,  it  is  easy  to  conceive,  that 
the  courier,  who  at  this  point  is  in  advance  of  the  one  at  A,  who 
travels  slower,  must  at  a  certain  time  have  been  behind  him  and  over- 
taken him  before  his  arrival  at  the  point  A.  The  sign  —  then  indi- 
cates (as  in  the  application  of  Algebra  to  Geometry)  that  the  distance 
AR  is  to  be  taken  in  a  direction  opposite  to  y^B,.  which  is  regarded 
as  positive.  The  change  to  be  made  in  the  enunciation,  to  render 
the  negative  solution  positive,  is  reduced  to  supposing,  th^t  the  two 
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couriers  mast  have  come  together  before  their  arrival  at  the  point  A, 
instead  of  its  taking  place  afterward." 

Indeed,  when  we  place  the  point  R  between  A  and  C,  instead  of 
putting  it  between  A  and  By  we  find  AB  =  BR  —  ARj  whence 
results  the  equation  y  —  x  =z  Cj  instead  of  %  —  y  :=.  Oj  which  we 
first  obtained ;  and  there  is  no  need  of  changing  the  sign  of  Cy  the 

second  equation  remaining  ^  =  ~* 

M.  Fran^ais  applies  not  less  happily  these  considerations  to  the 
case  of  art.  Jbj  by  substituting,  for  the  courierS|  moveable  bodies^ 
subjected  to  a  continued  motion  commencing  from  an  indefinite  time. 
He  enunciates  the  problem  thus ;  ^'  Two  tnoveabk  bodies  are  carried 
uniformly  in  a  straight  line  CB  (page  80)  one  in  the  direction  BC, 
mid  the  other  in  the  direction  CB  with  given  velocities  ;  that^  which 
is  carried  in  thejirst  direction^  is  found  in  B,  a  known  number  of  hours 
before  the  other  has  arrived  at  A  ;  it  is  askedy  at  what  point  of  the  in- 
definite  straight  line  BC  their  meeting  takes  place  f 

The  solution  x  =.  —  48™^  implies,  that  the  two  moveable  bodies 
met  at  the  point  A,  before  that,  which  is  carried  from  C  towards  B, 
had  reached  the  point  Aj  and  that  the  second,  which  moves  from  B 
toward  C,  was  at  the  point  C,  where  be  is  found  when  the  other  is 
at  the  point  ^." 

The  position  assigned  to  the  point  H,  verifies  its^  by  observing^ 
that  there  results  from  it  AC  z^  BC  —  AB  z=z  cd  —  a,  instead  of 
a  -f-c  dp  as  first  obtained  (page  80,)  and,  conseqently^ 

X  cd —  a  —  z 

6  ""  "c  ' 

an  equation  which  gives  x  —  48. 

In  this  manner  there  is  no  change  to  be  made  in  the  direction  of 
the  motion  ;  indeed  there  is  a  difference  in  the  circumstances  of  the 
problem,  and  as  I  said  before,  this  proves,  that  there  are  several 
physical  questions  corresponding  to  the  same  mathematical  relations. 
But  the  enunciations,  here  given,  have  the  advantage  of  not  breaking 
the  law  of  continuity,  and  this  is  derived  from  the  consideration  of 
lines,  which  represent  in  a  manner  the  most  simple  and  general,  the 
circumstances  of  a  change  of  sign  in  magnitudes.  (See  the  Elemen* 
tary  Treatise  of  Trigonometry  and  Application  of  Algebra  to  Gc- 
ometryi) 


(Note  referred  to  Page  185-J 

It  may  be  thought,  that,  in  order  to  discover  the  roots  of  any  equa- 
tion of  the  fourth  degree 

x^  +  p x^  -{-  qx*  -^  r  X  +  s  =^  Oy 
it  would  be  sufficient  to  compare  it  with  the  product  of  article  I8S9 
observing  to  put  equal  to  each  other  the  quantities  by  which  the 
same  power  of  x  is  multiplied  ;  and  it  is  in  this  manner  that  most 
elementary  writers  think  to  demonstrate,  that  an  equation  of  any 
degree  whatever  is  theprikbict  of  as  many  simple  factors^  as  there  are 
units  in  the  exponent  of  its  degree.  It  will  be  seen  by  what  follows, 
that  the  reasoning  by  which  this  is  attempted  to  be  proved,  is  defec- 
tive. We  stated  the  proposition  with  qualification  in  article  182, 
because  it  is  necessary,  in  order  to  establish  it  unconditionally,  to 
show  thi^t  an  equation  of  whatever,  degree  has  a  root,'  real  or  imagi- 
nary, which  is  not  easily  done  in  an  elementary  work,  and  which 
happily  is  not  necessary.  Some  remarks  relating  to  this  subject  may 
be  found  in  the  Supplement. 

By  forming  the  equations, 

—  a-^h  ^-^  c  —  d  =^  p^ 
ab-j-ae'i-ad'^be'{-bd'{-cd=zq^ 

—  a6c— a6rf — acd — bcd=z  r, 

abed  z=  s, 
in  order  to  deduce  from  them  the  value  of  the  letters,  a,  6,  e,  d^  the 
roots  of  the  proposed  equation,  the  calculation  would  be  very  com- 
plicated, if,  in  the  determination  of  the  unknown  quantities,  a,  5,  c,  d^ 
we  adopt  the  method  of  article  78  ;  but  if  we  multiply  the  first  of  the 
above  equations  by  a^,  the  second  by  a',  the  third  by  a,  and  add 
these  three  products  to  the  fourth,  member  to  member,  we  shall  have 

—  a*  =zpa^  +  qa'  -^  ra  +  s/ 
from  which  we  derive,  by  simple  transposition, 

a*  +  i>  a^  +  y  «'+'•«  +  «  =  0. 
This  equation  contains  only  a,  but  it  is  entirely  similar  to  the  one 
proposed.     The  difficulty  of  obtaining  a,  therefore,  is  the  same  as 
that  of  obtaining  z. 

"  Thus,"  says  Castillon  (Mem.  de  Berlin,  ann6e  1789)  "  it  is 
shown  in  every  work  on  algebra,  that  an  equation  of  any  degree  we 
please,  is  formed  of  several  simple  binomials,  but  it  is  not  so  evident 
that  an  equation,  formed  by  the  multiplication  of  several  simple  bino- 
mialS)  can  have  such  coefficients  as  we  please." 
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If,  instead  of  multiplying  the  first  three  equations  in  OjhjCjdj  by 
a',  o*,  and  a,  respectively,  we  multiply  them  by  6',  6'9and  6,  or  by 
c^y  c*y  Cy  or  d^^  cf,  d,  and  add  the  products  to  the  fourth  equation, 
we  shall  have  in  the  first 

—  6*  :=zpb^  +qh*  +rh  +  s, 
in  the  second 

—  c*  =pc'  +  fi^fi*  '\-  re  +  Sj 
in  the  third 

—  d*  :=pd^  -}-  qd'  -{-  rd'\'  s\ 
from  which  it  follows,  that  we  are  conducted  to  the  same  equation  in 
the  case  of  a,  in  that  of  6,  &c.  Indeed  the  quantities,  a,  6,  e,  d,  being 
all  disposed  in  the  same  manner  in  each  equation,  it  is  not  to  be 
supposed  that  one  should  be  determined  by  a  difierent  operation 
from  that  of  the  others  ;  and,  in  general,  if  in  the  investigation  of 
several  unknown  quantities,  we  are  obliged  to  employ  for  each  the 
same  reasonings,  the  same  operations,  and  the  same  known  quanti- 
ties, all  these  quantities  will  necessarily  be  roots  of  the  same  equation. 
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L  Addititm,  Art.  18. 

!•  Add  the  quantities  x  +  y^  +  42  —  29  a?  —  yz  —  9. 

Ans.  33  —  28  «• 

2.  Add  l47a  +  23fc  — tf  — 6  +  2a. 

Ans.  148  a  4-  22  fr. 

3.  Add  lla4-  lla6+  llaftc—  11a  +  afc  —  lla6c. 

Ans.  12  a  6. 

4.  Add43a— 27c  — 20a+7c  — 616— 21a  +  57  6  +  20c. 

Ans*  2  a  —  4  6. 

6.  Adda  +  9d  +  q  — 7c  +  8a?— a  +  6d+6c  — 7a?— 14d. 

Ans.  a  —  c  4^  d  -}-  d?. 

6.  Add  7o6c  +  6a6  +  5c — a6c+  21  a?  +  9c  —  27a?y + 
8a6c  +  10  X  —  93z+  106  +  31a;  — 2a6  — c  +  5«y  —  a6c 
+  33  2. 

Ana.  13a6c  +  4a6+13c+10  6+62«— 22a?y— 60z- 

II.  Subtraction^  Art.  20. 

7.  From        6a?  —  By  +  3 

subtract    2 a:  +  9y  —  2.  Am.  4x  —  l7y  +  5. 

8.  From  5xy  —  8 

subtract  — 3a?y+  1*  ^^»  ^^y — 9. 

9.  From        4a?y  —  x  +  xy 

subtract    2a?y  +  2  +  xy.  Ans.  2 «y  —  x  —  2. 

10.  From        6a?  +  a?  —  8  —  46 

subtract    6a?—  10  +  46  —  x.        Am.  2  +  x  —  8  6. 

11.  From         148a  +  47a6  —  23a6c  +1—0? 
subtract      99  a  —  47  a6  —  8a6c  —  2  +  4a?. 

/  Am.  49a  +  94a6  —  15a6c  +  3  —  5x. 
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12.  From        7ft  — 8c  +  326 a?y  — 43ft  +  lllc  +  a 
subtract    —  500  ft  —  22  a —  87  a?y  —  7  c. 

Ans.  464  ft  +  23  a  +  110  c  +  4\Zxy. 

III.  Multiplication^  Art.  32. 

13.  Multiply  12  a  a;  by  3  a.  Ans.  36  a' a?. 

14.  Multiply  3xy — *^8  +  ^xyzhj  xy. 

Ans:  3  X*  y*  —  8  « y  +  2««  5*  z* 

15.  Multiply  12a:«  —  4y*  by  —  2a?*. 

Ans.  —  24  a:*  +  8a?'y». 

16.  Multiply  a?*  +  a?«  y  -|-  xy*  +  y'  by  a?  —  y. 

Ans.  X*  — y*. 

17.  Multiply  «*  **+  ^y  +  y*  by^a*^ —  ay  +  y*. 

Ans.  «*  +  «•  y*  +  y*» 

18.  Multiply  3  a?«  —  2 a?y  +  5  by  0?*  -j.  2 a?y  —  3. 

•  jln*.  3x* +  4a?»y  —  4a?* — 4a;«y*  +  16a?y — 15. 

19.  Multiply  3a?»  +  2a?«  y»  +  3y»  by3x»  —  3a?*y«  +  5y». 
jJrw.  6a?«  — 5a;»y«  +  21a?«y»  — 6aj*y*  +«*»*  +  l^y*. 

^•*  IV.  Division^  Art.  46. 

'    20.  Divide  10 a?"  y  —  15y*  —  5y  by  6y. 

Ans.  2a«  — 3y —  1. 

21.  Divide  3  a«  —  15  +  6  a  +  3  ft  by  3  a. 

Ans.  a 1-  2  +  -. 

a  a 

22.  Divide  6a?*  —  96  by  3aj  —  6. 

Ans.  ^a?3  +  4a?«  +  8a?  +  16. 

23.  Divide  48 a?«  —  76aap«  —  64  a«  a?  +  105 a*  by  2  a? —  3 a. 

Ans.2ix'  —2ax  —  35  a*. 


V.  Rtductum' of  Fractions^  Art.  50  and  52. 

Ans.  c  +  x. 


24.  What  is  the  greatest  common  measure  of  — ,  T    >    ? 
^  ca^  -{-  a^x 
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35.  What  b  the  greatest  common  measure  of      ~ —  ? 

Ans.  X  -{-  !• 
5f   ? 

—  y* 


36.  What  is  the  greatest  common  divisor  of  ^ ^^  ? 

z*  —  y* 


27.  Reduce =-— —  to  its  lowest  terms. 

X*  —  6*  x'   ^ 

Ans.  a?"  —  6*  gr.  c.  d.  and  — ^ —  lowest  terms. 

«    ,  5a«  +  10  a*  X  +  5  a'  X*  .     , 

28.  Reduce  .',.■■ — --7 — r  to  its  lowest  terms. 

a^  X  +  2  a*  x«  +  2  ax>  +  x« 

w4fw.  a  +  «  gr.  c.  d.  and    ,   ^.        ,^.^   >  lowest  terms. 
'       °  a«  X  -j-  ax«  +  x' 

3   2  X  2  X 

29.  Reduce  -,  —  and  a  +  —  to  equivalent  fractions  having 


a  common  denominator. 


a         9a    Sax        ,  12  a«  +  24x 
12aM2a  12  a 


30.  Reduce  -,  —  and  '     .   ^    to  fractions  having  a  common 
2    3  X  -f-  a  ® 


denominator. 


Sx  + 3o  2a*x  +  2a»        j6x*+6a> 

Ana.  2 — ^-^-,  — ^ — i'-^ ,  and-^ — r"Z— • 

ox  +  oa       ox  +  oa  ox-f-oa 


31.  Reduce  — • --  and     to  fractions  having  a  common  de» 
2a»'2a  a  ^ 

nominator. 

a        2a*b    2a^c     «4a»rf 
Ans.  — -T-,  -7-7  ana  -— --. 
4a*  '  4a*  4a* 

VI.  Multiplication  and  DtDision  of  Fractions,  Art,  51. 


32.  What  is  the  product  of  -  and  ^\i^  ? 
^  a         a  +  c 


^       X*  +  ax 
a^+  ac 
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33.  What  is  the  product  of  — , and  -^^  * 

Ans.  9 ax. 

34.  What  is  the  product  of — ; and   -T      ? 

^  be  o  +  c 


^         z*  —  &« 

35.  What  is  the  quotient  of-  divided  by  —  f 

X  -I-  1  2  X 

36.  What  is  the  quotient  of     T^     divided  by  —  ? 

/•       aj  + 1 
4x 

37.  What  is  the  quotient  of  ^ ~  ■  divided  by 

—  '    ,     ?  Ana,  X  4 . 

X  —  6  X 

yif.  Addition  and  Subtraction  of  Fractions,  Art.  53. 

38.  Add  X  +  ?^=^  to  3aj  +  i^Zli. 

3  4 

12 

39.  Add  — ,  —,  and  — -^ —  together. 

3     4  5  '^ 

169X+12  49x       1 

'*'"•  60 "'^^^  +  "60   +  5- 

40.  Add  together  4  x,  -^,  and  2  +  ^. 

a        158  X        ^       ,    23x 

.4n*.  — —  or  3  X  H . 

45  45 

41.  From — ^ — subtract  j.  ^r»*.  ^    .   . . 

o  a  6  a 

42.  From  ---  subtract  --- .  Ans*  -^-  • 

7  9  63 

43.  From  3  x  +  ^  subtract  x  — 


6  c 


a        a      I    cx  +  bx  —  ab 

wins*  2x  A !— ; . 

be 
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VIII.  Problems  in  Simple  Eqnationsj  Art.  83. 

44«  In  5  cc  —  15  =  2  ^  +  ^  ^o  find  ^he  value  olx. 

Ans.  a?  =  7. 

45.  In  3y  —  2  +  24  =  31  to  find y. 

Am*  y  =  3. 

X  -4-  2  V  -I-  3 

46.  In  the  equations  —^ 1-  8  j^  =  31  and  ^^—1-—  -f.  10  a?  = 

192  to  find  X  andy. 

Ans.  a?  =  19  and  y  =  3. 

47.  Out  of  a  cask  of  wine,  which  had  leaked  away  one  third, 
21  gallons  were  drawn,  and  then  being  gauged  it  was  found  to 
be  half  full :  how  much  did  it  hold  ?  Ans.  126  gallons. 

48.  What  two  numbers  are  those,  whose  difference  is  7  and 
sum  33  ?  Ans.  13  and  20. 

49.  What  number  is  that  from  which  if  5  be  subtracted,  two 
thirds  of  the  remainder  will  be  40  ?  Ans.  65. 

50.  At  a  certain  election  375  persons  voted,  and  the  candidate 
chosen  had  a  majority  of  91  votes:  how  many  voted  for  each 
candidate  ?  Ans.  233  for  one,  and  142  for  the  other. 

51.  A  post  is  I  in  the  mud,  \  tfa^'Water,  and  10  feet  above  the 
water :  what  is  its  whole  length  ?  Ans.  24  feet. 

52.  A  roan  arriving  at  Paris,  spent  the  first  day  |  of  the 
money  he  brought  with  him,  the  second  day  |,  and  the  third  day 
},  after  which  he  had  only  26  crowns  left :  how  much  did  be 
have  on  arriving  at  Paris  ?  Ans*  120  crowns. 

53.  A  horse  said  to  a  mule,  if  I  give  you  one  of  my  sacks  we 
shall  be  equally  loaded,  if  I  take  one  of  yours  I  shall  have 
twice  as  much  as  you :  how  many  sacks  had  each  ? 

Ans.  The  horse  7  and  the  mule  5. 

54.  A  man  being  asked  how  many  crowns  he  had,  replied,  if 
you  add  together  a  half,  a  third,  and  a  quarter  of  what  I  have, 
the  sum  will  exceed  the  number  of  crowns  I  have  by  one :  what 
was  the  number  ?  Ans.  12. 

55.  A  privateer  running  at  the  rate  of  10  miles  an  hour  dis- 
covers a  ship  1 8  miles  off  making  way  at  the  rate  of  8  miles  an 
hour :  how  many  miles  can  the  ship  run  before  being  overtaken  ? 

Ans.  72  miles,  or  9  hours. 
Alg.  35 
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56.  A  hare  is  50  leaps  before  a  grey-hound,  and  takes  4  leaps 
to  the  grey-hound's  3 ;  but  two  of  the  grey-hound's  leaps  are  as 
much  as  three  of  the  hare's :  how  many  leaps  must  the  grey- 
hound take  to  catch  the  hare  ?  Ana*  300. 

57.  A  person  being  asked  his  age,  replied,  that  f  of  his  age 
multiplied  by  yV  ^^  ^^^  ^g^  would  give  a  product  equal  to  his 
age:  what  was  his  age?  Arts.  16. 

58.  A  person  has  a  lease  for  99  years ;  and  being  asked  how 
much  of  it  was  already  expired,  answered,  that  two  thirds  of  the 
time  past  was  equal  to  four  fifths  of  the  time  to  come :  what  was 
the  time  past?  Ans.  54  years. 

59.  There  is  a  fish  whose  tail  weighs  9  lbs.,  his  head  weighs 
as  much  as  his  tail  and  half  his  body,  and  his  body  weighs  as 
much  as  his  head  and  tail :  what  is  the  whole  weight  of  the  fish  ? 

Ans.  72  lbs. 

60.  There  is  a  certain  number,  consisting  of  two  digits,  the 
sum  of  which  digits  is  5 ;  and  if  9  be  added  to  the  number  itself 
the  digits  will  be  inverted;  what  is  the  number? 

Ans.  23. 

61.  A  person  found,  upon  beginning  the  study  of  his  profes- 
sion, that  I  of  his  life  hitherto  had  passed  befope  he  commenced 
his  education,  |  under  a  private  teacher,  f  at  a  public  school, 
and  four  years  at  the  university :  what  was  his  age  ? 

Ans.  21  years. 

62.  To  find  a  number  such,  that,  whether  it  be  divided  into 
two  or  three  equal  parts,  the  continued  product  of  its  parts  shall 
be  equal  to  the  same  quantity.  Ans.  6|. 

63.  A  person  has  two  horses  and  a  saddle  worth  50L  :  now  if 
the  saddle  be  put  on  the  back  of  the  first  horse,  it  will  make  his 
value  double  that  of  the  second ;  but  if  it  be  put  on  the  back  of 
the  second,  it  will  make  his  value  triple  that  of  the  first :  what 
is  the  value  of  each  horse 

Ans.  one  30/.  and  the  other  40/. 

64.  To  divide  the  number  90  into  four  such  parts  that  if  the 
first  be  increased  by  2,  the  second  diminished  by  2,  the  third 
multiplied  by  2,  and  the  fourth  divided  by  2,  the  sum,  difference, 
product,  and  quotient,  shall  each  equal  the  same  quantity. 

Ans.  The  parts  are  18,  22,  10,  and  40. 
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€5.  By  his  will  a  father  disposed  of  his  property  as  follows ; 
namely,  to  his  oldest  son  he  gave  100  dollars  of  the  property, 
and  a  tenth  part  of  the  residue ;  to  the  second,  200  dollars  and 
a  tenth  part  of  the  residue ;  to  the  third,  300  dollars  and  a  tenth 
part  of  the  residue ;  and  so  on  to  the  last,  always  increasing  the 
sum  first  paid  out  by  100  dollars.  It  appeared  that  the  portions 
of  all  the  children  were  alike.  Required  the  value  of  the  pro- 
perty, the  number  of  children,  and  the  portion  of  each  child. 

Ans.  The  estate  was  8100  dollars,  the  children  9,  and  the  por- 
tion of  each  900  dollars. 

66.  A  and  B  have  the  same  income ;  A  is  extravagant  and 
contracts  an  annual  debt  amounting  to  4  of  his  income ;  but  B 
lives  upon  }  of  his ;  at  the  end  of  10  years,  B  lends  A  money 
enough  to  payoff  his  debts,  and  has  160/.  to  spare:  what  is 
their  income  ?  Ans.  280/. 

67.  A  person  passed  }  of  his  age  in  childhood,  j'^  in  youth, 
4  and  5  years  besides  in  matrimony,  at  the  end  of  which  time 
he  had  a  son,  who  died  4  years  before  his  father,  and  reached 
only  half  his  father's  age :  at  what  age  did  the  father  die  ? 

Jins.  84. 

68.  A  shepherd,  driving  a  flock  of  sheep  in  time  of  war,  meets 
with  a  company  of  soldiers,  who  plunder  him  of  half  his  flock 
and  half  a  sheep  over ;  and  he  receives  the  same  treatment  from 
a  second,  third,  and  fourth  company,  each  succeeding  company 
plundering  him  of  half  the  flock  the  last  had  left  and  half  a 
sheep  beside,  insomuch  that  in  the  end  he  had  only  8  sheep  leftj 
how  many  sheep  had  he  in  the  beginning  ? 

Ans.  143. 

69.  A  person,  fifteen  years  after  he  was  married,  being  asked 
the  age  of  himself  and  of  his  wife  at  the  time  of  their  marriage, 
replied,  that  he  was  then  thrice  as  old  as  bis  wife,  but  that  now 
he  was  only  twice  as  old :  what  were  their  ages  ? 

Ans.  He  was  45  and  she  15. 

70.  It  is  required  to  find  two  numbers  such  that  the  first  add- 
ed to  half  the  second  shall  make  20,  and  the  second  added  to 
one  third  the  first  shall  also  make  20.  Ans.  12  and  16. 

71.  Two  travellers,  distant  154  miles,  set  out  at  the  same  time 
to  meet  each  other,  the  one  proceeding  at  the  rate  of  3  miles  in 
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3  hours,  and  the  other  at  the  rate  of  5  miles  in  4  hours :  how 
long  and  how  far  did  each  travel  before  they  met  ? 

Ans.  The  time  was  56  hours,  the  spaces  (ravelled  84  and  70 
miles* 

<  IX.  Formation  of  Powers  and  Extraction  of  Roots. 

72.  What  is  the  square  root  of  9  a?^  ?  {Art.  122.) 

Ans.  Sop. 

73.  What  is  the  square  root  of  f—  ?  Ans.    — ^. 

^  4a3  2a\/a 

74.  What  is  the  square  root  of  o*  +  4a^  a  +  6a*  a?*  + 
Aax^  +  a?*  ?    {Art.  124.)  Ans.  a«  +  2  ao?  +  x«. 

3  X         1 

75.  What  is  the  square  root  of  a?*  —  2«»  +-a?'— -+-^? 

^  2  2       16 

./Jm.  ««  —  0?  +  J. 

76.  What  is  the  third  power  of  —  8  a?«  yM    {Art.  127.) 

^nj.  —  512x«y». 

77.  What  is  the  fifth  root  of  —  32  a?»  y « •  ?  {Art.  129.) 

Ans.  —  2xy*. 

78.  What  is  the  fourth  power  of  a?  —  a  ?    {Art.  141.) 

Ans.  OP*  —  4ap'o  +  Bx^a^  —  4afa'  +  a*. 

79.  What  is  the  square  of  a*  +  2£ia?  +  x»  ?  {Art.  145.) 

Ans.  a*  +  4  a»  X  +  6  a*  a;«  -|-  4  ax»  +  a?*. 

80.  What  is  the  cube  root  of  a?«  —  6  a?«  +  15  «*  —  20  «»  + 
.    15  a;«  —  6  a?  +  1  ?  {Art.  155.)  .tfwj?.  a?>  —  2  ar  +  1. 

^       81.  What  is  the  fifth  root  of  32ar»  —\o  x\+  80a:'  —  40ai" 
^lOx— I?  ^n^.  2a?— I. 
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ADVERTISEMENT. 


The  work  of  M.'LEeBNDRE,  of  which  the  following  is  a  trans^ 
latioD,  is  thought  to  unite  the  advantages  of  modern  discoveries 
and  improvements  with  the  strictness  of  the  ancient  method.  It 
has  now  been  in  use  for  a  considerable  number  of  years,  and  its 
character  is  sufficiently  established.  It  is  generally  considered 
as  the  most  complete  and  extensive  treatise  on  the  elements  of 
geometry  which  has  yet  appeared.  It  has  been  adopted  as  the 
basis  of  the  article  on  geometry  in  the  fourth  edition  of  the 
Encyclopaedia  Brittanica,  lately  published,  and  in  the  Ekiinburgh 
Encyclopaedia,  edited  by  Dr.  Brewster. 

In  the  original  the  several  parts  are  called  books,  and  the 
propositions  of  each  book  are  numbered  after  the  manner  of 
Euclid.  It  was  thought  more  convenient  for  purposes  of  refer- 
ence to  number  definitions,  propositions,  corollaries,  &c.,  in  one 
continued  series.  Moreover  the  work  is  divided  into  two  parts, 
one  treating  of  plane  figures  and  the  other  of  solids ;  and  the 
subdivisions  of  each  part  are  denominated  sections. 

As  a  knowledge  of  algebraical  signs  and  tbe  theory  of  propor- 
tions is  necessary  to  the  understanding  of  this  treatise,  a  brief 
explanation  of  these,  taken  chiefly  from  Lacroix's  geometry,  and 
forming  properly  a  supplement  to  this  arithmetic,  is  prefixed  to 
the  work  under  the  title  of  an  Introduction. 

The  parts  omitted  in  the  former  edition  of  this  translation  on 
spherical  boperimetrical  polygons,  and  on  the  regular  poly- 
edrons,  are  inserted  in  this  at  the  end  of  the  fourth  section  of  the 
second  part. 
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Also  an  improved  demonstratioD  of  the  theorem  for  the  solidity 
of  the  triangular  pyramid  by  M.  Queret  of  St.  Malo,  received 
too  late  for  insertion  in  its  proper  place,  is  subjoined  at  the  end. 

Cambrid^,  Jane  4, 1836« 
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Thk  method  of  the  ancients  is  very  generally  regarded  as  the 
most  satisfactory  and  the  most  proper  for  representing  geometri- 
cal truths.  It  not  only  accustoms  the  student  to  great  strictness 
in  reasoning,  which  is  a  precious  advantage,  but  it  offers  at  the 
same  time  a  discipline  of  peculiar  kind,  distinct  from  that  of 
analysis,  and  which  in  important  mathematical  researches  may 
afibrd  great  assistance  towards  discovering  the  most  simple  and 
elegant  solutions. 

I  have  thought  it  proper,  therefore,  to  adopt  in  this  work  the 
same  method  which  we  find  in  the  writings  of  Euclid  and  Archi- 
medes ;  but  in  following  nearly  these  illustrious  models  I  have 
endeavoured  to  improve  certain  points  of  the  elements  which 
they  left  imperfect,  and  especially  the  theory  of  solids,  which 
has  hitherto  been  the  most  neglected. 

The  definition  of  a  straight  line  being  the  most  important  of 
the  elements,  I  have  wished  to  be  able  to  give  to  it  all  the  exact- 
ness and  precision  of  which  it  is  susceptible.  Perhaps  I  might 
have  attained  this  object  by  calling  a  straight  line  that  which  can 
have  only  one  position  between  two  given  points.  For,  from  this 
essential  property  we  can  deduce  all  the  other  properties  of  a 
straight  line,  and  particularly  that  of  its  being  the  shortest  be- 
tween two  given  points.  But  in  order  to  this  it  would  have  been 
necessary  to  enter  into  subtile  discussions,  and  to  distinguish,  in 
the  course  of  several  propositions,  the  straight  line  drawn  be- 
tween two  points  from  the  shortest  line  which  measures  the 
distance  of  these  same  points.  I  have  preferred,  in  order  not  to 
render  the  introduction  to  geometry  too  diflScult,  to  sacrifice 
something  of  the  exactness  at  which  I  aimed.  Accordingly  I 
shall  call  a  straight  line  that  which  is  the  shortest  betwecm  two 
points,  and  I  shall  suppose  that  there  can  be  only  one  between 
the  same  points.  It  is  upon  this  principle,  con3idered  at  the 
same  time  as  a  definition  and  an  axiom,  that  I  have  endeavoured 
to  established  the  entire  edifice  of  the  elements. 
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It  is  necessary  to  the  understanding  of  this  work  that  the 
reader  should  have  a  knowledge  of  the  theory  of  proportions 
which  is  explained  in  common  treatises  either  of  arithmetic  or 
algebra ;  he  is  supposed  also  to  be  acquainted  with  the  first  rules 
of  algebra ;  such  as  the  addition  and  subtraction  of  quantities, 
and  the  most  simple  operations  belonging  to  equations  of  the  first 
degree.  The  ancients,  who  had  not  a  knowledge  of  algebra,  sup- 
plied the  want  of  it  by  reasoning  and  by  the  use  of  proportions 
which  they  managed  with  great  dexterity.  As  for  us,  who  have 
this  instrument  in  addition  to  what  they  possessed,  we  should  do 
wrong  not  to  make  use  of  it,  if  any  new  facilities  are  to  be  deriv- 
ed from  it.  I  have  accordingly  not  hesitated  to  employ  the 
signs  and  operations  of  algebra,  when  I  have  thought  it  neces- 
sary, but  I  have  guarded  against  involving  in  difficult  operations 
what  ought  by  its  nature  to  be  simple ;  and  all  the  use  I  have 
made  of  algebra  in  these  elements,  consists  as  I  have  already 
said,  in  a  few  very  simple  rules,  which  may  be  understood  almost 
without  suspecting  that  they  belong  to  algebra. 

Besides,  it  has  appeared  to  me,  that,  if  the  study  of  geometry 
ought  to  be  preceded  by  certain  lessons  in  algebra,  it  would  be 
not  less  advantageous  to  carry  on  the  study  of  these  two  sciences 
together,  and  to  intermix  them  as  much  as  possible.  According 
as  we  advance  in  geometry,  we  find  it  necessary  to  combine 
together  a  greater  number  of  relations,  and  algebra  may  be  of 
great  service  in  conducting  us  to  our  conclusions  by  the  readiest 
and  most  easy  method. 

This  work  is  divided  into  eight  sections,  four  of  which  treat  of 
plane  geometry,  and  four  of  solid  geometry. 

The  first  section,  entitled  first  principles^  &:c.  contains  the  pro- 
perties of  straight  lines  which  meet  those  of  perpendiculars,  the 
theorem  upon  the  sum  of  the  angles  of  a  triangle,  the  theory  of 
parallel  lines,  &c. 

The  second  section,  entitled  iht  circk^  treats  of  the  most  sioH 
pie  properties  of  the  circle,  and  those  of  chords,  of  tangents,  and 
of  the  measure  of  angles  by  the  arcs  of  a  circh. 

These  two  sections  are  followed  by  the  resolution  of  certain 
problems  relating  to  the  construction  of  figures. 

The  third  section,  entitled  the  proportions  of  figures,  contains 
the  measure  of  surfaces,  their  comparison,  the  properties  of  a 
right-angled  triangle,  those  of  equiangular  triangles,  of  similar 
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figures,  &c*  We  shall  be  found  fault  with  perhaps  for  having 
blended  the  properties  of  lines  with  those  of  surfaces ;  but  in 
this  we  have  followed  pretty  nearly  the  example  of  Euclid,  and 
this  order  cannot  fail  of  being  good,  if  the  propositions  are  well 
connected  together.  This  section  also  is  followed  by  a  series  of 
problems  relating  to  the  objects  of  which  it  treats. 

The  fourth  section  treats  of  regular  polygons  and  of  the  meas- 
ure of  the  circkm  Two  lemmas  are  employed  as  the  basis  of  thb 
measure,  which  is  otherwise  demonstrated  after  the  manner  of 
Archimedes.  We  have  then  given  two  methods  of  approximation 
for  squaring  the  circle,  one  of  which  is  that  of  James  Gregory. 
This  section  is  followed  by  an  appendix,  in  which  we  have  de- 
monstrated that  the  circle  is  greater  than  any  rectilineal  figure 
of  the  same  perimeter. 

The  first  section  of  the  second  part  contains  the  properties 
of  planes  and  of  solid  armies.  This  part  is  very  necessary  for 
the  understanding  of  solids  and  of  figures  in  which  difierent 
planes  are  considered.  We  have  endeavoured  to  render  it  more 
clear  and  more  rigorous  than  it  is  in  common  works. 

The  second  section  of  the  second  part  treats  ofpolyedrons  and 
of  their  measure.  This  section  will  be  found  to  be  very  differ- 
ent from  that  relating  to  the  same  subject  in  other  treatises ;  we 
have  thought  we  ought  to  present  it  in  a  manner  entirely  new. 

The  third  section  of  this  part  is  an  abridged  treatise  on  the 
sphere  and  spherical  triangles.  This  treatise  does  not  ordina- 
rily make  a  part  of  the  elements  of  geometry ;  still  we  have 
thought  it  proper  to  consider  so  much  of  it  as 'may  form  an  intro- 
duction to  spherical  trigonometry. 

The  fourth  section  of  the  second  part  treats  of  the  three  round 
bodiesj  which  are  the  sphere,  the  cone,  and  the  cylinder.  The 
measure  of  the  surfaces  and  sdlidities  of  these  bodies  is  deter- 
mined by  a  method  analogous  to  that  of  Archimedes,  and  found- 
ed, as  to  surfaces,  upon  the  same  principles,  which  we  have 
endeavoured  to  demonstrate  under  the  name  of  preliminary 
kmmas. 

At  the  end  of  this  section  is  added  an  appendix  to  the  third 
section  of  the  second  part  on  spherical  isqwrimetrical  polygons ; 
and  an  appendix  to  the  second  and  third  sections  of  this  part  on 
the  regular  polyedrons.  , 


X  IniroJkcHan* 

2df ,  S^,  &c«,  indicate  double,  triple,  &c«,  of  the  magnitade 
represented  by  A. 

II.  When  a  number  is  multiplied  by  itself,  the  result  is  the 
second  fomtr^  or  square^  of  this  number;  5  X  5,  or  36,  is  the 
second  power,  or  square,  of  5* 

The  second  power  therefore  is  the  product  of  two  equal  fac- 
tors ;  each  of  these  factors  is  the  square  root  of  the  product ;  5^ 
is  the  square  root  of  35. 

If  the  second  power  be  multiplied  by  its  root,  the  result  ia 
the  third  power^  or  cube  ;  5  X  35,  or  125,  is  the  third  power  of  5. 

The  third  power  is  a  product  formed  by  the  multiplication  of 
three  equal  factors ;  each  of  these  factors  is  the  cube  root  of  this 
product;  125  is  the  product  of  5  multiplied  twice  by  itself^  or 
5x^X5;  and  5  is  the  cube  root  of  125, 

In  general  jj',  being  an  abbreviation  oi  Ax  A^  indicates  the 
second  power  or  square  oiA. 

\^A  indicates  the  square  root  of  A^  or  the  number,  which  being 
multiplied  by  itself,  produces  the  number  represented  by  A. 

j9%  being  an  abbreviation  oiAxAxA^  indicates  the  third 
power  or  cube  of  A* 

\'A  indicates  the  cube  root  of  A,  or  the  number  which,  being 
nmltiplied  twice  by  itself,  produces  the  number  A. 

The  square  of  a  line  AB  is  denoted  by  AB. 

The  square  root  of  a  product  ^  x  B  is  represented  by  ^AkB* 

All  numbers  are  not  perfect  squares  or  perfect  cubes,  that  is, 
they  have  not  square  roots  or  cube  roots  which  can  be  exactly 
expressed ;  19,  for  example,  as  it  is  between  16,  the  square  of  4, 
and  25,  the  square  of  5,  has  for  its  root  a  number  comprehended 
between  4  and  5,  but  which  cannot  be  exactly  assigned. 

In  like  manner  89,  which  is  between  64,  the  cube  of  4,  and 
f  25,  the  «ube  of  5,  has  for  its  cube  root  a  number  between  4  and 
5,  but  which  cannot  be  exactly  assigned.  Algebra  famishes 
methods  for  approximating,  as  nearly  as  we  please,  the  roots  of 
numbers  which  are  not  perfect  powers. 

III.  1.  When  two  proportions  have  a  common  ratio,  it  is  evi* 
dent  that  the  two  other  ratios  may  be  put  into  a  proportion, 
since  they  are  each  equal  to  that  which  is  common.  If,  for  ex- 
ample, we  have 


Introductioi^  xj 

E:F::  CiD, 
then  we  shall  hav«         A:  B  ::  E  zF. 

3.  When  two  proportions  have  the  same  antecedents,  the  con. 
sequents  may  be  put  into  a  proportion ;  for,  if  we  have 

AiEiiCxFj 

by  changing  the  place  of  the  means,  these  proportions  will  ber 
come 


AiCiiBiB, 

Ai  Ci'.EiF'j 

whence 

BiDx.E.F, 

or 

BiEiiDzF. 

IV.  Other  changes,  besides  the  transposition  of  terms,  may  be 
made  among  proportionals  without  destroying  the  equality  of  the 
product  of  the  extremes  to  that  of  the  means. 

1.  If  to  the  consequent  of  a  ratio  we  add  the  antecedent,  and 
compare  this  sum  with  the  antecedent,  this  last  will  be  contained 
once  more  than  it  was  in  the  first  consequent ;  the  new  ratio  then 
will  be  equal  to  the  primitive  ratio  increased  by  unity.  If  the 
same  operation  be  performed  upon  the  two  ratios  of  a  proportion, 
there  will  evidently  result  from  it  two  new  ratios  equal  to  eaoh 
other,  and  consequently  a  new  proportion. 

Let  there  be,  for  example,  the  proportion 
4  :  6:  :  12  :  18 
we  shall  have  6  +4  :  4  : :  18  +  13  :  1% 

or  10  :  4  : :  30  :  13. 

3.  If  from  the  consequent  of  a  ratio  we  subtract  the  antece- 
dent, and  compare  the  difference  with  the  antecedent,  this  last 
will  be  contained  once  less  than  it  was  in  the  first  consequent ; 
the  new  ratio  will  be  equal  to  the  primitive  ratio  diminished  by 
unity.  If  the  same  operation  be  performed  upon  the  two  ratios 
of  a  proportion,  there  will  result  from  it  two  new  ratios  equal  to 
each  other,  and  consequently  a  new  proportion. 

From  the  proportion 

4:  6  ::  12:  18, 
we  thus  deduce       6  —  4  :  4  : :  18--- 13  :  13, 
or  3  :  4  : :  6  :  12. 


xiW  ImnAteHm. 

There  being  a  propcvtioD  amoag  mj  magnitudes  whatevw 

designated  by  the  letters 

AiBix  C:D^ 

we  have,  by  the  above  changes^ 

,      B  +  AiAxiD+C.C, 
B  —  AiAiiD—Ci  C. 

If  we  change  the  place  of  the  means  in  these  resuhs,  they  will 
become 

B  +  AiD+C::AiC, 
B—JliD-^-CtiAiCi 
but,  by  the  same  change,  the  proportion 
AiBii  C:D 
gives  also  A  :  C  : :  J7  :  17, 

and,  since  the  ratios  ^  :  C,  J3  :  JD,  are  equal,  we  obtain 
B  +  A:D+C:iAi  CoriiBiDj 
B  —  AiD—CiiAi  CoTixBiDj 
«  result  which  may  be  thus  enunciated. 

In  any  propariUm  whaUvtr^  At  sum  of  ihe  twofint  Umu  it  to  Af 
sum  of  the  tvH)  last^  and  the  difftrenu  of  ihi  two  first  Itrms  is  to  tht 
difference  of  the  two  lastj  as  the  first  is  to  the  thirdj  or  as  the  second 
is  to  the  fourth* 

Moreover  the  two  ratios  A  :  C,  Bi  Dj  being  common  to  the 
two  proportions  above  obtained,  it  follows  that  the  other  ratio$ 
of  the  same  proportions  are  equal,  and  that  consequently 

B  +  A:D+C::B--^A:D—C, 

or,  by  changing  the  place  of  the  means, 

B  +  A:  B  —  A  ::D  +  C :D—  C; 

that  is,  the  sum  of  the  two  first  terms  of  a  proportion  is  to  their  dif 
ftrence^  as  the  sum  of  the  two  last  is  to  Aeir  differeticem 
For  example, 

6+4  :  6  —  4:  :  18  +  12:  18  — 12, 
or  10  :  2  :  :  30  :  6. 

When  the  proportion 

A:  Bi:  C:  D, 
is  changed  into  A  i  C: :  Bx  Dy 


A  and  B  are  tbe  antecedetttSiCand  D  dudtoaMqattts;  and  the 
proportions 

B  +  Ail)  +  C:tAzCoTiiB:D, 
B^AiD—CxzAi  C or ::B:D, 

answer  to  the  following  enunciation ; 

Tlu  sum  of  ike  anUcedents  of  a  froportion  if  to  the  sum  of  the 
conBtqumis^  and  the  differtnce  of  the  antecedents  is  to  the  differtnct 
of  the  constqaents^  as  one  antecedent  is  to  its  consequent ; 

Whence  it  follows,  that  the  sum  of  the  antecedents  is  to  their  dif 
fertncej  as  the  s%im  of  the  consequents  is  to  their  difference. 

If  we  have  a  series  of  equal  ratios    « 

A:B::CiD::E;F^ 
by  considering  only  the  two  first,  which  form  the  proportion 

AiBi:  C:D, 
we  obtain  by  what  precedes 

jl+  C:B  +  Di:A:Bi 

pnd,  smce  the  third  ratio  £  :  F,  is  equal  to  the  first  A  :  j^,  we 
have 

A+CiB  +  Di:EiF. 

If  we  take  the  sum  of  the  antecedents  ai\d  that  of  the  consequents 
in  this  last  proportion,  the  result  will  be 

A  +  C+EiB+  D+Fi  iEiFariiAiB^ 

By  proceeding  in  the  same,  manner  with  any  number  of  equal 
ratios,  it  will  be  seen,  that  the  sum  ofang  number  whatever  of  an^ 
tecedents  is  to  the  sum  of  their  consequents^  as  one  emtecedeni  is  to 
its  consequent. 

V.  Let  there  be  any  two  proportions 

AiBii  C:D, 
EiFiiGiH, 

if  we  multiply  them  in  order^  that  is,  term  by  term,  the  products 
will  form  a  proportion,  thus 

AxEiBxF::  CxOi  DxHf 

Ji  Kg  V    T\  \t  Jf 

This  is  evident,  since  the  new  ratios  -j — =^,  -^ — g,  are  respee- 


ziT  Intrtduetuin. 

tively  the  products  of  the  primitive  ratios 

_  and  g,  ^  and  -^ 
which  are  equal. 
If  we  multiply  the  proportion 

AiBii  CiD 
by  JizBiiC.D 

we  shall  have  (11)        A'  :  J5«  i :  C»  :  D», 

whence  it  foHows,  that  ihe  squares  of  four  proportional  quantiHu 

form  a  natb  proportion. 

By  multiplying  the  proportion 

A*  :  JB«  : :  C*  i  D* 
by  A  iB   iiC   iD, 

we  shall  have  4»  :  J?'  : :  C?»  :  D», 

that  is,  iht  cubes  of  four  proportional  quantitia  form  a  new  pro- 
portion. 

Vh  When  a  proportion  is  said  to  exist  among  certain  magni- 
tudes, these  magnitudes  are  supposed  to  be  represented,  or  to  be 
capable  of  being  represented  by  numbers ;  if,  for  example,  in 
the  proportion 

AiBi:  C:D^ 

dl,  J3,  C^  Dj  denote  certain  lines,  we  can  always  suppose  one  of 
these  lines,  or  a  fifth,  if  we  please,  to  answer  as  a  common 
measure  to  the  whole,  and  to  be  taken  for  unity ;  then  Ay  B^  C, 
D,  will  each  represent  a  certain  number  of  units,  entire  or  frac* 
tional,  commensurable  or  incommensurable,  and  the  proportion 
among  the  lines  A^  B^  C,  Z),  becomes  a  proportion  in  numbers. 

Hence  the  product  of  two  lines  A  and  Z),  which  is  called  also 
their  recUmgUy  is  nothing  else  than  the  number  of  linear  units 
contained  in  A  multiplied  by  the  number  of  linear  units  con- 
tained in  B\  and  we  can  easily  conceive  this  product  to  be 
equal  to  that  which  results  from  the  multiplication  of  the  lines 
B  and  C. 

The  magnitudes  A  and  B  in  the  proportion 

AiBiiCiDy 

may  be  of  one  kind,  as  lines,  and  the  magnitudes  C  and  D  of 


hitrodaetm*  xy 

another  Und,  as  surfaces ;  still  these  magnitudes  are  always  to 
be  regarded  as  numbers ;  A  and  B  will  be  expressed  in  linear 
units,  C  and  D  in  superficial  units,  and  the  product  Ax  D  will 
be  a  number,  as  also  the  product  Bx  C. 

Indeed,  in  all  the  operations,  which  are  made  upon  propor- 
tional quantities,  it  is  necessary  to  regard  the  terms  of  the  pro- 
portion as  so  many  numbers,  each  of  its  proper  kind ;  then  we 
shall  have  no  difiSculty  in  conceiving  of  these  operations  and  of 
the  consequences  which  result  firom  them. 


ELEMENTS  OF  GEOMETRY. 


Definitions  and  Preliminary  Remarks. 

1.  Geometry  is  a  science  which  has  for  its  object  the  measure 
of  extension. 

Extension  has  three  dimensions,  length,  breadth,  and  thick- 
ness. 

2.  A  line  is  length  without  breadth. 

The  extremities  of  a  line  are  called  points.  A  point,  therefore, 
has  no  extension. 

3.  A  straight  or  right  lint  is  the  shortest  way  from  one  point 
to  another* 

4.  Every  line,  which  is  neither  a  straight  line  nor  composed 
of  straight  lines,  is  a  curved  line. 

Thus  4B  {fig.  X)  is  a  straight  line,  ACDB  is  a  broken  line,  or  Fig.  i. 
one  composed  of  straight  lines,  and  AEB  is  a  curved  line. 

5.  A  surface  is  that  which  has  length  and  breadth,  without 
thickness. 

6.  A  plane  is  a  surface,  in  which  any  two  points  being  taken, 
the  straight  line  joining  those  points  lies  wholly  in  that  surface. 

7.  Every  surface,  which  is  neither  a  plane  nor  composed  of 
planes,  is  a  curved  surface, 

8.  A  solid  b  that  which  unites  the  three  dimensions  of  ex- 
tension. 

9.  When  two  straight  lines,  AB^  JlC,  {fig.  2),  meet,  the  quan-  Fig.  2- 
tity,  whether  greater  or  less,  by  which  they  depart  from  each 
other  as  to  their  position,  is  called  an  angle;  the  point  of  meeting 

or  intersection  A^  is  the  vertex  of  the  angle ;  the  lines  AB^  AC, 
are  its  sides. 

An  angle  is  sometimes  denoted  simply  by  the  letter  at  the  ver- 
tex, as  A;  sometimes  by  three  letters,  as  B.^, or  CAB^  the 
letter  at  the  vertex  always  occupying  the  middle  place. 

Geom.  1 


2  tltments  of  Geometry  * 

Angles,  like  other  quantities,  are  susceptible  of  addition,  sub- 
traction, multiplication,  and  division  }   thus,  the  angle  DCE 

rig.sa  ifig'  %)  is  the  sum  of  the  two  angles  DCB,  BCEy  and  the  angle 
DCB  is  the  difference  between  the  two  angles  DCE^  BCE. 

rig. 3.  10.  When  a  straight  line  AB  {fig*  3)  meets  another  straight 
line  CD  in  such  a  manner  that  the  adjacent  angles  fijJC,  BAD^ 
are  equal,  each  of  these  angles  is  called  a  right  anghy  and  the 
line  AB  is  said  to  be  perptiidkular  to  CD. 

Fig.  4.  11.  Every  angle  BAC  {fig.  4),  less  than  a  right  angle,  is  an 
cLcute  angle ;  and  every  angle,  DEF,  greater  than  a  right  angle  is 
an  obtuse  angkm 

rig.  5.  12.  Two  lines  are  said  to  be  parallel  (fig.  5),  when,  being^ 
situated  in  the  same  plane  and  produced  ever  so  far  both  ways, 
they  do  not  meet. 

13.  A  plane  figure  is  a  plane  terminated  on  all  sides  by  lines. 
If  the  lines  are  straight,  the   space   which  they  contain  is 

rig.  6.  called  a  rectilineal  figure^  ov  polygon  {fig.  6),  and  the  lines  taken 
together  make  the  perimeter  of  the  polygon. 

14.  The  polygon  of  three  sides  is  the  most  simple  of  these 
figures,  and  is  called  a  triangle ;  that  of  four  sides  is  called  a 
quadrilateral ;  that  of  five  sides,  a  pentagon  ;  that  of  six,  a  hexa- 
gonj  &C.. 

rifr''.  15.  A  triangle  is  denominated  equilateral  {fig.  7),  when  the 
^«.  8.  three  sides  are  equal,  isosceles  {fig.  8),  when  two  only  of  its  sides 
Fig.  9.   are  equal,  and  scalene  {fig.  9),  when  no  two  of  its  sides  are  equal. 

16.  A  right-angled  triangle  is  that  which  has  one  right  angle. 
The  side  opposite  to  the  right  angle  is  called  the  hypothmuse. 

Fig.  10.  Thus  ABC  {fig.  10)  i^  a  triangle  right-angled  at  A,  and  the  side 
BC  is  the  hypothenuse. 

17.  Among  quadrilateral  figures  we  distinguish  \ 

rig.  11.  The  square  {fig.  11),  which  has  its  sides  equal  and  its  angles 
right  angles,  (See  art.  80) ;  • 

Fig.  «.  The  rectangle  {fig.  12),  which  has  its  angles  right  angles  with- 
out having  its  sides  equal  (See  art.  above  referred  to) ; 

Fig.  13.  The  parallelogram  {fig.  13),  which  has  its  opposite  sides  par- 
allel ; 

Fig.  14.  The  rhombus  or  lozenge  {fig.  14),  which  has  its  sides  equal 
without  having  its  angles  right  angles ; 

Fig.  16.      The  trapezoid  {J^.  1 6),  which  has  two  only  of  its  sides  paralleL 


Axioms.  3 

18.  A  du^onal  is  a  line  which  joins  the  vertices  of  two  angles 

not  adjacent,  ^s  AC  {Jig.  42).  Tig. 4S, 

19.  An  equilateral  polygon  is  one  which  has  all  its  sides  equal ; 
an  equiangular  polygon  is  one  which  has  all  its  angles  equal. 

20.  Two  polygons  are  equilateral  zoith  respect  to  each  other, 
when  they  have  their  sides  equal,  each  to  each,  and  placed  in  the 
same  order,  that  is,  when  by  proceeding  round  in  the  same 
direction  the  first  in  the  one  is  equal  to  the  first  in  the  other,  the 
second  in  the  one  to  the  second  in  the  other,  and  so  on.  In  a 
similar  sense  are  to  be  understood  two  polygons  equiangtdar  vfith 
respect  to  each  other.  The  equal  sides  in  the  first  case,  and  the 
equal  angles  in  the  second,  are  called  homologous  (A),    -j'"' 

21.  An  Axiom  is  a  proposition,  the  truth  of  which  is  self-evi- 
dent. 

A  Theorem  is  a  truth  which  becomes  evident  by  a  process  of 
reasoning  called  a  demonstration. 

A  Problem  i^  a  question  proposed  which  requires  a  solution. 

A  Lemma  is  a  subsidiary  truth  employed  in  the  demonstration 
«f  a  theorem,  or  in  the  solution  of  a  problem. 

The  common  name  of  Proposition  is  given  indifferently  to 
theorems,  problems,  and  lemmas. 

A  Corollary  is  a  consequence  which  follows  from  one  or  sev- 
eral propositions. 

A  Scholium  is  a  remark  upon  one  or  more  propositions  which 
have  gone  before,  tending  to  show  their  connexion,  their  restric- 
tion, their  extension,  or  the  manner  of  their  application. 

A  Hypothesis  is  a  supposition  made  either  in  the  enunciation  of 
a  proposition,  or  in  the  course  of  a  demonstration. 

Axioms. 

22.  Two  quantities,  each  of  which  is  equal  to  a  third,  are 
equal  to  one  another. 

23.  The  whole  is  greater  than  its  part. 

24.  The  whole  is  equal  to  the  sum  of  all  its  parts. 

25.  Only  one  straight  line  can  be  drawn  between  two  points. 

26.  Two  magnitudes,  whether  they  be  lines,  surfaces,  or  solids, 
are  equal,  when,  being  applied  the  one  to  the  other,  they  coin- 
cide with  each  other  entirely,  that  is,  when  they  exactly  fill  the 
same  space. 


PART  FIRST. 

OF  PLANE  nGURES. 


,    SECTION  FIRST. 

F'vrti  Principles,  or  the  Properties  of  perpendicular,  obliquej  and 
parallel  Lines. 

THEOREM. 

27.  All  right  angles  are  equal. 

Demonstration.     Let  the  straight  line  CD  he  perpendicular  to 
Fig.  16.  AB  {Jig.  16),  and  GHto  EF,  the  angles  ACD,  EGH,  will  be 
equal. 

Take  the  four  distances  C/3,  CS,  GE,  GF,  equal  to  each  other, 
the  distance  AB  will  be  equal  to  the  distance  EF,  and  the  line 
EF  may  be  applied  to  AB,  so  that  the  point  E  will  fall  upon  A, 
and  the  point  F  upon  B.  These  two  lines,  thus  placed,  will  co- 
incide with  each  other  throughout;  otherwise  there  would  be 
two  straight  lines  between  A  and  B,  which  is  impossible  (25). 
The  point  G  therefore,  the  middle  of  £F,  will  fall  upon  the  point 
C,  the  middle  of  AB.  The  side  GE  being  thus  applied  to  CA, 
the  side  GH  will  fall  upon  CD ;  for,  let  us  suppose,  if  it  be  pos- 
sible, that  it  falls  upon  a  line  CK^  different  from  CD ;  since,  by 
hypothesis  (10),  the  angle  EGH  =  HGF, 
it  follows  that  ACK  =  KCB. 

But  ACK>ACD, 

and  KCB  <:  BCD; 

besides,  by  hypothesis, 

ACD  =  BCD ; 
hence  ACK  >  KCB. 

and  the  line  GH  cannot  fall  upon  a  line  CK  different  from  CD ; 
consequently  it  falls  upon  CD^  and  the  angle  EGH  upon  ACD, 
and  JBGH  is  equal  to  ACD ;  therefore  all  right  angles  are  equal. 

THEOREM* 

Pig.  17.  28.  A  straight  Urn  CD  (fig.  1 7),  rohich  meets  another  straight 
line  AB,  makes  with  it  two  adjacent  angles  ACD,  BCD,  Tohidi,  taken 
together,  are  equal  to  two  right  angles. 
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Demonstration.  At  the  point  C,  let  CE  be  perpendicular  to 
AB.  The  angle  ACD  is  the  sum  of  the  angles  ACE,  ECD ; 
therefore  ACD\  BCD  is  the  sum  of  the  three  angles  ACE^ 
ECD,  BCD.  The  first  of  these  is  a  right  angle,  and  the  two 
others  are  together  equal  to  a  right  angle ;  therefore  the  sum  of 
the  two  angles  ACD,  BCD,  is  equal  to  two  right  angles.^  * 

29.  Corollaty  i.  If  one  of  the  angles  ACD,  BCD,  is  a  right 
angle,  the  other  is  also  a  right  angle. 

30.  Corollary  ii.     If  the  line  DE  {Jig.  18)  is  perpendicular  to  Fig.  18. 
AB  ;  reciprocally,  AB  is  also  perpendicular  to  DE. 

For,  since  DE  is  perpendicular  to  AB,  it  follows  that  the  angle 
ACD  is  equal  to  its  adjacent  angle  DCB^  and  that  they  are  both 
right  angles.  But,  since  the  angle  ACD  is  a  right  angle,  it  fol- 
lows that  its  adjacent  angle  ACE  is  also  a  right  angle  ;  therefore 
the  angle  ACE  =.  ACD,  and  AB  is  perpendicular  to  DE. 

3U    Corollary  iii.     All   the  successive  angles,   BAC,   CAD, 
DAE,  EAF,  {fig.  34),  formed  on  the  same  side  of  the  straight  Fig.  34. 
line  BF,  are  together  equal  to  two  right  angles ;  for  their  sum  is 
equal  to  that  of  the  two  angles  BAM,  MAP ;  AM  being  perpen- 
dicular to  BF. 

THEOREM. 

32.  Two  straight  lines,  which  have  two  points  common,  coincide 
throughout,  and  form  one  and  the  same  straight  line. 

Demonstration.  Let  the  two  points,  which  are  common  to  the 
two  lines,  be  A  and  B  {fig.  19).  In  the  first  place  it  is  evident  Fig.  19. 
that  they  must  coincide  entirely  between  A  and  B ;  otherwise, 
two  straight  lines  could  be  drawn  from  A  to  B,  which  is  impossi- 
ble (25).  Now  let  us  suppose,  if  it  be  possible,  that  the  lines, 
when  produced,  separate  from  each  other  at  a  point  C,  the  one 
becoming  CD,  and  the  other  CE.  At  the  point  C,  let  CF  be 
drawn,  so  as  to  make  the  angle  ACF,  a  right  angle ;  then,  w2 CD 
being  a  straight  line,  the  angle  FCD  is  a  right  angle  (29);  and, 
because  ACE  is  a  straight  line,  the  angle  FCE  is  a  right  angle. 
But  the  part  FCE  cannot  be  equal  to  the  whole  FCD  ;  whence 
straight  lines,  which  have  two  points  common  A  and  B,  cannot 
separate  the  one  from  the  other,  when  produced ;  therefore  they 
must  foim  one  and  the  same  straight  line. 
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THEOREM* 


ri«.20.  33,  If  two  adjacent  angles  ACD,  DCB  (fig.  20),  are  together 
eqital  to  two  right  angles^  the  two  exterior  sides  AC,  CB,  are  in  du 
same  stra^ht  line* 

Demonstration.  For  if  CB  is  not  the  line  AC  produced,  let 
CE  be  that  line  produced ;  then,  ACE  being  a  straight  line,  the 
angles  ACD^  DCE^  are  together  equal  to  two  right  angles  (28); 
but,  by  hypothesis,  the  angles  A  CD,  DCB,  are  together  equal  to 
two  right  angles,  therefore  ACD  +  DCB  :=ACD  +  DCE.  Take 
away  the  common  angle  A  CD,  and  there  will  remain  the  part 
DCB  equal  to  the  whole  DCE,  which  is  impossible;  therefore 
CB  is  the  line  AC  produced* 


THEOREH. 


Fi£.  21.       34.  Whenever  two  straight  lines  AB,  DE  (fig.  21),  cut  each  other, 
the  angles  opposite^  to  each  other  at  the  vertex  are  equaL 

Demonstration.  Since  DE  is  a  straight  line,  the  sum  of  the 
angles  A  CD,  ACE,  is  equal  to  two  right  angles;  and,  since  AB 
is  a  straight  line,  the  sum  of  the  angles  ACE,  BCE,  is  equal  to 
two  right  angles;  iherehre  ACD  +  ACE  =  ACE  +BCE;  from 
each  of  these  take  away  the  common  angle  ACE,  and  there  will 
remain  the  angle  ACD  equal  to  its  opposite  angle  BCE. 

It  may  be  demonstrated,  in  like  manner,  that  the  angle  ACE 
is  equal  to  its  opposite  angle  BCD. 

36.  Scholium.  The  four  angles,  formed  about  a  point  by  two 
straight  lines  which  cut  each  other,  are  together  equal  to  four 
right  angles ;  for  the  angles  ACE,  BCE,  taken  together,  are 
equal  to  two  right  angles ;  also  the  other  angles  ACD,  BCD, 
are  together  equal  to  two  right  angles. 
Fig.  22.  In  general,  if  any  number  of  straight  lines,  as  CA,^  CB  {fig.  22), 
&c.,  meet  in  the  same  point  C,  the  sum  of  all  the  successive  an- 
gles, ACB,  BCD,  DCE,  ECF,FCA,  will  be  equal  to  four  right 
angles.  For,  if  at  the  point  C,  four  right  angles  be  formed  by 
two  lines  perpendicular  to  each  other,  they  will  comprehend  the 
same  space  as  the  successive  angles,  .5 CJ?,  BCD,  &c. 

t  These  are  oflen  called  vertical  angles. 
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THEOREM. 

36.  Two  triangles  are  equal,  when  two  sides  and  the  included 
angle  of  the  one  are  equal  to  two  sides  and  the  included  angle  of  the 
other  J  each  to  each* 

Demonstration.     In  the  two  triangles  ABC,  DEF  {fig.  23),  let  Fig.  23^ 
the  angle  A  be  equal  to  the  angle  Z),  the  side  AB  equal  to  the 
side  D£,  and  the  side  AC  equal  to  the  side  DF'j  the  two  trian- 
^es  ABC,  DEF^  will  be  equal. 

Indeed  the  triangles  may  be  so  placed,  the  one  upon  the  other, 
that  thej  shall  coincide  throughout.  If,  in  the  first  place,  we 
apply  the  side  DE  to  its  equal  AB,  the  point  D  will  fall  upon  A, 
and  the  point  E  upon  B.  But,  since  the  angle  D  is  equal  to  the 
angle  A,  when  the  side  DE  is  placed  apon  AB,  the  side  DF  will 
take  the  direction  AC ;  moreover  DF  is  equal  to  AC ;  therefore 
the  point  F  will  fall  upon  C,  and  the  third  side  EF  will  exactly 
coincide  with  the  third  side  BC  ;  therefore  the  triangle  DEF  is 
equal  to  the  triangle  ABC  (26). 

37.  Corollary.  When,  in  two  triangles,  these  three  things  are 
equal,  namely,  the  angle  A  =  D,  the  side.^jS  =  DE,  and  the  side 
AC  =s  DF,  we  may  thence  infer,  that  the  other  three  are  also 
equal,  namely,  the  angle  B^si  E,  the  angle  C  ^F,  and  the  side 
BC=:EF. 

THEOREM. 

38.  Two  triangles  are  equal,  when  a  side  and  the  two  adjacent 
angles  of  the  one,  are  equal  to  a  side  and  the  two  adjacent  armies  of 
the  other,  each  to  each* 

Demonstration.    Let  the  side  BC  {fig.  23)  be  equal  to  the  side  Fig.  S3: 
EF,  the  angle  B  equal  to  the  angle  E,  and  the  angle  C  equal  to 
the  angle  F ;  the  triangle  ABC  will  be  equal  to  the  triangle  DEF. 

For,  in  order  to  apply  the  one  to  the  other,  let  EF  be  placed 
upon  its  equal  BC,  the  point  E  will  fall  upon  B  and  the  point  F 
upon  C  Then  because  the  angle  E  is  equal  to  the  angle  B, 
the  side  ED  will  take  the  direction  BA,  and  therefore  the  point 
D  will  be  somewhere  in  BA  ;  also  because  the  angle  F  is  equal 
to  C,  the  side  FD  will  take  the  direction  CA,  and  therefore  the 
point  D  will  be  somewhere  in  CA ;  whence  the  point  D,  which 
must  be  at  the  same  time  in  the  lines  BA  and  CA,  can  only 
be  at  their  intersection  wd;  therefore  the  two  triangles  ABCj 
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DEFy  coincide,  the  one  with  the  other,  and  are  equal  in  all  res- 
pects. 

39.  Corollary.  When,  in  two  triangles,  these  three  things  are 
equal,  namely,  BC=:EFyB=iEy  and  C  =  F,  we  may  thence 
infer  that  the  other  three  are  also  equal,  namely,  AB  =  DJB, 
AC  =  DF,^ndA=zD. 

THfiORCM. 

40.  One  side  of  a  triar^le  is  less  than  the  sum  of  the  other  two. 
rig. 23.      Demonstration.    The  straight  line  EC  {fig.  23),  for  example, 

is  the  shortest  way  from  B  to  C  (3) ;  BC  therefore  is  less  than 
BA  +  AC. 

THEOREM. 

Fig.M.  41.  If  from  a  point  O  (fig.  24),  within  a  triangle  ABC,  there 
he  drawn  straight  lines  OB,  OC,  to  tlie  extremities  of  BC,  one  of 
its  side^y  the  sum  of  these  lines  will  be  less  than  that  of  AB,  AC, 
the  two  other  sides. 

Demonstration.     Let  BO  be  produced  till  it  meet  the  side  AC 
in  D ;  the  straight  line  OC  is  less  than  OD  +  DC  ;  to  each  of 
these  add  BO,  and  BO +  0C <:^BO  +  OD  +  DC ;  that  is 
BO^OC<BD^DC. 

Again,  BD  <^  BA  +  AD ;  to  each  of  these  add  DC,  and  we 
shall  have  BD  +  DC  <^BA+AC.  But  it  has  just  been  shown 
that  BO  +  OC<C.  BD  +  DC,  much  more  then  is 

bo+oc<:ba+ac. 

THEOREM. 

Pig.2S.  42.  If  two  sides  AB,  AC  (iig.  25),  of  a  triangle  ABC,  are  equal 
to  two  sides  DE,  DF,  of  another  triangle  DEF,  each  to  each ;  if  at 
the  same  time,  the  angle  BAC,  contained  by  the  former,  ts  greater 
than  the  angle  EDF,  contained  by  the  latter ;  the  third  side  BC  of 
the  first  triangle,  will  be  greater  than  the  third  side  EF  of  the  second. 
Demonstration.  Make  the  angle  CAG  =  jD,  take  AG  =  DE, 
and  join  CG,  then  the  triangle  GAC  is  equal  to  the  triangle 
EDF  (36),  and  therefore  CG  =  EF.  Now  there  may  be  three 
cases,  according  as  the  point  6  falls  without  the  triangle  ABC, 
on  the  side  BC,  or  within  the  triangle* 

Case  I.  Because  GC  <CGI  +  IC,  and  AB  <AI+  IB,  there- 
fore GC+AB <GI  +  AI  +  IC  +  IB,  that  is, 
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gc+ab<:ag+bc. 

iFrom  one  of  these  take  awaj  AB,  and  from  the  other  iu  equal 
AG,  and  there  remains  GC<BC;  therefore  EF  <  BC. 

Case  II.    If  the  point  6  {fig.  36)  fall  upon  the  side  BC,  then  Fig.  26. 
it  is  evident  that  GC,  or  its  equal  EF,  is  less  than  BC. 

Casein.    If  the  point  6  (jl^.  27)  fall  within  the  triangle  Fig.  «7. 
BAC,  then  AG+GC<.AB  +BC  (41),  therefore,  taking  away 
the  equal  quantities,  AG,  AB,  we  shall   have  GC  <^BC,  or 

ef<:bc. 

THEOREM. 

43.  Two  triangles  are  equal,  when  the,  three  sides  of  the  one  are 
equal  to  the  three  sides  of  the  other,  each  to  each. 

Demonstration.    Let  the  side  AB  =  DE  (J^.  23,)  AC  :=:  DF,  ""«•  ^' 
BC  =  EF ;   then  the  angles  will  be  equal,  namely,  A  =  D, 
iB  =  JB,  and  C=F. 

For,  if  the  angle  A  were  greater  than  the  angle  D,  as  the 
sides  AB^  AC,  are  equal  to  the  sides  DE,  DF,  each  to  each,  the 
side  BC  would  be  greater  than  EF  (42) ;  and  if  the  angle  A 
were  less  than  the  angle  D,  then  the  side  BC  would  be  less  than 
EF ;  but  BC  is  equal  to  EF,  therefore  the  angle  A  can  neither 
be  greater  nor  less  than  the  angle  D,  that  is,  it  is  equal  to  it. 
In  the  same  manner  it  may  be  proved,  that  the  angle  B=zE,  and 
that  the  angle  C  =  jP. 

44.  Scholium.  It  may  be  remarked,  that  equal  angles  are 
opposite  to  equal  sides;  thus,  the  equal  angles  A  and  D  are 
opposite  to  the  equal  sides  BC  and  EF, 

THEOREM. 

45.  In  an  isosceles  triangle  the  at^ks  opposite  to  the  equal  side^ 
are  equal. 

Demonstration.    Let  the  side  AB  =:AC  {fig.  28),  then  jvill  the  Fig.i28, 
angle  C  be  equal  to  J7. 

Draw  the  straight  line  AD  from  the  vertex  A  to  the  point  D 
the  middle  of  the  base  BC ;  the  two  triangles  ABD,  ADC,  will 
have  the  three  sides  of  the  one,  equal  to  the  three  sides  of  the 
other,  each  to  each,  namely,  AD  common  to  both,  AB  :=:  AC, 
by  hypothesis,  and  ED  =  DC,  by  construction ;  therefore  (43) 
the  angle  B  is  equal  to  the  angle  C. 

46.  Corollary.  An  equilateral  triangle  is  also  equiangular^ 
that  is,  it  has  its  angles  equal. 

Geom.  2 
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47.  Scholium.  From  the  equality  of  the  triangles  ABD^  ACD^ 
it  follows,  that  the  angle  BAD  =z  DAC,  and  that  the  angle 
BDA  =z  ADC;  therefore  these  two  last  are  right  angles.  Henct 
a  straight  line  drawn  from  the  vertex  of  an  isosceles  triangle^  to  tht> 
middle  of  the  base^  is  perpendicular  to  that  base^  and  divides  the  «er- 
iical  angle  into. two  equal  parts. 

In  a  triangle  that  is  not  isosceles,  any  one  of  its  sides  may  be 
taken  indifferently  for  a  base ;  and  then  its  vertex  is  that  of  the. 
opposite  angle.  In  an  isosceles  triangle,  the  base  is  that  sidt 
which  is  not  equal  to  one  of  the  others. 

THEOREH. 

48.  Reciprocally,  if  two  armies  of  a  triangle  are  equal,  the  oppo- 
site  sides  are  equals  and  the  triangle  is  isosceles. 

•      Dem(mstration.  Let  the  angle  ABC  =  ACB  {Jig.  29),  the  side 
AC  will  he  equal  to  the  side  AB. 

For,  if  these  sides  are  not  equal,  let  AB  be  the  greater.  Take 
BD  =  AC,  and  join  DC.  The  angle  DBC  is,  by  hypothesis, 
equal  to  ACB^  and  the  two  sides  DB,  BC,  are  equal  to  the 
two  sides  AC,  CB,  each  to  each ;  therefore  the  triangle  DBC 
is  equal  to  the  triangle  ACB  (36) ;  but  a  part  cannot  be  equal 
to  the  whole;  therefore  the  sides  AB,  AC,  cannot  be  unequal; 
that  is,  they  are  equal,  and  the  triangle  is  isosceles. 

THEOREM. 

49.  Of  the  two  sides  of  a  triangle,  that  is  the  greater,  which  is 
opposite  to  the  greater  ar^le  ;  and  conversely,  of  the  two  angles  of  a 
trianghi  that  is  the  greater,  which  is  tytposite  to  Ae  greater  side^ 

Demonstration.  1.  Let  the  angle  C  >  B  {Jig.  30),  then  will 
the  side  AB,  opposite  to  the  angle  C,  be  greater  than  the  side 
AC,  opposite  to  the  angle  B. 

Draw  CD  making  the  angle  BCD^B.  In  the  triangle  J3i)C, 
BD  is  equal  to  DC  (48) ;  but  AD-hDC^  AC,  and 

AD  +  DC :=  AD +  DB=:AB,  therefore  AB:>  AC. 

3.  Let  the  side  AB^  AC^  then  will  the  angle  C,  opposite  to 
the  side  AB,  he  greater  than  the  angle  B,  opposite  to  the  side 
AC.  For,  if  C  were  less  than  B,  then  according  to  what  has 
just  been  demonstrated  we  should  have  AB  <^  ^C,  which  is  con- 
trary to  the  hypothesis  ;  and  if  C  were  equal  to  By  then  it  would 
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follow,  that  AC=AB  (48),  which  is  also  contrary  to  the  hypo- 
thesis; whence  the  angle  C  can  be  neither  less  than  J3,  nor 
equal  to  it;  it  is  therefore  greater. 

THEOREM. 

50.  From  a  ghen  point  A  (6g.  31),  withaui  a  straight  line  DE,  ngsu 
ardy  one  perpendicular  can  he  dravm  to  that  line* 

Demonstration.  If  it  be  possible,  let  there  be  two  JlB  and 
JlC'j  produce  one  of  them  AB^  so  that  J?F=  AB,  and  join  CF» 

The  triangle  CBF  is  equal  to  the  triangle  ABC.  For  the 
angle  CBF  is  a  right  angle  (39),  as  well  as  CBA^  and  the  side 
BF=z  BA ;  therefore  the  triangles  are  equal  (36),  and  the  angle 
BCF—  BCA.  But  BCA  is,  by  hypothesis,  a  right  angle ;  there- 
fore BCF  is  also  a  right  angle.  But,  if  the  adjacent  angles 
BCA^  BCF^  are  together  equal  to  two  right  angles,  ACF  must 
be  a  straight  line  (33);  and  hence  it  would  follow  that  two 
straight  lines  ACF^  ABF^  might  be  drawn  between  the  same 
two  points  A  and  F,  which  is  impossible  (25) ;  it  is  then  equally 
impossible  to  draw  two  perpendiculars  from  the  same  point  to 
the  same  straight  line. 

51.  Scholium.    Through  the  same  point  C  {Jig.  17),  inthepig.n. 
line  ABj  it  is  also  impossible  to  draw  two  perpendiculars  to  that 

line ;  for,  if  CD  and  CE  were  these  two  perpendiculars,  the  an- 
gle DCB  would  be  a  right  angle  as  well  as  BCE^  and  a  part 
would  be  equ^l  to  the  whole. 

y  THEOREM. 

53.  If  from  a  point  A  (&g.  31),  vnthout  a  straight  line  DE,  api^^gj, 
perpendicular  AB  6e  drawn  to  that  line,  and  also  different  oblique 
lines  AE,  AC,  AD,  &c.,  to  different  points  of  the  same  line; 

1.  The  perpendicular  AB  is  less  than  any  one  of  the  oblique 
lines  ; 

3.  7%e  two  oblique  lines  AC,  AE,  which  meet  the  liru  DE  on 
opposite  sides  of  the  perpendicular,  and  at  eqiMl  distances  BC,  BE, 
Jirom  it,  are  equal  to  one  another  ; 

3.  Of  any  two  oblique  lines  AC,  AD,  or  AE,  AD,  that  which  is 
more  remote  from  the  perpendictdar  is  the  greater* 

Demonstration.  Produce  the  perpendicular  ABj  so  that 
BF  =  BA^  and  join  FC,  FD. 


l^  Elements  ofGeanutry. 

1.  The  triangle  BCF  is  equal  to  the  triangle  BCA\  for  the 
right  angle  CBF  ^  CBA^  the  side  CB  is  common,  and  the  side 
BF^  BA;  therefore  the  third  side  CF  is  equal  to  ihe  third  side 
AC{Se).  BulAF^AC-h  CF  (40),  and -^B  half  of  ^F  is  less 
than  AC  half  of  ^C  +  CjP,  that  is,  the  perpendicular  is  less  than 
any  one  of  the  oblique  lines* 

3.  ff  RE  =  £C,  then,  as  AB  is  common  to  the  two  triangles 
ABE,  ABC,  and  the  right  angle  ABE  =  ABC,  the  triangle  ABE 
is  equal  to  the  triangle  ABC,  and  AE  =:  AC. 

3.  In  the  triangle  DFA,  the  sum  of  the  sides  AD,  DF,  is 
greater  than  the  sum  of  the  sides  w4C,  CF(41);  therefore  .^i) 
half  of  AD  +  DF  is  greater  than  AC  half  oiAC  -h  CF,  and  the 
oblique  line,  which  is  more  remote  from  the  perpendicular,  is 
greater  than  that  which  is  nearer. 

53.  Corollary  i.  The  perpendicular  measures  the  distance  of 
any  point  from  a  straight  line. 

54.  Corollary  ii.  From  the  same  point,  there  cannot  be 
drawn  three  equal  straight  lines  terminating  in  a  given  straight 
line ;  for,  if  this  could  be  done,  there  would  be  on  the  same  side 
of  the  perpendicular  two  equal  oblique  lines,  which  is  impossible. 

THEOREX. 

«S.32*  55.  If  frwn  the  point  (5  (fig.  32),  the  middle  of  the  straight  lint 
AB,  a  perpendicular  EF  he  drazcn;  I.  each  point  in  theperpen- 
dicular  EF  is  equally  distant  from  the  two  extremities  of  the  line 
AB ;  3.  any  point  without  the  perpendicular  is  at  unequal  distances 
from  the  same  extremities  A  and  B. 

Demonstration.  1.  Since  AC  ^  CB.  the  two  oblique  lines  ADr 
DB,  are  drawn  to  points  which  are  at  the  same  distance  from  the 
perpendicular.  They  are  therefore  equal  (62).  The  same  rea- 
soning will  apply  to  the  two  oblique  lines  AE,  EB,  also  to  AP^ 
FB,hc.  Whence  each  point  in  the  perpendicular  EF  is  equally 
distant  from  the  extremities  of  the  line  AB. 

2.  Let  /  be  a  point  out  of  the  perpendicular ;  join  lA.  IB,  one 
of  these  lines  must  cut  the  perpendicular  ft  D ;  join  DB,  then 
DB  =  DA.     But  the  line  IB<iW^  DB  and 

ID  +  DB^ID-^DA  sIA; 
therefore  IB  <  lA ;  that  is,  any  point  without  the  perpendicular 
is  at  unequal  distaoces  from  the  extremities  of  AB. 
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THEOREM. 

66.  Two  right-angled  triangles  are  equals  zolien  the  hypothenuse 
and  a  side  of  the  one  are  equal  to  the  hypothenuse  and  a  side  of 
the  othery  each  to  eachm 

Demonstration.    Let  the  hypothenuse  AC  =  DF  {fig.  33),  and  ^^'^' 
the  side  AB  =  DE;  the  right-angled  triangle  ABC  will  be  equal 
to  the  right-angled  triangle  DEF. 

The  proposition  will  evidently  be  true,  if  the  third  side  BC 
be  equal  to  the  third  side  EF.  If  it  be  possible,  let  these  sides 
be  unequal,  and  let  BC  be  the  greater.  Take  BG  =  EF,  and 
join  AG ;  then  the  triangle  ABG  is  equal  to  the  triangle  DEF^ 
for  the  right  angle  B  is  equal  to  the  right  angle  £,  the  side 
AB  =  DE  and  the  side  BG  =  EF ;  therefore  these  two  triangles 
being  equal  (36),  AG  =  DF ;  and,  by  hypothesis,  DF  —  AC ; 
whence  AG  =  AC.  But  AG  cannot  be  equal  ioAC  (52) ;  there- 
fore it  is  impossible  that  BC  should  be  unequal  to  £F,  that  is,  it 
is  equal  to  it,  and  the  triangle  ABC  is  equal  to  the  triangle  DEF. 

THEOREM. 

'^     57.  If  two  straight  lines^  AC,  BD,  (fig.  35),  are  perpendicular  to  Fjg,35i. 
a  third  AB,  these  two  lines  are  parallelj  that  t>,  they  will  not  meet, 
however  far  they  are  produced  (12). 

Demomtration.  If  they  could  meet  in  a  point  0  on  one  side 
or  the  other  of  the  line  AB^  there  would  be  two  perpendiculars 
di*awn  from  the  same  point  O  to  the  same  straight  line  AB, 
which  is  impossible  (50). 

liEMMA. 

58.  The  straight  line  BD  (fig.  35),  being  perpendicular  to  AB.  pig.36.i 
if  another  straight  line  AE  make  with  AB  an  acute  angle  BAE, 
the  straight  lines  BD,  AE,  being  produced  sufficiently  far^  will  meet. 

Detnonstration*  From  any  point  F,  taken  in  the  direction  w9£, 
let  fall  upon  AB  the  perpendicular  FG ;  the  point  6  will  not 
fall  upon  w9,  since  the  angle  FAB  is  less  than  a  right  angle; 
still  less  can  it  fall  upon  H  in  BA  produced,  for  then  there  would 
be  two  perpendiculars  KA,  KH^  let  fall  from  the  same  point  K 
upon  the  same  straight  line  AH.  The  point  G  then  must  fall^as 
the  figure  represents  it,  in  the  direction  ABm 
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Let  there  be  taken  in  the  line  AE  another  point  L  at  a  dis- 
tance AL  greater  than  AF,  and  let  there  be  drawn  to  AB  the 
perpendicular  LM;  it  maj  be  shown,  as  in  the  preceding  case, 
that  the  point  M  can  neither  fall  upon  G  nor  upon  any  point  in 
the  direction  GA,  so  that  the  distance  AM  will  be  necessarily 
greater  than  AG. 

It  may  be  observed,  moreover,  that  if  the  figure  is  constructed 
with  care,  and  AL  be  taken  double  of  AF^  we  shall  find  that 
AM  is  exactly  double  ofAG;  also,  if  AL  be  taken  triple  ofAP^ 
we  shall  find  that  AG  is  trip>le  of  AG^  and  in  general  there  will 
always  be  the  same  ratio  between  AM  and  AG^  that  there  is 
between  AL  and  AF.  From  this  proportion  it  follows,  not  only 
that  the  right  line  AE^  must  meet  BD^  if  the  two  lines  are  pro- 
duced sufficiently  far,  but  also  that  we  may  even  assign  upon  AE 
the  distance  of  the  point  of  meeting  of  the  two  lines.  This  dis- 
tance will  be  the  fourth  term  of  the  proportion, 
AG:AB::AF:^.  ^.x 

59.  Scholium*  The  foregoing  explanation,  founded  upon  a 
relation  which  is  not  deduced  from  reasoning  merely,  and  for 
which  recourse  is  had  to  measures  taken  upon  a  figure  accurately 
constructed,  has  not  the  same  degree  of  strictness,  as  the  other 
demonstrations  of  elementary  geometry.  It  is  given  here  only  as 
a  simple  method,  by  which  one  may  satisfy  himself  of  the  truth 
of  the  proposition.  We  shall  resume  the  subject  with  a  view  to 
a  rigorous  demonstration  in  the  third  of  the  notes  subjoined  to 
these  elements. 

^'  THEOREM. 

Fig.  36.  60.  If  two  straight  lines  AC,  BD,  (fig.  36),  make  toith  a  third 
AB  two  interior  angles  CAB,  A6D,  the  sum  of  which  is  equal  to 
two  right  angles^  the  two  lines  AC,  BD,  are  parallel. 

Demonstration.  From  the  point  6,  the  middle  of  AB^  draw  the 
•  straight  line  EGF  perpendicular  io  AC ;  this  line  will  be  perpen- 
dicular to  BD.  Indeed  the  sum  GAE  +  GBD  is,  by  hypothesis, 
equal  to  two  right  angles,  and  the  sum  GBF+GBD  is  also  equal 
to  two  right  angles  (28) ;  taking  therefore  from  each  GBD  we  shall 
have  the  angle  GAE  =  GBF.  Besides,  the  angles  AGE,  BGF, 
are  equal,  being  vertical  angles ;  therefore  the  triangles  AGE, 
BGF,  have  a  side  and  the  two  adjacent  angles  of  the  one  res- 
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pectively  equal  to  a  side  and  the  two  adjacent  angles  of  the 
other ;  thej  are  therefore  equal  (38),  and  the  angle 

BFG^dEG; 
but  the  angle  AEG  is,  by  construction,  a  right  angle,  conse- 
quently the  straight  lines  AC,  BD,  are  perpendicular  to  the  same 
straight  line  EF,  therefore  they  are  parallel  (57). 

/  THEOREM. 

61.  If  two  straight  lines,  A  I,  BD  (fig.  36),  make  with  a  third  F\g.S6. 
line  AB  two  interior  angles  BAI,  ABD,  the  sum  of  which  is  less 
than  two  right  angles,  the  lines  AI,  BD,  produced,  will  meet. 

Demonstratiotu  Draw  AC  making  the  angle  CAB  =  ABF, 
that  is,  in  such  a  manner  as  to  make  the  two  angles  CAB,  ABD, 
together  equal  to  two  right  angles,  and  finish  the  construction,  as 
in  the  preceding  theorem*  Since  the  angle  AEK  is  a  right  angle, 
•id  G  is  a  perpendicular,  and  consequently  less  than  the  oblique 
line,  AK  ;  whence  in  the  triangle  AEK  the  Qf\g\e  AKE,  opposite 
to  the  side  AE,  is  less  than  the  right  angle  AEK,  opposite  to  the 
side  AK  (49).  Therefore  the  angle  IKF,  equal  to  the  angle 
AKEy  is  less  than  a  right  angle,  and  the  lines  KI,  FD,  being 
produced,  must  meet  (58).  ' 

62.  Scholium.  If  the  lines  AM  and  BD  make  with  AB  two 
angles  BAM,  ABD,  the  sum  of  which  is  greater  than  two  right 
angles,  then  the  two  lines  AM,  BD,  would  not  meet  above  AB, 
but  they  would  meet  below  it.  For  the  two  diUglesBJM,  BAJT, 
would  together  be  equal  to  two  right  angles,  as  also  the  two 
angles,  ABD,  ABF,  and  the  four  angles  taken  together  would 
be  equal  to  four  right  angles.  But  the  sum  of  the  two.  angles 
BAM,  ABD,  is  greater  than  two  right  angles,  therefore  the  sum 
of  the  two  remaining  ones  BAN^  ABF,  is  less  than  two  right 
angles,  and  the  two  right  lines  AJf,  BF,  being  produced,  must 
meet.    \ 

63.  Corollary.  Through  a  given  point  A  only  one  line  can  be 
drawn  parallel  to  a  given  line  BD.  For  there  can  be  only  one 
line  AC,  which  makes  the  sum  of  the  two  angles  BAC,  ABD, 
equal  to  two  right  angles ;  this  is  the  parallel  required,  every 
other  line  Al  or  AM  would  make  the  sum  of  the  interior  angles 
less  or  greater  than  two  right  angles,  therefore  it  would  meet  the 
CneBD. 


y 


1 6  Elements  of  Getmuiry* 


THEOREM. 


Fig.  37.  64.  If  two  parallel  straight  lines  AB,  CD  (fig.  37),  mut  a  thiri 
line  EF,  the  sum  of  the  interior  armies  upon  the  same  side  AGH, 
GHC,  will  be  equal  to  two  right  angles. 

Demonstration.  If  this  sum  were  greater  or  less  than  two  right 
angles,  the  two  straight  lines  AB^  CD^  would  meet  on  one  side 
or  the  other  of  £f,  and  would  not  be  parallel  (61). 

65.  Corollary  u  If  GHC  be  a  right  angle,  JlGH  will  also  be 
aright  angle;  therefore  every  line,  which  is  perpendicular  to 
one  of  the  parallels,  is  also  perpendicular  to  the  other. 

66.  Corollary  ii.  Since  the  sum  AGH+  GHC  is  equal  to  two 
right  angles,  and  the  sum  GHD  +  GHC  is  also  equal  to  two 
right  angles,  if  we  take  away  the  common  part  GHC^  we  shall 
have  the  angle  AGH  =  GHD.     Besides,  AGH = BGE,  and 

Gi/Z)=CHF  (34); 
therefore  the  four  acute  angles  AGH,  BGE,  GHD,  CHF,  arc 
equal  to  each  other ;  the  same  may  be  proved  with  respect  to  the 
four  obtuse  angles  AGE,  BGH,  GHC,  DHF.  It  may  be  observ- 
ed, moreover,  that  by  adding  one  of  the  four  acute  angles  to  one 
of  the  four  obtuse  angles,  the  sum  will  always  be  equal  to  two 
right  angles.  ^ 

67.  Scholium.  The  angles  of  which  we  have  been  speaking, 
compared,  two  and  two,  take  different  names.  We  have  already 
called  the  angles  AGH,  GHC,  interior  upon  the  same  side ;  the 
angles  BGH,  GHD,  have  the  same  name ;  the  angles  AGH^ 
GHD,  are  called  altemate'xntemal,  or  simply  alternate;  the  same 
may  be  said  of  the  angles  BGH,  GHC.  Lastly,  we  denominate 
internal-external  the  angles  EGB,  GHD,  and  EGA,  GHC,  and 
alternate-external  EGB,  CHF,  and  AGE,  DHF.  This  being 
premised,  we  may  regard  the  following  propositions  as  already 
demonstrated. 

1.  The  two  interior  angles  upon  the  same  side,  taken  together, 
are  equal  to  two  right  angles. 

2.  The  alternate-internal  angles  are  equal,  as  also  the  internal- 
external,  and  the  alternate^xternal. 

Reciprocally,  if  in  this  second  case,  two.  angles  of  the  same 
name  are  equal,  we  may  infer  that  the  lines  to  which  they  arc 
referred  are  parallel.  Let  there  be,  for  example,  the  angle 
4GH=.  GHD  ;  since  GHC  +  GHD  is  equal  to  two  right  angles^ 
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wc  have  also  AOH  +  OHC  equal  to  two  right  angles,  therefore 
the  lines  AG^  CH,  are  parallel  (60). 

THEOREM. 

68.  Two  lints  AB,  CD  (fig.  38),  which  are  parallel  to  a  third^"^^' 
EF,  are  parallel  to  one  another* 

Demonstration.  Draw  PQR  perpendicular  to  EF.  Then, 
since  AB  is  parallel  to  EFj  the  line  PR  will  be  perpendicular  to 
AB  (65) ;  also,  since  CD  is  parallel  to  EF,  the  line  PR  will  be 
perpendicular  to  CD.  Consequently  AB  and  CD  are  perpen- 
dicular to  the  same  straight  line  PQ,  therefore  they  are  par* 
allel  (57). 

THEOREM. 

f/  69.  Two  parallel  lines  are  throtighout  at  the  same  distance  from 
tach  other* 

Demonstration.    The  two  parallels  AB,  CD  (Jig.  39),  being  Fig.  39. 
given,  if  through  two  points  taken  at  pleasure  we  erect  upon  AB 
the  two  perpendiculars  £G,  FH,  the  straight  lines  EG,  FH,  will 
be  at  the  same  time  perpendicular  to  CD  (65) ;  moreover  these 
straight  lines  will  be  equal  to  each  other. 

For,  by  drawing  GF,  the  angles  GrFJS,  FGH,  considered  with 
reference  to  the  parallels  AB,  CD,  being  alternate^intemal  an- 
gles {67),  are  equal ;  also  since  the  straight  lines  EG,  FH,  are 
perpendicular  to  the  same  straight  line  AB  and  consequently 
parallel  to  each  other,  the  angles  EGF,  GFH,  considered  witl| 
reference  to  the  parallels  EG,  FH,  being  alternate-internal  an- 
gles, are  equal.  The  two  triangles  then  EFG,  FGH,  have  a 
side  and  the  two  adjacent  angles  of  the  one  equal  to  a  side  and 
the  two  adjacent  angles  of  the  other,  each  to  each ;  these  two 
triangles  are  therefore  equal  (38) ;  and  the  side  EG,  which  meas- 
ures the  distance  of  the  parallels  AB,  CD,  at  the  point  E,  is 
equal  to  the  side  FH,  which  measures  the  distance  of  the  same 
parallels  at  the  point  F. 

THEOREM. 

70.  If  two  armies,  BAC,  DEF  (fig.  40),  have  their  sides  par- ^ig.^ 
allel,  each  to  each,  and  directed  the  same  way,  these  two  angles  will 
he  equal. 

Geom.  3 
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DemonstraHofu  Produce  DE^  if  it  be  neceasar  j,  tOl  it  meet 
AC  in  G;  the  angle  DEF  is  equal  to  DOC^  because  EF  b  par* 
allel  to  GC  (67) ;  the  angle  DGC  is  equal  to  BAC,  because  DG 
is  parallel  to  AB  ;  therefore  the  angle  DEF  is  equal  to  BAC. 

71.  Scholium.  There  is  a  restriction  in  this  proposition, 
namely,  that  the  side  EF  be  directed  the  same  way  as  AC,  and 
ED  the  same  way  as  AB ;  the  reason  is  this ;  if  we  produce  FE 
toward  H,  the  angle  DEH  would  have  its  sides  parallel  to  those 
of  the  angle  BAC,  but  the  two  angles  would  not  be  equal*  In 
this  case  the  angle  DEH  and  the  angle  BAC  would  together 
make  two  right  angles.  ^ 

THEORKM. 

72.  In  evefy  iriangk  the  sum  of  the  three  angles  is  equa^  to  two 
right  angles. 

Demonstration.  Let  ABC  {fg.  41)  be  any  triangle ;  produce 
the  side  CA  toward  D,  and  draw  to  the  point  A  the  straight  line 
AE  parallel  to  BC. 

Because  AE,  CB,  are  parallel,  the  angles  w9C£,  DAE,  consid- 
ered with  reference  to  the  line  CAD,  are  equal,  being  internal- 
external  angles  (67);  in  like  msnuer  ABC,  BAE,  considered 
with  reference  to  the  line  AB,  are  equal,  being  alternate-internal 
angles ;  consequently  the  three  angles  of  the  triangle  w£BC  make 
the  same  sum  as  the  three  angles  CAB,  BAE,  EAD;  therefore 
this  sum  is  equal  to  two  right  angles  (31). 

73.  Corollary  i.  Two  angles  of  a  triangle  being  given,  or 
only  their  sum,  the  third  will  be  known  by  subtracting  the  sum 
of  these  angles  from  two  right  angles.     \ 

74.  Corollary  ii.  If  two  angles  of  one  triangle  are  equal  to 
tw^  angles  of  another  triangle,  each  to  each,  the  third  of  the  one 
will  be  equal  to  the  third  of  the  other,  and  the  two  triangles  will 
be  equiangular. 

lb.  Corollary  ni.  In  a  triangle  there  can  be  only  one  right 
angle ;  for  if  there  were  two,  the  third  angle  must  be  nothing ; 
still  less  then  can  a  triangle  have  more  than  one  obtuse  angle. 

76.  Corollary  iv.  In  every  right-angled  triangle  the  sum  of 
the  acute  angles  is  equal  to  a  right  angle. 

77.  Corollary  v.  Every  equilateral  triangle,  as  it  must  be  also 
equiangular  (45),  has  each  of  its  angles  equal  to  a  third  of  two 
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right  angles,  so  that  if  a  right  angle  be  expressed  by  unity,  the 
angle  of  an  equilateral  triangle  will  be  expressed  by  |. 

78.  Corollary  vi.  In  every  triangle  .^C  (fig.  41)  the  exterior  Vi^ 
angle  BAD  is  equal  to  the  two  opposite  interior  angles  B  and 

C ;  for,  AE  being  parallel  to  BC,  the  part  BAE  is  equal  to  the 
angled,  and  the  other  part  BAE  is  equal  to  the  angle  C  (67> 

THEORSM. 

79.  The  sum  of  all  the  interior  armies  of  a  polygon  is  equal  to  as 
many  times  two  right  angles  as  there  are  units  in  the  number  of 
sides  minus  two. 

Demonstration.  Let  ABGDE  &c.  {J^,  43)  be  the  proposed  Fig- 
polygon  ;  if  from  the  vertex  of  the  angle  A  we  draw  to  the  ver- 
tices of  the  opposite  angles  the  diagonals  AC^  AD^  AE^  &c.,  it 
is  evident,  that  the  polygon  will  be  divided  into  five  triangles,  if 
it  have  seven  sides,  and  into  six,  if  it  have  eight,  and  in  general 
into  as  many  triangles  wanting  two,  as  the  polygon  has  sides ; 
for  these  triangles  may  be  considered  as  having  for  their  com- 
mon vertex  the  point  A^  and  for  their  bases  the  different  sides  of 
the  polygon,  except  the  two  which  form  the  angle  BAG.  Wc 
see,  at  the  same  time,  that  the  sum  of  the  angles  of  all  these 
triangles  does  not  differ  from  the  sum  of  the  angles  of  the  poly- 
gon ;  therefore  this  last  sum  !&  equal  to  as  many  times  two  right 
angles,  as  there  are  triangles,  that  is,  as  there  are  units  in  the 
number  of  sides  of  the  polygon  minus  two.  • 

80.  Corollary  i.  The  sum  of  the  angles  of  a  quadrilateral  is 
equal  to  two  right  angles  multiplied  by  4  —  2,  which  makes  four 
right  angles ;  therefore,  if  all  the  angles  of  a  quadrilateral 
are  equal,  each  of  them  will  be  a  right  angle,  which  justifies  the 
definition  of  a  square  and  rectangle  (17), 

81.  Corollary  ii.  The  sum  of  the  angles  of  a  pentagon  is 
equal  to  two  right  angles  multiplied  by  5  —  2,  which  makes  6 
right  angles ;  therefore,  when  a  pentagon  is  equiangular,  each 
angle  is  equal  to  a  fifth  of  six  right  angles,  or  |  of  one  right 
angle. 

82.  Corollary  uu  The  sum  of  the  angles  of  a  hexagon  is 
equal  to  2  x  (6  — 2),  or  8,  right  angles;  therefore,  in  an  equi- 
angular hexagon,  each  angle  is  the  sixth  of  eight  right  angles, 
or  I  of  one  right  angle.  The  process  may  be  easily  extended 
tb  other  polygons.  « 
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83.  Scholtum^  If  we  would  apply  this  proposition  to  poly-' 
gons,  which  have  any  re-cn/enVigt  angles,  each  of  these  angles  is 
to  be  considered  as  greater  than  two  right  angles.  But,  in  order 
to  avoid  confusion  we  shall  confine  ourselves  in  future  to  those 
polygons,  which  have  only  saliant  angles,  and  which  may  be 
called  convex  polygons.  Every  convex  polygon  is  such,  that  ft 
straight  line,  however  drawn,  cannot  meet  the  perimeter  in  more 
than  two  points. 

THEOREM. 

84.  The  opposite  sides  of  a  parallelogram  are  equal^  and  the  oppo- 
site  angles  also  are  equaL 

^  Demonstration.  Draw  the  diagonal  BD  {Jig.  44);  the  twa 
triangles  ADB^  DBC^  have  the  side £Z) common;  moreover, od 
account  of  the  parallels  AD^  BC,  the  angle  ADB  =  DBC  (67)^ 
and  on  account  of  the  parallels  AB,  CD^  the  angle  ABD^BDC;, 
therefore  the  two  triangles  ADB^  DBC^  are  equal  (38) ;  consjs- 
quently  the  side  AB  opposite  to  ADB  is  equal  to  the  side  DC 
opposite  to  the  equal  angle  DBC,  and  likewise  the  third  side 
AD  is  equal  to  the  third  side  BC  ^  therefore  the  opposite  sides 
of  a  parallelogram  are  equal. 

Again,  from  the  equality  of  the  same  triangks  it  follows,  that 
the  angle  •/{  =  C,  and  also  that  the  angle  ADC,  composed  of 
the  two  angles  ADB,  BDC,  is  equal  to  the  angle  ABC,  compos- 
ed of  the  two  angles  DBC,  ABD;  therefore  the  opposite  angles 
of  a  parallelogram  are  equal. 

85.  Corollary.  Hence  two  parallels  AB,  CD,  comprehended 
between  two  other  parallels  AD,  BC,  are  equal* 

THEOREM. 

44.  86.  If,  in  a  quadrilateral  ABCD  (fig.  44),  the  opposite  sides  are 
equal,  namely,  AB  =  CD,  and  AD  =  CB,  the  equal  sides  will  he 
parallel,  and  the  figure  toill  he  a  parallelogram. 

Demonstration.  Draw  the  diagonal  BD ;  the  two  triangles 
ABD,  BDC,  have  the  three  sides  of  the  one  equal  to  the  three 

t  A  re-entering  angle  is  one  whose  vertex  is  directed  inward,  as 
43.  CDE  {fig.  43),  while  a  saliant  angle  has  its  vertex  directed  outward 
as  ARC. 
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sides  of  the  other,  each  to  each,  thej  are  therefore  equal,  and 
the  angle  ADB  opposite  to  the  side  AB  is  equal  to  the  angle  DEC 
opposite  to  the  side  CD  ;  consequently  the  side  wiD  is  parallel 
to  BC  (67).  For  a  similar  reason  AB  is  parallel  to  CD;  there- 
fore the  quadrilateral  ABCD  is  a  parallelogram* 

THEOREM. 

87.  //"  two  opposite  sides  AB,  CD  (fig.  44),  of  a  qtuxdrilaleral  Fig. 4 
are  equal  and  parallel^  the  two  other  sides  will  also  be  equal  and 
parallel^  and  the  figure  ABCD  will  be  a  parallelogram. 

Demonstration.  Let  the  diagonal  BD  be  drawn ;  since  AB  is 
parallel  to  CD,  the  alternate  angles  ABD^BDC,  are  equal  (67). 
Besides,  the  side  AB  =  CD,  and  the  side  DB  is  common,  there  • 
fore  the  triangle  ABD  is  equal  to  the  triangle  DBC  (36),  and 
the  side  AD  :=:  BC,  the  angle  ADB  =  DBC,  and  consequently 
AD  is  parallel  to  BC ;  therefore  the  figure  ABCD  is  a.  parallel- 
ogram. 

THEOREM. 

88.  The  two  diagonals  AC,  DB  (fig.  45),  of  a  parallelogram  tig- 4 
mutually  bisect  each  other. 

Demonstration.  If  we  compare  thp  triangle  ADO  with  the 
triangle  COB,  we  find  the  side  AD  =  CB,  and  the  angle 

AD0=CB0{61)i 
also  the  angle  DAO  =s  OCB ;  therefore  these  two  triangles  are 
equal  (38),  and  consequently  AO,  the  side  opposite  to  the  angle 
ADO,  is  equal  to  OC,  the  side  opposite  to  the  angle  OBC ;  DO 
likewise  is  equal  to  OB. 

89.  Scholium.  In  the  case  of  the  rhombus,  the  sides  AB,  BC, 
being  equal,  the  triangles  AOB,  OBC,  have  the  three  sides  of 
the  one  equal  to  the  three  sides  of  the  other,  each  to  each,  and 
are  consequently  equal ;  whence  it  follows,  that  the  angle 

AOB  =  BOC, 
and  that  thus  the  two  diagonals  of  a  rhombus  cut  each  other 
mutually  at  right  angles.  > 
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SECTION  SECOND. 

Ofiht  Circle  and  the  Measure  of  Armies. 
'  DEFmiTIOJfS. 

VO.  The  circumference  of  a  circk  is  a  curved  line  all  the  poiats 
of  which  are  equally  distant  from  a  point  within  called  the  centre* 

The  circle  is  the  spa^e  terminated  by  this  curved  line*, 
w.  91.  Every  straight  line  CA,  CE,  CD  {fig.  46),  &c.  drawn 
from  the  centre  to  the  circumference  is  called  a  radium  or  semi- 
diameter^  and  every  straight  line,  as  AB^  which  passes  through 
the  centre  and  is  terminated  each  way  by  the  circumference,  is 
called  a  diameter. 

By  the  definition  of  a  circle  the  radii  are  all  equal,  and  all  the 
diameters  also  are  equal  and  double  of  the  radius. 

92.  An  arc  of  a  circle  is  any  portion  of  its  circumference,  ae 
FHG. 

The  chord  or  subtense  of  an  arc  is  the  straight  line  FO,  which 
joins  its  extremities**. 

93.  A  segment  of  a  circle  is  the  portion  comprehended  be* 
tween  an  arc  and  its  chord. 

94.  A  sector  is  the  part  of  a  circle  comprehended  between  an 
arc  DE  and  the  two  radii  CD,  C£,  drawn  to  the  extremities  of 
this  arc. 

95.  A  straight  line  is  said  to  be  inscribed  in  a  circle^  when  its 
17.  extremities  are  in  the  circumference  of  the  circle,  as  AB  (fig.  47). 

An  inscribed  angle  is  one  whose  vertex  is  in  the  circumference, 
and  which  is  formed  by  two  chords,  as  BAC. 

An  inscribed  triangle  is  a  triangle  whose  three  angles  have 
their  vertices  in  the  circurnference  of  the  circle,  as  BAC. 

*  In  common  discourse  the  circle  is  sometimes  confounded  with  its 
circumference  ;  but  it  will  always  be  easy  to  preserve  the  exactness 
of  these  expressions  by  recollecting  that  the  circle  is  a  surface  which 
has  length  and  breadth,  while  the  circumference  is  only  a  line. 

•*  The  same  chord,  as  FG,  corresponds  to  two  arcs,  and  conse- 
quently to  two  segments ;  but,  in  speaking  of  these,  the  smaller  is 
always  to  be  understood,  when  the  contrary  is  not  expressed! 
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And  in  general  an  inscribed  figure  is  one,  all  whose  angles 
have  their  vertices  in  the  circumference  of  the  circle.  In  this 
case,  the  circle  is  said  to  be  drcutiiscribed  about  the  figure. 

96.  A  secant  is  a  line, .which  meets  the  circumference  in  two 
points,  as  AB  {fig.  48).  Tig,  48. 

97.  A  tangent  is  a  line  which  has  only  one  point  in  common 
with  the  circumference,  as  CD* 

The  common  point  M  is  called  the  point  of  contact- 

Also  two  circumferences  are  tangents  to  each  other  {fig.  59,  60),  Fig.  59, 
when  thejr  have  only  one  point  common. 

A  polygon  is  said  to  be  circumscribed  about  a  circle,  when  all 
its  sides  are  tangents  to  the  circumference ;  and  in  this  case  the 
circle  is  said  to  be  inscribed  in  the  polygon. 

THEOREM. 

98.  Every  diameter  AB  (fig.  49)  bisects  Hie  circle  and  its  cir-  Fig.  49. 
cumference. 

Demonstration.  If  the  figure  AEB  be  applied  to  AFB^  so 
that  the  base  AB  may  be  common  to  both,  the  curved  line  AEB 
must  fall  exactly  upon  the  curved  line  AFB ;  otherwise,  there 
would  be  points  in  the  one  or  the  other  unequally  distant  from 
the  centre,  which  is  contrary  to  the  definition  of  a  circle. 

THEOREM. 

99.  Evfry  chord  is  less  than  the  diameter. 

Demonstratum.    If  the  radii  Cw3,  CD  {fig.  49),  be  drawn  from  Fig.  49. 
the  centre  to  the  extremities  of  the  chord  AD^  we  shall  have  the 
straight  line  AD<^AC+  CD,  that  is,  AD  <  AB  (91). 

100.  Corollary.  Hence  the  greatest  straight  line  that  can  be 
lAScribed  in  a  circle  is  equal  to  its  diameter. 

THEOREM. 

\0\.  A  straight  line  cannot  mut  tlie  circumference  of  a  circle  in 
more  than  two  points. 

Demanstratim.  If  it  could  meet  it  in  three,  these  three  points 
being  equally  distant  from  the  centre,  there  might  be  three  equal 
straight  lines  drawn  from  a  given  point  to  the  same  straight  line, 
which  is  impossible  (54). 
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THEOREM* 

103.  In  the  same  circle^  or  in  equal  circles^  eqtuil  arcs  are  sub- 
tended by  equal  chords,  and  conversely,  equal  chords  subtend  equal 
arcs. 
Pig.  50.  Demomtraiion.  The  radius  AC  {Jig.  50)  being  equal  to  the 
radius  jEO,  and  the  arc  AMD  equal  to  the  arc  EJ^G ;  the  chord 
AD  will  be  equal  to  the  chord  EG* 

For,  the  diameter  AB  being  equal  to  the  diameter  EF,  the 
semicircle  AMDB  may  be  applied  exactly  to  the  semicircle 
EJSTGF,  and  then  the  curved  line  AMDB  will  coincide  entirely 
with  the  curved  line  ENGF ;  but  the  portion  AMD  being  sup- 
posed equal  to  the  portion  ENG,  the  point  D  will  fall  upon  G; 
therefore  the  chord  AD  is  equal  to  ihe  chord  EG. 

Conversely,  AC  being  supposed  equal  to  £0,  if  the  chord 
AD  =  EG,  the  arc  AMD  will  be  equal  to  the  arc  ENG. 

For,  if  the  radii  CD,  OG,  be  drawn,  the  two  triangles  ACD^ 
EOG,  will  have  the  three  sides  of  the  one  equal  to  the  three 
sides  of  the  other,  each  to  each,  namely,  ./3C=  £0,  CD  =  Off 
and  AD  =  EG ;  therefore  these  triangles  are  equal  (43) ;  hence 
the  angle  ACD=z  EOG.  Now,  if  the  semicircle  ADB  be  placed 
upon  EGF,  because  the  angle  A  CD  =  EOG,  it  is  evident,  that 
the  radius  CD  will  fall  upon  the  radius  Off,  and  the  point  D 
upon  ff,  therefore  the  arc  AMD  is  equal  to  the  arc  £JVG. 

THEOREM. 

103.  In  the  same  circle,  or  in  equal  circles,  if  the  arc  be  less  than 
half  a  circumference^  the  greater  arc  is  subtended  by  tlie  greater 
chord ;  and,  conversely,  the  greater  chord  is  subtended  by  the  greater 
arc. 
i^ig.  50.  Demonstration.  Let  the  arc  AH  {fig.  60)  be  greater  than 
AD,  and  let  the  chords  AD  and  AH,  and  the  radii  CD,  CH,  be 
drawn.  The  two  sides,  AC,  CH,  of  the  triangle  ACH,  are  equal 
to  the  two  sides  AC,  CD^  of  the  triangle  ACD,  and  the  angle 
ACH  is  greater  than  ACD ;  hence  the  third  side  AH  is  greater 
than  the  third  side  AD  (42),  therefore  the  greater  arc  is  sub- 
tended by  the  greater  chord. 

Conversely,  if  the  chord  AH  be  greater  than  AD,  it  may  be 
inferred  from  the  same  triangles  that  the  angle  ACH  is  greater 
than  ACD,  and  that  thus  the  arc  AH{%  greater  than  AD. 
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104.  Scholium.  The  arcs  of  which  we  have  been  speaking, 
are  supposed  to'be  less  than  a  semicircumference ;  if  they  were 
greater,  the  contrary  would  be  true ;  in  this  case,  as  the  arc 
increases,  the  chord  would  diminish,  and  the  reverse ;  thus,  the 
arc  AKBD  being  greater  than  AKBH,  the  chord  AD  of  the  first 
is  less  than  the  chord  AH  of  the  second.  , 


THEOREM. 

V 

105.  Tkt  radius  CG  (fig.  51),  perpendicular  to  a  chord  AB,Pig.6> 

Hgects  this  chord  and  the  arc  subtended  by  it  AGB. 

Demonstration.  Draw  the  radii  C/3,  CB ;  these  radii  are,  with 
respect  to  the  perpendicular  CD,  two  equal  oblique  lines,  there- 
fore they  are  equally  distant  from  the  perpendicular  (52),  and 
AD=DB. 

Again,  since  AD  =  jBD,  and  CG  is  a  perpendicular  erected 
vpon  the  middle  of  AB^  each  point  in  CG  is  at  equal  distances 
from  A  and  B  {55).  The  point  G  is  one  of  these  points ;  there- 
fore AG  :=.  GB.  But,  if  the  chord  AG  is  equal  to  the  chord  GB, 
the  arc  AG  will  be  equal  to  the  arc  GjB(102);  therefore  the 
radius  CG^  perpendicular  to  the  chord  AB^  bisects  the  arc  sub- 
tended by  this  chord  in  the  point  6. 

106.  Scholium.  The  centre  C,  the  middle  D  of  the  chord 
AB^  and  the  middle  6  of  the  arc  subtended  by  this  chord,  are 
three  points  situated  in  the  same  straight  line  perpendicular  to 
the  chord.  Now,  two  points  in  a  straight  line  are  sufficient  to 
determine  its  position;  therefore  a  straight  line  which  passes 
through  any  two  of  these  points  must  necessa^ly  pass  through 
the  third }  and  must  be  perpendicular  to  the  chord. 

//  follows  also^  that  a  perpendicular  erected  upon  the  middle  of  a 
diord  passes  thhugh  the  centre^  and  the  middle  of  the  arc  subtended 
hf  that  chord. 

For  this  perpendicular  is  the  same  as  that  let  fall  from  the 
centre  upon  the  same  chord,  since  they  both  pass  through  the 
middle  of  the  chord  (51). " 

THEOREM. 

107.  The  circumference  of  a  circle  may  be  made  to  pass  through 

mrhy  thru  points^  A,  B,  C  (fig.  52),  which  are  not  in  the  same  n^  52? 
Geom.  4 
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straight  line,  but  the  circun\ference  of  only  one  circk  VHt^be  u^Jk 
to  pass  through  the  samepoirhts. 

Demonstration^  Join  wjS,  BC,  and  bisect  these  two  straight 
lines  bjr  the  perpendiculars  Dfi^  FG  ;  these  perpendiculars  will 
oieet  in  a  ppint  O. 

For  the  lines  DE,  FG^  will  necessarily  cut  each  other,  if  tbej 
are  not  parallel.  Let  us  suppose  that  thej  are  parallel ;  the  line 
AB  perpendicular  to  DE  will  be  perpendicular  to  FG  (65),  and 
the  angle  K  will  be  a  right  angle ;  but  BK,  which  is  BD  pro- 
duced, is  diQerent  from  BF,  sinpe  the  three  points  Jl^  B^  Q^  are 
not  in  the  same  straight  line ;  there  are  then  two  perpendicular^ 
jBF,  BKy  let  fall  from  the  same  point  upon  the  same  straight  lifie, 
which  is  impossible  (50) ;  therefore  the  perpendiculars  I)E,  FQ^ 
will  always  cut  each  other  in  some  point  0« 

Now  the  point  O,  considered  with  reference  to  the  perpendicu* 
lar  /)£,  is  at  equal  distances  from  the  two  points  A  and  B  (55) ; 
also  this  same  point  (\  considered  with  reference  to  the  perpen- 
dicular F6,  is  at  equal  distances  from  the  two  points  B  and  C; 
hence  the  three  distances  OA^  OB,  OC,  are  equal ;  therefore  the 
circumference,  described  from  the  centre  O  with  the  radius  OBy 
will  pass  through  the  three  points  4)  B,  C 

It  is  thus  proved,  that  the  circumference  of  a  circle  may  be 
made  to  pas^  through  any  three  given  points,  which  are  not  in 
the  same  straight  line ;  it  remains  to  show,  that  there  i&only  ow 
circle,  which  can  be  so  described* 

If  there  were  another  circle,  the  circumference  of  which  p^kssed 
through  the  three  given  points  A,  B,  C,  its  centre  could  npt  be. 
i^ithout  the  linq^£  (55),  since,  in  this  case,  it  would  be  at 
unequal  distances  from  A  and  B ;  neither  can  it  be  without  the 
line  JPG,  for  a  similar  reason ;  it  will  then  be  in  both  of  these 
lines  at  the  same  time*  But  two  lines  can  cut  each  other  in  only 
one  point  (32)  ;  there  is  therefore  only  one  circle,  whose  circum- 
ference can  pass  through  three  given  points. 

108.  Corollary.  Two  circumferences  can  meet  each  othet 
only  in  two  points ;  for,  if  they  had  three  points  common,  they 
would  have  the  same  centre,  and  would  make  one  and  the  same 
circumference. 


Of  the  Circk.  8T 


THEOREM. 

109.  Ttoo  equal  chords  art  at  the  same  diskxnce  from  the  centre^ 
and  of  two  unequal  chords  the  less  is  at  the  greater  distance  from 
the  centre. 

Demonstration  1.     Let  the  chord  AB^DE  {fig.  53).     Bisect  F^g.ss. 
these  chords  by  the  perpendicular  CF^  CG,  and  draw  the  radii 
CA,  CD. 

The  right-angled  triangles  CAF,  DCG^  have  the  hypothe- 
nuses  CA,  CD,  equal ;  moreover  the  side  AF^  the  half  of  AB^  is 
equal  to  the  side  JDG,  the  half  of  DE ;  the  triangles^  then  are 
equal  (Jfl)/'and  consequently  the  third  side  CF  is  equal  to  the 
third  side  CG ;  therefore  the  two  equal  chords  AB^  DE^  are  at 
the  same  distance  from  the  centre* 

3.  Let  the  chord  AH  be  greater  than  DE^  the  arc  AKH  will 
be  greater  than  the  arc  DME  (103).  Upon  the  arc  AKH  take 
the  part  ANB  =  DME^  draw  the  chord  AB^  and  let  fall  the  per- 
pendicular CF  upon  this  chords  and  the  perpendicular  CI  upon 
AJS;  CF  is  evidently  greater  than  CO^  and  CO  than  CI  (52)  5 
for  a  still  stronger  reason  CF  >  CL  But  CF  =  C{?,  since  the 
chords  AB^  DE^  are  equal.  Therefore  CG  >  (?/,  and  of  two 
unequal  chords  the  less  is  at  the  greater  distance  from  the  centre. 

THEOREM. 

110.  TTie  perpendiadar  BD  (flg.  64),  at  the  extremity  of  tIieFig.Si: 
radius  AC,  is  a  tangent  to  the  circumference. 

Demons^ation.  Since  every  oblique  line  CE  is  greater  than 
the  perpendicular  CA:  (52),  the  point  E  is  without  the  circle,  and 
the  line  BD  has  only  the  point  A  in  common  with  the  circum- 
ference ;  therefore  BD  is  a  tangent  (97). 

lit.  Scholium^  We  can  draw  through  a  given  point  A  only 
one  tangent  AD  to  the  circumference;  for,  if  we  could  draw 
another,  it  would  not  be  a  perpendicular  to  the  radius  CA^  and 
with  r^pect  to  this  new  tangent  the  radius  CA  would  be  an 
oblique  line,  and  the  perpendicular  let  fall  from  the  centre  upon 
this  tangent  would  be  less  than  CA ;  therefore  this  supposed 
tangent  would  pass  into  the  circle  and  become  a  secant* 
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THEOREM. 

F^.65.  112.  Two  parallels  AB,  DE  (fig.  55) j  intercept  upon  the  circum- 
ference equal  arcs  M N,  PQ. 

Demonstration.  The  proposition  admits  of  three  cases. 
1.  If  the  two  parallels  are  secants,  draw  the  radius  CH  per- 
pendicular to  the  chord  MP^  it  will  also  be  perpendicular  to  its 
parallel  M^  (64),  and  the  point  H  will  be  at  the  same  time  the 
middle  of  the  arc  MHP  and  of  J^THQ  (105);  whence  the  arc 
MH-HP,  and  the  arc  JVW  =  HQ;  also 

MH—J^H=HP—HQ,  that  is.  MJy  =  PQ. 

Fig,  56.  2.  If  of  the  two  parallels  AB,  DE  (fig.  56),  one  be  a  secant 
and  the  other  a  tangent ;  to  the  point  of  contact  H  draw  the  ra- 
dius CH;  this  radius  will  be  perpendicular  to  the  tangent  DE 
(110),  and  also  to  its  parallel  MP.  But,  since  CH  is  perpendic- 
ular to  the  chord  MP,  the  point  H  is  the  middle  of  the  arc 
MHP ;  therefore  the  arcs  MH,  HP,  comprehended  between  the 
parallels  AB^  DE,  are  equal. 

3.  If  t£e  two  parallels,  DE,  IL,  are  tangents,  the  one  at  H 
and  the  other  at  K ;  draw  the  parallel  secant  AB,  and  we  shall 
have,  according  to  what  has  just  been  demonstrated  MH=:HP, 
and  MK=KP;  therefore  the  entire  arc  HMK=iHPK,  and  it 
is  moreover  evident,  that  each  of  these  arcs  is  a  sqmicircumfer- 
ence. 

tHEOREM. 

113.  If  the  circumferences  of  two  circles  cut  each  other  in  two 
points,  the  line  which  passes  through  their  centres  will  he  perpenr 
dicuhr  to  the  chord,  which  joins  the  points  of  intersection,  and  will 
bisect  it. 
Fig.  67,  De9nonstraiion.  The  line  AB  [J^.  57,  58),  which  joins  the 
points  of  intersection,  is  a  chord  common  to  the  two  circles ;  and, 
if  a  perpendicular  be  erected  upon  the  middle  of  this  chord,  it 
must  pass  through  each  of  the  centres  C  and  D  (106).  But 
through  two  given  points  only  one  straight  line  can  be  drawn ; 
therefore  the  straight  line,  which  passes  through  the  centres,  will 
be  perpendicular  to  the  middle  of  the  common  chord. 


58. 
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THEOREM. 

114.  If  the  distance  of  two  centres  is  less  than  the  sum  of  the 
radii^  and  if  at  the  same  time  the  greater  radius  is  less  than  the  sum 
of  the  sijialkr  and  the  distance  of  the  centres^  the  two  circles  will  cut 
each  other. 

Demonstration.    In  order  that  the  intersection  may  take  place, 
the  triangle  ACD  {fi^.  bl^  68)  must  be  possible.    It  is  necessary  Fig.  57. 
then,  not  only  that  CD  {fig.  57)  should  be  less  than  AC  -^AD^  j^g.  57] 
but  also  that  the  greater  radius  AD  (fig.  58)  should  be  less  than  Fig.  58. 
AC  +  CD.     Now,  while  the  triangle  CAD  can  be  constructed, 
it  is  clear  that  the  circumferences  described  from  the  centres  C 
and  D  will  cut  each  other  in  A  and  B.  ^ 

THEOREM. 

115.  7/"  the  distance  CD  (fig.  59)  of  the  centres  of  two  circles  is  Fig.  b» 
equal  to  the  sum  of  their  radii  CA,  CD,  these  two  circles  will  touch 
each  other  externally. 

Demonstration.  It  is  evident  that  they  will  have  the  point  A 
common,  but  they  can  have  no  other,  for  in  order  that  there  may 
be  two  points  common,  it  is  necessary  thai  the  distance  of  the 
centres  should  be  less  than  the  sum  of  the  radii  (114). 

THEOREM. 

116.  If  the  distance  CD  of  the  centres  of  two  circles  is  equal  to 

the  difference  of  their  radii  CA,  AD  (fig.  60),  these  two  circles  will  Fig.  66. 
touch  each  other  internally. 

Demonstration.  In  the  first  place  it  is  evident,  that  they  will 
have  the  point  A  common ;  and  they  can  have  no  other,  for  in 
order  that  they  may  have  two  points  common,  it  is  necessary 
that  the  greater  radius  AD  should  be  less  than  the  sum  of  the 
radius  AC  and  the  distance  of  the  centres  CD  (114J,  which  is 
contrary  to  the  supposition. 

117.  Corollary.  Hence,  if  two  circles  touch  each  other,  either 
internally  or  externally,  the  centres  and  the  point  of  contact  are 
in  the  same  straight  line. 

118.  Scholium.  All  the  circles,  which  have  their  centres  in 
the  straight  line  CD  and  whose  circumferences  pass  through  the 
point  A^  touch  each  other,  and  have  only  the  point  A  common. 
And  if  through  the  point  A  we  draw  AE  perpendicular  to  CD. 
the  straight  line  AE  will  be  a  tangent  common  to  all  these  circles. , 
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THEORKM* 

119.  In  the  same  circle^  or  in  equal  circles^  equal  angles  ACB, 
Fig.  61.  DCE  (fig.  61),  the  vertices  of  which  are  at  the  centre^  intercept  upon 

the  circumference  equal  arcs  AB,  DE. 

Reciprocally,  if  the  arcs  AB,  DEI,  are  equals  the  aretes  ACB, 
DCE,  also  mil  be  equal. 

Demonstration.  1.  If  the  dngle  ACS  k  tqml  fo  the  angle 
DC£,  these  two  angles  may  be  placed  the  one  upon  the  other, 
and  as  their  sides  arc  equal,  it  is  evident,  that  the  point  A  will 
fall  upon  jD,  and  the  point  B  upon  E.  But  in  this  case  tBe  arc 
AB  must  also  fall  upon  the  arc  i>£ ;  for  if  ttie  two  arcs  were  nof 
coincident,  there  would  be  points  in  the  one  or  the  other  at  un- 
equal distances  from  the  centre^  which  is  impossible ;  therefore 
the  arc  j^B  =  DE. 

2.  If  vie  suppose  AB  =  DJEJ,  the  angle  ACB  will  be  equal  to 
DCE ;  for,  if  these  angles  are  not  equal,  lei  ACB  be  the  greater, 
and  let  ACl  be  taken  equal  to  DCE ;  and  we  have,  according 
to  what  has  just  been  demonstrated,  A[=:  DE.  But,  by  hypo- 
thesis, the  arc  AB  --  DE ;  we  should  consequently  have  AI=^ABj 
or  the  part  equal  to  the  whole,  which  is  impossible ;  therefore 
the  angle  ACB  =  DCE. 

THEOREM. 

1 20.  /n  the  same  circle^  or  in  equal  circles^  if  tioo  angles,  at  the 
Fig.  62.  centre  ACB,  DCE  (fig.  62),  are  to  each  other^  as  two  entire  num- 

btrs^  the  intercepted  arcs  AB,  DE,  will  be  to  each  otlier^  as  the  same 
nurkbersj  and  we  shall  have  this  proportion ; 

angle  ACB  :  angle  DCE  : :  arc  AB  :  arc  DE. 
Demonstration.  Let  us  suppose,  for  example,  that  the  angles 
ACBy  DCE^  are  to  each  other,,  as  7  to  4 ;  or,  which  amounts- to 
the  same,  that  the  angle  3f,  which  will  serve  as  a  common  meas- 
ure, is  contained  seven  times  in  the  angle  ACS^  and  four  times 
in  the  angle  DCE.  The  partial  angles, ,4 Cm,  mCn^  n  Cp^  &c., 
DC  x,  0?  Cy,  &c.,  being  equal  to  each  other,  the  partial  arcs  Am^^ 
mn,  np^  &c.,  Dx^xy^  &;c.,  will  also,  be  equal. to  each  other  (.119), 
and  the  entire  arc  AB  will  be  to  the  entire  arc  D£,  as.  7  to  4. 
Now  it  is  evident,  that  the  same  reasoning  might  be  used,,  what- 
ever numbers  were  substituted  in  tha  place  of  7  and  4.;  there- 
fore, if  the  ratio  of  the  angles  ACB^  DCE,  can.  be  expressed  by 
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entire  numbers,  the  arc6  AB^  DE^  will  be  to  each  other,  as  the 
angles  JJC*,DCJE. 

12U  Scholium.  Reciprocally,  if  the  arcs  AB^  DE^  are  to 
each  0ther,  as  two  entire  numbers,  the  angles  ACB^  DCE^  will 
be  to  each  other,  as  the  same  numbers,  and  we  shall  have  always 
JiCB  :  DCE  : :  AB  :  DE ;  for  the  partial  arcs  Am^mn^  &c«, 
Dx^xy^  &c«,  being  equal,  the  partial  angles  JlCm^mC^^  &c*^ 
DC  x>i  «  Cy,  &c.,  are  also  equal. 

THEORSM. 

132.    Whatever  may  be  the  ratio  of  two  angles  ACB,  ACD, 
{fig.  63),  these  two  angles  will  always  be  to  each  other^  as  the  arcs  rig.S8. 
AB,  AD,  intercq[)ted  between  their  sides  and  described  from  thetr 
ifertices^  as  centres,  with  equal  radii. 

Demonstration.  Let  us  suppose  the  less  angle  placed  in  the 
greater;  if  the  proposition  enunciated  be  not  true,  the  angle 
JICB  will  be  to  the  angle  w9CD,  as  the  arc  AB  is  to  an  arc 
l^reater  or  less  than  AD.  Let  this  arc  be  supposed  to  be  greater, 
^ad  let  it  be  represented  by  AO  ;  we  shall  have, 

angle  ACB  :  angle  ACD  : :  arc  AB  :  arc  AO. 

Let  us  now  imagine  the  arc  AB  to  be  divided  into  equal  parts, 

-of  which  each  shall  be  less  than  £)0,  there  will  be  at  least  one 

*  point  of  division  between  D  and  O ;  let  /  be  this  point,  and  join 

CI  i  the  arcs  AB^  Ah  will  be  to  each  other,  as  two  entire  num- 

l^ers,  and  we  shall  have,  by  the  preceding  theorem, 

angle  ACB  :  angle  ACI  i\  arc  AB  :  arc  AI. 

Comparing  these  two  proportions  together,  and  observing,  that 
the  antecedents  are  the  same,  we  conclude  that  the  consequents 
^re  proportional  (iH)t,  namely, 

angle  ACD  :  angle  A  CI  i :  arc  AO :  arc  AT. 

But  the  ai-c  AO  is  greater  than  the  arc  AI ;  yi  is  necessary 
then,  in  order  that  this  proportion  may  take  place,  that  the  an- 
gle ACD  should  be  greater  than  the  angle  A  CI ;  but  it  is  less; 
i|  is  therefore  impossible,  that  the  angle  ACB  should  be  to  the 
angle  ACD^  as  the  arc  AB  is  to  an  arc  greater  than  AD. 

By  a  process  of  reasoning  altogether  similar,  it  may  be  shown, 
that  the  fourth  term  of  the  proportion  cannot  be  less  than  AD; 

t  The  reference  by  Roman  numerals  ii  to  the  Introduction. 
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therefore  it  is  exactly  AD,'  and  we  have  the  proportion 
angle  ACB  :  angle  ACD  ::  ore  AB  :  ^vc  AD. 

123.  Corollary.  Since  the  angle  at  the  centre  of  a  circle  and 
the  arc  intercepted  between  its  sides  have  such  a  connexion,  that 
when  one  increases  or  diminishes  in  any  ratio  whatever,  the 
other  increases  or  diminishes  in  the  same  ratio,  we  are  author- 
ized to  establish  one  of  these  magnitudes  as  the  measure  of  the 
other ;  thus  we  shall,  in  future,  take  the  arc  AB  as  the  measure 
of  the  angle  ACB.  The  only  thing  to  be  observed  in  the  com- 
parison of  angles  with  each  other  is,  that  the  arcs,  which  arc 
used  to  measure  them,  must  be  described  with  equal  radii.  This 
is  to  be  understood  in  the  preceding  propositions, 

124.  Scholium.  It  may  seem  more  natural  to  measure  a  quan« 
tity  by  another  quantity  of  the  same  kind,  and  upon  this  princi- 
ple it  would  be  convenient  to  refer  all  angles  to  the  right  angle; 
and  thus,  the  right  angle  being  the  unit  of  measure,  the  acute 
angle  would  be  expressed,  by  a  number  comprehended  between 
0  and  1,  and  an  obtuse  angle  by  a  number  between  1  and  3. 
But  this  manner  of  expressing  angles  would  not  be  the  most 
convenient  in  practice.  It  has  been  found  much  more  simple  to 
measure  them  by  arcs  of  a  circle  on  account  of  the  facility  of 
making  arcs  equal  to  given  arcs  and  for  many  other  reasons* 
Besides,  if  the  measure  of  angles  by  the  arcs  of  a  circle  be  in 
some  degree  indirect,  it  is  not  the  less  easy  to  obtain,  by  means 
of  them,  the  direct  and  absolute  measure ;  for,  if  we  compare 
the  arc,  which  is  used  as  the  measure  of  an  angle,  with  the 
fourth  part  of  the  circumference,  we  have  the  ratio  of  the  given 
angle  to  a  right  angle,  which  is  the  absolute  measure. 

125.  Scholium  ii.  All  that  has  been  demonstrated  in  the  three 
precediog  propositions,  for  the  comparison  of  angles  with  arcs, 

.  is  equally  applicable  to  the  purpose  of  comparing  sectors  with 
arcs ;  for  sectors  are  equal,  when  their  arcs  are  equal,  and  in 
general  they  are  proportional  to  the  angles ;  hence  two  sectors 
ACB,  ACD,  taken  in  the  same  circle  or  in  equal  circles,  are  to  each 
othery  as  the  arcs  AB,  AD,  the  bases  of  these  sectors* 

It  will  be  perceived  therefore,  that  the  arcs  of  a  circle,  which 
arc  used  as  a  measure  of  angles,  will  also  serve  as  the  measure 
of  different  sectors  of  the  same  circle  or  of  equal  circles. 
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TR1COREH* 


Ift6.  The  inscribed,  angk  BAD  (fig.  64,  65),  has  for  its  measure  Tig.  H 
ihe  half  of  the  arc  BD  comprehended  between  its  sides» 

Demonstration*  Let  us  suppose,  in  the  first  place,  that  the 
centre  of  the  circle  is  situated  in  the  angle  BAD  {Jig.  64) ;  we  Fig.  M. 
draw  the  diameter  AE^  and  the  radii  CB^  CD.  The  angle 
JBC£,  being  the  exterior  angle  of  the  triangle  ABC^  is  equal  to 
the  sum  of  the  two  opposite  interior  angles,  CAB^  ABC.  But, 
the  triangle  BAC  being  isosceles,  the  angle  CAB  =  ABC;  hence 
the  angle  BCE  is  double  of  BAC.  -The  angle  BCE,  having  its 
vertex  at  the  centre,  has  for  its  measure  the  arc  BE ;  therefore 
the  angle  BAC  has  for  its  measure  the  half  of  BE.  For  a  simi- 
lar reason  the  angle  CAD  has  for  its  measure  the  half  of  ED ; 
therefore  BAC -^  CAD^  or  BAD^  has  for  its  measure  the  half 
BE  +  ED,  or  the  half  of  BD.  f 

Let  us  suppose,  in  the  second  place,  that  the  centre  C{Jig.  65),  ^^5' 
is  situated  without  the  angle  BAD ;  then,  the  diameter  AE  being 
drawn,  the  angle  BAE  will  have  for  its  measure  the  half  of  BE, 
and  the  angle  DAE  the  half  of  DE ;  hence  their  difference  BAD 
will  have  for  its  measure  the  half  of  BE  minus  the  half  of  ED, 
or  the  half  of  £Z). 

Therefore  every  inscribed  angle  has  for  its  measure  the  half 
of  the  arc  comprehended  between  its  sides. 

127.  Corollary  i.    All  the  angles  BAC,  BDC  {fig.  66),  tsc.,Fig.66. 
inscribed  in  the  same  segment,  are  equal ;  for  they  have  each 

for  their  measure  the  half  of  the  same  arc  BOC. 

128.  Corollary  ii.     Every  angle  BAD  {fig.  67),  inscribed  in  Pig.67. 
a  semicircle,  is  a  right  angle ;  for  it  has  for  its  measure  the  half 

of  the  semicircumference  BOD,  or  the  fourth  of  the  circumfer- 
ence. 

To  demonstrate  the  same  thing  in  another  way,  draw  the  ra- 
dius AC',  the  triangle  BAC  is  isosceles,  and  the  angle 

BAC  =  ABC', 
the  triangle  CAD  is  also  isosceles,  and  the  angle  CAD  =  ADC';, 
hence  BAC  +  CAD,  or  BAD  =  ABD  -f-  ADB.  But,  if  the  two 
angles  B  and  D  of  the  triangle  ABD  are  together  equal  to  the 
third  BAD,  the  three  angles  of  the  triangle  will  be  equal  to  twice 
the  angle  BAD-,  they  are  also  equal  to  two  right  angles ;  there- 
fore the  angle  BAD  is  a  right  angle*; 

Gechn.  5 
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139.  Corollary  in.  Every  angle  BAC  (fig.  66),  inscribed  in 
a  segment  greater  than  a  semicircle,  is  an  acute  angle ;  for  it 
has  for  its  measure  the  half  of  the  arc  BOC  less  than  a  semictr- 
cumference. 

And  every  angle  BOC^  inscribed  in  a  segment  less  than  a 
semicircle,  is  an  obtuse  angle ;  for  it  has  for  its  measure  the  half 
of  the  arc  BAC  greater  than  a  semicircumference. 

130.  Corollary  iv.  The  opposite  angles  A  and  C  (Jig.  68)  of 
an  inscribed  quadrilateral  ABCD  arie  together  equal  to  two  right 
angles ;  for  the  angle  BAD  has  for  its  measure  the  half  of  the 
arc  BCD^  and  the  angle  BCD  has  for  its  measure  the  half  of  the 
arc  BAD;  hence  the  two  angles  BAD^  BCD^  taken  together, 
have  for  their  measure  the  half  of  the  circumference ;  therefore 
their  sum  is  equal  to  two  right  angles. 

TH£OREllf« 

131.  The  angle  BAC  (fig.  69),  formed  by  a  tangent  and  a  chord, 
has  for  its  measure  the  half  of  the  arc  AMDC^  comprehended  behoeen 
its  sides* 

Demonstration,  At  the  point  of  contact  A  draw  the  diao^eter 
AD  I  the  angle  BAD  is  a  right  angle  (110),  and  has  for  its  meas- 
ure the  half  of  the  semicircumference  AMD',  the  angle  DAC 
has  for  its  measure  the  half  of  DC ;  therefore  BAD  +  DAC,  or 
BAC,  has  for  its  measure  the  half  of  AMD  plus  the  half  of  DC^ 
or  the  half  of  the  whole  arc  AMDC. 

It  may  be  demonstrated,  in  like  manner,  that  CAE  has  for  its 
measure  the  half  of  the  AC,  comprehended  between  its  sides. 


Problems  relating  to  the  two  first  Sections. 

PROBLEM. 

132.  To  divide  a  given  straight  line  AB  (fig.  70)  into  two  equal 
parts. 

Solution,  From  the  points  A  and  B^  as  centres^  andr  with  a 
radius  greater  than  the  half  of  AB,  describe  two  arcs  cutting 
each  other  in  D ;  the  point  D  will  be  equally  distant  fix)m  the 
points  A  and  B ;  find  in  like  manner,  either  above  or  below  the 
line  AB  a  second  point  E  equally  distant  from  the  points  A  ag^d 
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B$  thrdug4  the  tw«  points  2>  and  £  draw  the  liae  DE;  this 
line  will  divide  the  line  AB  into  tw6  equal  parts  in  the  pomt  C. 
For,  the  two  points  D  and  £  bein^  each  equally  distant,  from 
the  extrMnities  A  and  B,  they  must  both  be  in  the  perpendicular 
which  passes  through  the  middle  otAB.  But  thi*ough  two  given 
points  only  one  straight  line  can  be  drawn;  therefore  the  line 
DE  will  be  this  perpendicular,  which  divides  the  line  AB  into 
two  equal  parts  in  the  point  C 

PROBLEM* 

133.  From  a  given  point  A  (fig.  71),  in  the  Hnt  BC,  to  erect  a  Fig.7i. 
jttrptndicuhr  to  this  line. 

Solution.  Take  the  points  B  and  C,  at  equal  distances  frotn 
A ;  and  from  B  and  C,  as  cortres,  with  a  radius  greater  than 
BA^  describe  two  arcs  cutting  each  other  in  D;  drawt/3D,  which 
will  be  the  perpendicular  required. 

For  the  point  J5,  being  equally  distant  from  B  and  C,  must 
be  in  a  perpendicular  to  the  middle  of  BC  (55) ;  therefore  AD 
is  this  perpendicular. 

134.  Scholium*  The  same  construction  will  serve  to  make  a 
right  angle  BAD  at  a  given  point  ^  in  a  given  line  BC. 

raoBLEJl. 

135.  From  a  gioen  point  A  (fig.  72)  zoithout  the  straight  line  BD,  Fig.  72. 
to  let  fall  a  perpendicular  upon  this  line. 

Solution*  From  A^bs  sl  centre,  with  a  radius  sufficiently  great, 
describe  an  arc  cutting  the  line  BD  in  two  points  B  and  I>;  then, 
find  a  point  £,  equally  distant  from  the  points  B  and  D  (132), 
and  draw  AE,  which  will  be  the  perpendicular  required. 

For  the  two  points  A  and  £  are  each  equally  distant  from 
the  points  B  and  D ;  therefore  the  line  AE  is  perpendicular  ta 
the  middle  of  BD. 

PROBLEM. 

1 36.  At  a  given  pmnt  A  (fig.  73)  in  the  Hne  AB,  to  make  an  angle  Fig.  fS. 
equal  to  a  given  angle  K. 

Solution.  From  the  vertex  if,  as  a  centre,  with  any  radius, 
describe  an  arc  IL  meeting  the  sides  of  the  angle,  and  from  the 
point  A^  as  a  centre,  with  the  same  radius,  describe  an  indefinite 
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arc  BO ;  from  B,  as  a  centra,  with  a  radius  equal  to  the  chord 
L/,  describe  an  arc  cutting  the  arc  BO  in  D ;  draw  AD,  and  the 
angle  DAB  will  be  equal  to  the  given  angle  K. 

For  the  arcs  BD^  LI^  have  equal  radii  and  equal  chords ;  they 
are  therefore  equal  (102),  and  the  angle  BAD  =  IKL. 

PROBLEM. 

137.  To  bisect  a  given  arc  or  angle* 

Fig.  74.  Solution  1.  If  it  is  proposed  to  bisect  the  arc  AB  {fig*  74j ; 
from  the  points  A  and  J3,  as  centres,  with  the  same  radius,  des- 
cribe two  arcs  intersecting  each  other  in  D;  through  the  point 
D  and  the  centre  C  draw  CD^  which  will  divide  the  arc  AB 
into  two  equal  parts  in  the  point  E. 

For,  since  the  points  C  and  D  are  each  equally  distant  from 
the  extremities  A  and  B  of  the  chord  AB^  the  line  CD  b  per- 
pendicular to  the  middle  of  this  chord  ;  therefore  it  bisects  the 
arc  AB  (105). 

2.  If  it  is  proposed  to  bisect  the  angle  ACB ;  from  the  vertex 
C,  as  a  centre,  describe  the  arc  AB,  and  complete  the  construc- 
tion, as  above  described.  It  is  evident  that  the  line  CD  will 
bisect  the  angle  ACB. 

138.  Scholium.  By  the  same  construction,  we  may  bisect 
each  of  the  halves  AE,  EB,  and  thus,  by  successive  subdivis- 
ions, we  may  divide  an  angle  or  arc  into  four,  eight,  sixteen,  &c., 
equal  parts. 

PROBLEM. 

Fig.  75.      1 39.  Through  a  given  paint  A  (fig*  75),  to  draw  a  straight  tine 
parallel  to  a  given  straight  line  BC. 

Solution.  From  the  point  A^  as  a  centre,  with  a  radius  suffi- 
ciently great,  describe  the  indefinite  arc  EO ;  from  the  point  £, 
as  a  centre,  with  the  same  radius,  describe  the  arc  AF ;  take 

ED^AF, 
and  draw  AD,  which  will  be  the  parallel  required. 

For,  AE  being  joined,  the  alternate  angles  AEF,  EAD,  arc 
'Cqual ;  therefore  AD,  EF,  are  parallel  (67). 

PROBLEM. 

rij.76.      140.  Two  angles  A  andB  (fig.  76)  of  a  triangle  being  given,  to 
find  the  third. 
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Solution.  Draw  the  mdefinite  line  DEF ;  at  the  point  E  make 
the  angle  DEC^A,  and  the  angle  CEH=^B;  the  remaining 
angle  HEF  will  be  the  third  angle  required ;  for  these  three 
angles  are  together  equal  to  two  right  angles. 

PROBLEM. 

141.  Two  sides  of  a  triangle  B  and  C  (fig.  77)  being  given,  and  rig.7T. 
'the  angle  A  contained  by  them^  to  constrticl  the  triangle. 

Solution.  Draw  the  indefinite  line  DE,  and  make  at  the  point 
D  the  angle  EDF  equal  to  the  given  angle  A  ;  then  take  DG  =  By 
DH^  C,  and  draw  GH;  DGHmll  be  the  triangle  required  (36). 

^  PROBLEM. 

142.  One  side  and  two  angles  of  a  triangle  being  given,  to  con- 
struct the  triangle. 

Solution.  The  two  given  angles  will  be  either  both  adjacent 
fo  the  given  side,  or  one  adjacent  and  the  other  opposite.  In  this 
last  case,  find  the  third  angle  (140) ;  we  shall  thus  have  the  two 
adjacent  angles.  Then  draw  the  straight  line  DE  {fig.  78)Fig.Tf. 
equal  to  the  given  side,  at  the  point  D  make  the  angle  EDF 
equal  to  one  of  the  adjacent  angles,  and  at  the  point  E  the  angle 
DEG  equal  to  the  other ;  the  two  lines  DF,  EG,  will  cut  each 
other  in  H,  and  DEH  will  be  the  triangle  required  (38). 

PROBLEM. 

143.  Tlu  three  sides  A,  B,  C  (fig.  79),  of  a  triangle  being  given,  Tig.  79. 
4fo  construct  the  triangle. 

Solution.  Draw  DE  equal  to  the  side  A  ;  from  the  point  E, 
as  a  centre,  with  a  radius  equal  to  the  second  side  B,  describe 
an  arc;  from  the  point  D,  as  a  centre,  with  a  radius  equal  to  the 
third  side  C,  describe  another  arc  cutting  the  former  in  F;  draw 
DF,  EF,  and  DEF  will  be  the  triangle  required  f41). 

144.  Scholium.  If  one  of  the  sides  be  greater  than  the  sum  of 
the  other  two,  the  arcs  will  not  cut  each  other ;  but  the  solution 
will  always  be  possible,  when  each  side  is  less  than  the  sum  of 
other  two. 


38  Ekmenta  ofOeometry, 

PROBLEM. 

145.  Two  sides  A  and  Bofa  triangle  being  given  with  the  angle 
C  opposite  to  the  side  B,  to  construct  the  triangle. 

Solution.  The  problem  admits  of  two  cases.  1.  If  the  angle 
Fig.  80.  C  {Jig.  80)  is  a  right  angle,  or  an  obtuse  angle,  make  the  angle 
EDF  equal  to  the  angle  C;  take  DE  =  A^  from  the  point  £,  as 
a  centre,  and  with  a  radius  equal  to  the  given  side  fi,  describe 
an  arc  cutting  the  line  DF  in  F;  draw  EF,  and  DEF  will  be 
the  triangle  required. 

It  is  necessary,  in  this  case,  that  the  side  B  should  be  greater 

than  A^  for  the  angle  C  being  a  right  or  an  obtuse  angle,  it  is  the 

greatest  of  the  angles  of  the  triangle^  and  the  side  opposite  must 

consequently  be  the  greatest  of  the  sides. 

Fig.  81.      2.  If  the  angle  C  {fig.  81)  is  acute,  and  B  greater  than  jf,  the 

construction  is  the  same,  and  DEF  is  the  triangle  required. 
Fis.82.  But  if,  while  C  {fig.  82)  is  acute,  the  side  B  is  less  than  jf, 
then  the  arc  described  from  the  centre  E  with  the  radius  EF^B^ 
will  cut  the  side  DF  in  two  points  F  and  6  situated  on  the  same 
side  of  D  ;  there  are  therefore  two  triangles  DEF^  DEO^  whkh 
equally  answer  the  conditions  of  the  problem. 

146.  Scholium.  The  problem  would  be  in  every  case  impos- 
sible, if  the  side  B  were  less  than  the  perpendicular  let  fall  from 
E  upon  the  line  DF. 

PROBLEM. 

rig.  83.  147.  The  adjacent  sides  A  and  B  (fig.  83)  of  a  parallelogram 
being  given  together  with  the  included  angle  C,  to  construct  the  par- 
alklogram. 

Solutim.  Draw  the  line  DE  =  wf  ;  make  the  angle  FDE  =  C, 
and  take  DF  =  B ;  describe  two  arcs^  one  from  the  point  F,  as 
a  centre,  with  the  radhis  FO:s£DK,  and  the  other  from  the  point 
£,  as  a  centre,  with  the  radius  EQ^DF ;  to  the  point  6,  vthtf^ 
the  two  arcs  cut  each  other,  draw  FG^  E€f ;  and  DEOF  wilt  be 
the  parallelogram  required. 

For,  by  construction,  the  opposite  sides  arc  equal,  therefore 
the  figure  is  a  parallelogram  (86),  and  it  is  formed  with  the 
given  adjacent  sides  and  included  angle. 

148.  Corollary.  If  the  giveh  angle  be  a  right  angle,  the  figure 
will  be  a  rectangle ;  and,  if  the  adjacent  sides  arc  also  equal,  the 
figure  will  be  a  square. 
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149%  To  find  the  centre  of  a  given  circle,  or  of  a  gwen  arc. 

Solution.    Take  at  pleasure  three  points  j2,  jB,  C  (fig.  84),  in  Fig.  84. 
the  circumference  of  the  circle  or  in  the  given  arc ;  join  AB  and 
BC^  and  bisect  them  by  the  perpendiculars  £)£,  FG ;  the  point 
O,  in  which  these  perpendiculars  meet,  is  the  centre  sought. 

150.  Scholium,  By  the  same  construction  a  circle  may  be 
found,  the  circumference  of  which  will  pass  through  three  given 
points  jf,  jB,  C,  or  in  which  a  given  triangle  ABC  may  be  in^- 
scribed. 

PROBLEM. 

151.  Through  a  given  point,  to  draw  a  tangent  to  a  given  circle. 
Solution.    If  the  given  point  A  {fig.  85)  be  in  the  circumfer-  Fig.  85, 

ence,  draw  the  radius  CA,  and  through  A  draw  AD  perpendicu- 
lar to  C/J,  then  AD  will  be  the  tangent  sought  (110).  if  the  point 
wf  {fig.  86)  be  without  the  circle,  join  the  point  A  and  the  centre  FigSfib 
by  the  straight  line  AC ;  bisect  AC  in  0,  and  from  O,  as  a 
centre,  with  the  radius  OC,  describe  an  arc  cutting  the  given 
circle  in  the  point  B  ;  draw  AB,  and  AB  will  be  the  tangent 
required. 

For,  if  we  draw  CB,  the  angle  CBA  inscribed  in  a  semicircle 
is  a  right  angle  (128) ;  therefore  AB,  being  a  perpendicular  at 
the  extremity  of  the  radius  CB,  is  a  tangent. 

152.  Scholium.  The  point  A  being  without  the  circle,  it  is 
evident  that  there  are  always  two  equal  tangents  AB,  AD,  which 
pass  through  the  point  A;  they  are  equal  (56)  because  the 
right-angled  triangles  CBA,  CDA,  have  the  hypothenuse  CA 
common,  and  the  side  CB  =  CD  ;  therefore  AD  =  AB,  and  at 
the  same  time  the  angle  CAD  =  CAB. 

PROBLEM. 

153.  To  inscribe  a  circle  in  a  given  triangle  ABC  (fig.  87).  pj.  g^^ 
Bisect  the  angles  A  and  B  of  the  triangle  by  the  straight  lines 

AO  and  BO,  which  will  meet  each  other  in  O ;  from  the  point  O 
draw  the  perpendiculars  OD,  OE,  OF,  to  the  three  sides  of  the 
triangle ;  these  lines  will  be  equal  to  each  other.  For,  by  construc- 
tion, the  angle  DAO  =  OAF,  and  the  right  angle  ADO=  AFO ; 
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consequently  the  third  angle  AOD  is  equal  to  the  third  AOF. 
Besides,  the  side  AO  is  common  to  the  two  triangles  AOD^  AOF; 
therefore,  a  side  and  the  adjacent  angles  of  the  one  being  respec- 
tively equal  to  a  side  and  the  adjacent  angles  of  the  other,  the 
two  triangles  are  equal ;  hence  DO  =  OF.  It  may  be  shown,  b 
like  manner,  that  the  two  triangles  BODj  BOE^  are  equal ;  con- 
sequently OD  =  OE ;  therefore  the  three  perpendiculars  02), 
0£,  OF,  are  equal  to  each  other. 

Now,  if  from  the  point  O,  as  a  centre,  and  with  the  radius  OD^ 
we  describe  a  circle,  it  is  evident  that  this  circle  will  be  inscrib- 
ed in  the  triangle  ABC  i  for  the  side  AB^  perpendicular  to  the 
radius  at  its  extremity,  is  a  tangent.  The  same  may  be  said  of 
the  sides  BC,  AC. 

154.  Scholium*  The  three  lines,  which  bisect  the  three  angles 
of  a  triangle,  meet  in  the  same  point. 

PROBLEIf. 

Fig.  88,  1 55.  Upon  a  given  straight  line  AB  (fig.  88,  89)  to  describe  a 
'  segment  capable  of  containing  a  given  angle  C,  that  is  a  segment 
such,  that  each  of  the  angles,  which  may  be  inscribed  in  it,  shall  be 
equal  to  a  given  angle  C. 

Solution,  Produce  AB  toward  D,  make  at  the  point  B  the 
angle  DBE  =  C,  draw  BO  perpendicular  to  BE,  and  GO  per- 
pendicular to  AB,  G  being  the  middle  of  AB;  from  the  point  of 
meeting  O,  as  a  centre,  and  with  the  radius  OB,  describe  a 
circle ;  the  segment  required  will  be  AMB* 

For,  since  BF  is  perpendicular  to  the  radius  at  its  extremity^ 
BF  is  a  tangent,  and  the  angle  ABF  has  for  its  measure  the  half 
of  the  arc  AKB  (131) ;  besides,  the  angle  ^Jlffi,  as  an  inscribed 
angle,  has  also  for  its  measure  the  half  of  the  arc  AKB  ;  con- 
sequently the  angle  AMB  =  ABF  si  EBD  =  C ;  therefore  each 
of  the  angles  inscribed  in  the  segment  AMB  is  equal  to  the  given 
angle  C. 

166.  Scholiunu  If  the  given  angle  were  a  right  angle,  the 
segment  sought  would  be  a  semicircle  described  upon  the  diam* 
eter  AB. 
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PROBLEM. 

157.  To  find  the  numerical  ratio  of  two  given  straight  lines 
AB,  CD  (fig.  bO)j  provided^,  however^  these  two  lines  have  a  common  Fig.  90. 
measure* 

Solution*  Apply  the  smaller  CD  to  the  greater  AB,  as  many 
times  as  it  will  admit  of,  for  example,  twice  with  a  remainder 
BE. 

Apply  the  remainder  BP  to  the  line  CD^  as  many  times  as  it 
will  admit  of,  for  example,  once  with  a  remainder  DF. 

Apply  the  second  remainder  DF  to  the  first  ££,  as  many 
times  as  it  will  admit  of,  once,  for  example,  with  a  remainder  BG. 

Apply  the  third  remainder  BG  to  the  second  DF,  as  many 
times  as  it  will  admit  of. 

Proceed  thus,  till  a  remainder  arises,  which  is  exactly  con- 
tained a  certain  number  of  times  in  the  preceding. 

This  last  remainder  will  be  the  common  measure  of  the  two 
proposed  lines ;  and,  by  regarding  it  as  unity,  the  values  of  the 
preceding  remainders  are  easily  found,  and,  at  length,  those  of 
the  proposed  lines  from  which  their  ratio  in  numbers  is  deduced. 

If,  for  example,  we  find  that  GB  is  contained  exactly  twice  in 
FD^GB  will  be  the  common  measure  of  the  two  proposed  lines. 
Let  GB  =  1,  we  have  FD  =2;  but  EB  contains  FD  once  plus 
GB ;  therefore  EB  =  3 ;  CD  contains  EB  once  plus  FD ;  there- 
fore CDz^  5;  AB  contains  CD  twice  plus  £j5;  therefore 
AB  =  13  ;  consequently  the  ratio  of  the  two  lines  AB^  CDj  is  as 
13  to  5.  If  the  line  CD  be  considered  as  unity,  the  line  AB 
would  be  y ;  and,  if  the  line  AB  be  considered  as  unity,  the 
line  CD  would  be  /^. 

158.  Scholium.  The  method,  now  explained,  is  the  same  as 
that  given  in  arithmetic  for  finding  the  common  divisor  of  two 
numbers  {Arith.  61),  and  does  not  require  another  demonstration. 

It  is  possible,  that,  however  far  we  continue  the  operation,  we 
may  never  arrive  at  a  remainder,  which  shall  be  exactly  con- 
tained a  certain  number  of  times  in  the  preceding.  In  this  case 
the  two  Imes  have  no  common  measure,  and  they  are  said  to  be 
incommensurable.  We  shall  see,  hereafter,  an  example  of  this  in 
the  ratio  of  the  diagonal  to  the  side  of  a  square.  But,  although 
the  exact  ratio  cannot  be  found 'ki  numbers,  by  neglecting  the 
last  remainder  we  may  find  an  approximate  ratio  to  a  greater 
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or  less  degree  of  exactness,  according  as  the  operation  is  more 
I  or  less  extended. 

PROBLEM. 

Fig,  91.  159.  Two  angles  A  and  B  (fig.  91)  being  given,  to  find  fhdr 
common  measure,  if  they  have  one,  and  from  this  their  ratio  in 
numbers. 

Solution.  Describe,  with  equal  radii,  the  arcs  CD,  EF,  which 
may  be  regarded  as  the  measure  of  these  angles ;  in  order  then 
to  compare  the  arc  CD,  EF,  proceed  as  in  the  preceding  prob- 
lem ;  for  an  arc  may  be  applied  to  an  arc  of  the  same  radius,  as 
a  straight  line  is  applied  to  a  straight  line.  We  shall  thus  obtain 
a  common  measure  of  the  arcs  CD,  EF,  if  they  have  one,  and 
their  ratio  in  numbers.  This  ratio  will  be  the  same  as  that  of 
the  given  angles  (122);  if  DO  is  the  common  measure  of  the 
arcs,  DAO  will  be  the  common  measure  of  the  angles. 

160.  Scholium.  We  may  thus  find  the  absolute  value  of  an 
angle  by  comparing  the  arc,  which  serves  as  its  measure,  with 
the  whole  circumference.  If,  for  example,  the  arc  CD  is  to  the 
circumference  as  3  to  25,  the  angle  A  will  be  ^^  of  four  right 
angles,  or  |f  of  one  right  angle. 

It  may  happen,  as  we  have  seen  with  respect  to  straight  lines, 
that  arcs  also,  which  are  compared,  have  not  a  common  meas< 
ure ;  we  can  then  obtain,  for  the  angles,  only  an  approximate 
ratio  in  numbers,  more  or  less  exact,  according  to  the  de^ee  to 
which  the  operation  is  extended..^ 


SECTION  THIRD* 

Offfu  Prpportians  of  Figures, 
DEFimTJOJfS. 

161.  I  SBALL  call  those  figures  eqaivaUni  whose  surfaces  are 
equal. 

Two  figures  may'  be  equivalent,  however  dissimilar ;  thus  a 
circle  may  be  equivalent  to  a  square,  a  triangle  to  a  rectangle,  &c. 

The  denomination  of  tqual  figures  will  be  restricted  to  those, 
which  being  applied,  the  one  to  the  other,  coincide  entirely;  thus 
two  circles  having  the  same  radius  are  equal ;  and  two  triangles 


O/Ae  Proportions  of  Figures.  43 

haviDg  the  three  sides  of  the  one  equal  to  the  three  sides  of  the 
other,  each  to  each,  are  also  equal. 

162.  Two  figures  are  similar^  which  have  the  angles  of  the 
one  equal  to  the  angles  of  the  other,  each  to  each,  and  the  ho- 
mologous sides  proportional.  By  homologous  sides  are  to  be 
understood  those,  which  have  the  same  position  in  the  two 
figures,  or  which  are  adjacent  to  equal  angles.  The  angles, 
which  are  equal  in  the  two  figures,  are  called  homologous  angles. 

Equal  figures  are  always  similar,  but  similar  figures  may  be 
very  unequal. 

163.  In  two  different  circles, ^*mi/ar  arcs,  similar  sectors,  simi^- 
lar  s^ments,  are  such  as  correspond  to  equal  angles  at  the  cen- 
tre.   Thus,  the  angle  A  {fig.  92)  being  equal  to  the  angle  0,  the  Fig.  92. 
arc  fiC  is  similar  to  the  arc  D£,  the  sector  ABC  to  the  sector 
ODE,  &c. 

164.  The  altitude  of  a  parallelogram  is  the  perpendicular 
which  measures  the  distance  between  the  opposite  sides  AB,  CD 
{fig.  93),  considered  as  bases.  Fig.  93. 

The  altitude  of  a  triangle  is  the  perpendicular  AD  {fig.  94),  Rg.  94. 
let  fall  from  the  vertex  of  an  angle  A  to  the  opposite  side  taken 
for  a  base. 

The  altitude  of  a  trapezoid  is  the  perpendicular  EF  {fig.  95)  Fig.  95. 
drawn  between  its  two  parallel  sides  AB,  CD. 

165.  The  area  and  the  surface  of  a  figure  are  terms  nearly 
synonymous.  Area,  however,  is  more  particularly  used  to  de- 
note the  superficial  extent  of  the  figure  considered  as  measured, 
or  compared  with  other  surfaces. 

THEOREM. 

166.  Parallelograms,  which  hove  equal  bases  and  equal  altitudes, 
are  equivalent. 

Demonstration.  Let  AB  (fig.  96)  be  the  common  base  of  the  Fig.  96. 
two  parallelograms  ABCD,  ABEF-,  since  they  are  supposed  to 
have  the  same  altitude,  the  sides  DC,  FE,  opposite  to  the  bases, 
will  be  situated  in  a  line  parallel  to  AB  (69).  Now,  by  the 
nature  of  a  parallelogram,  AD  =  BC  (84),  and  AF^  BE ;  for 
the  same  reason,  DC=z  AB,  and  FE  =  AB ;  therefore  DC  =  FE. 
IfiX^be  taken  from  DE,  there  will  remain  CE-,  and  if  FE, 
equal  to  DC,  be  taken  also  from  DE,  there  will  remaiaJOF; 
consequently  CE=:DF. 
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Hence  the  triangles  DAF,  CBE^  have  the  three  sides  of  the 
one  equal  to  the  sides  of  the  other,  each  to  each ;  they  are  there* 
fore  equal  (43). 

But,  if  from  the  quadrilateral  ABED  the  triangle  ADF  be 
taken,  there  will  remain  the  parallelogram  ABEF]  and,  if  from 
the  same  quadrilateral  ABED  the  triangle  CBE,  equal  to  the 
former,  be  taken,  there  will  remain  the  parallelogram  ABCD^ 
therefore  the  two  parallelograms  ABCD^  ABEF,  which  have 
the  same  base  and  the  same  altitude,  are  equivalent. 

167.  Corollary.  Every  parallelogram  ABCD  {Jig.  97)  is 
equivalent  to  a  rectangle  of  the  same  base  and  altitude, 

THEOREM. 

168.  Every  triangle  ABC  (fig.  98)  is  half  of  a  parallelogram 
ABCD  of  the  same  base  and  altitude. 

Demonstration*  The  triangles  ABC^  ACD^  are  equal  (87), 
therefore  each  is  half  of  the  parallelogram  ABCD. 

169.  Corollary  i.  A  triangle  ABC  is  half  of  a  rectangle 
BCEF  of  the  same  base  BC  and  the  same  altitude  AO ;  for  the 
rectangle  BCEF  is  equivalent  to  the  parallelogram  ABCD  ( 1 67). 

170.  Corollary  u.  All  triangles,  which  have  equal  bases  and 
equal  altitudes,  are  equivalent./  ' 

ll^OREM. 

171.  7x00  rectangles  which  have  the  same  altitude^  are  to  each 
other  as  their  bases. 

DemonstratUm.  Let  ABCD,  AEFD  {Jig.  99),  be  two  rect- 
angles, which  have  a  common  altitude  AD\  they  are  to  each 
other  as  their  bases  AB,  AE. 

Let  us  suppose,  in  the  first  place,  that  the  bases  AB,  AE,  are 
commensurable,  and  that  they  are  to  each  other,  as  the  numbers 
7  and  4,  for  example;  if  we  divide  AB  into  7  equal  parts,  AE 
will  contain  four  of  these  parts ;  erect  at  each  point  of  division, 
a  perpendicular  to  the  base,  we  shall  thus  form  seven  partial 
rectangles  which  will  be  equal  to  each  other,  since  they  will 
have  the  same  base  and  the  same  altitude  (166).  The.  rect- 
angle ABCD  will  contain  seven  partial  rectangles,  while  AEFD 
will  contain  four;  therefore  the  rectangle  ABCD  is  to  the  rect* 
angle  AEFD,  as  7  is  to  4,  or  as  AB  is  to  AE.    The  same  rea- 
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soning  may  be  applied  to  any  other  ratio  beside  that  of  7  to  4 ; 
nence,  whatever  be  the  ratio,  provided  it  is  commensurable,  we 
have 

ABCD  :  JlEFDiiAB  :  AE. 
Let  us  suppose,  in  the  second  place,  that  the  bases  AB,  AE 
{fig.  100},  are  incommensurable ;  we  shall  have  notwithstanding  P«-  loo. 
ABCD :  AEFD  ::AB:  AE. 

For,  if  this  proportion  be  not  true,  the  three  first  terms  remain- 
ing the  same,  the  fourth  will  be  greater  or  less  than  AE.    Let 
us  suppose  that  it  is  greater,  and  that  we  have 
ABCD  :  AEFD  ::AB:  AO. 

Divide  the  line  AB  into  equal  parts  smaller  than  £0,  and 
there  will  be  at  least  one  point  of  division  /  between  E  and  O: 
at  this  point  erect  the  perpendicular  IK;  the  bases  AB^  AI,  will 
be  commensurable,  and  we  shall  have,  according  to  what  has 
just  been  demonstrated, 

ABCD  :  AIKD  ::AB:  AL 
But  we  have,  by  hypothesis, 

ABCD  :  AEFD  ii  AB.AO. 
In  these  two  proportions  the  antecedents  are  equal,  therefore  the 
consequents  are  proportional  (m);  that  is 

AIKD  I  AEFD II  AI I  AO. 
Now  AO  is  greater  than  AI\  it  is  necessary  then,  in  order  that 
this  proportion  may  take  place,  that  the  rectangle  AEFD  should 
be  greater  than  AIKD ;  but  it  is  less ;  therefore  the  proportion  is 
impossible,  and  ABCD  cannot  be  to  AEFD,  as  AB  is  to  a  line 
greater  than  AE. 

By  a  process  entirely  similar  it  may  lA  shown,  that  the  fourth 
term  of  the  proportion  cannot  be  smaller  than  AE ;  consequently 
it  is  equal  to  AE. 

Whatever  therefore  be  the  ratio  of  the  bases,  two  rectangles 
ABCD^  AEFD^  of  the  same  altitude,  are  to  each  other  as  their 
bases  AB,  AE. 

TBBOUM. 

172.  Any  two  rectangles  ABCD,  AEGF  (fig.  101),  are  to  each  Fig,  loh 
othtr,  as  the  products  of  their  bases  by  their  altitudes,  that  is^ 
ABCD  :  AEGF  : :  AB  x  AD  :  AE  x  AF. 
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Demonstration.  Having  disposed  the  two  rectangles  in  such  a 
manner,  that  the  angles  at  A  shall  be  opposite  to  each  other, 
produce  the  sides  GJB,  CD,  till  they  meet  in  H-,  the  two  rectan- 
gles ABCD,  AEHD^  have  the  same  altitude  AD ;  they  are  conse- 
quently to  each  othef  as  their  bases  AB,  AE.  Likewise  the  two 
rectangles  w3£flD,  AEGF^  have  the  same  altitude  jJE  ;  these 
are  therefore  to  each  other  as  their  bases  AD^  AF.  We  have 
thus  the  two  proportions 

ABCD  :  AEHDi.AB  :  AE, 
AEHD  :  AEGF  : :  AD  :  AF. 

Multiplying  these  proportions  in  order  and  observing,  that  the 
connecting  term  AEHD  may  be  omitted,  being  a  multiplier  com- 
mon to  the  antecedent  and  consequent,  we  have 

ABCD  :  AEGF ::AB  xADiAEx  AF. 

173.  Scholium.  We  may  take  for  the  measure  of  a  rectangle 
the  product  of  its  base  by  its  altitude,  provided  that,  by  this 
product,  we  understand  that  of  two  numbers  which  are  the  num- 
ber of  linear  units  contained  in  the  base,  and  the  number  of 
linear  units  contained  in  the  altitude. 

This  measure,  however,  is  not  absolute,  but  relative ;  it  sup- 
poses that  we  estimate,  in  a  similar  manner,  another  rectangle 
by  measuring  its  sides  by  the  same  linear  unit;  we  obtain  thus 
a  second  product,  and  the  ratio  of  these  two  products  is  equal  to 
that  of  the  rectangles,  conformably  to  the  proposition,  which  has 
just  been  demonstrated. 
Fig.  102.  If,  for  example,  the  base  of  a  rectangle  A  (fig.  102)  be  three 
units  and  its  altitude  ten,  the  rectangle  would  be  represented  by 
the  number  3x10,  or%0,  a  number  which,  thus  disconnected, 
has  no  meaning ;  but,  if  we  have  a  second  rectangle  B,  whose 
base  is  twelve  and  altitude  seven  units,  this  rectangle  will  be  re- 
presented by  the  number  7  x  12,  or  84.  Whence  the  two  rect- 
angles A  and  B  are  to  each  other,  as  30  to  84.  If  therefore  it  is 
agreed  to  take  the  rectangle  A,  as  the  unit  of  measure  for  sur- 
faces, the  rectangle  B  will  have  for  its  absolute  measure  |J,  that 
is,  it  will  be  equal  to  f  f  superficial  units. 

The  more  common  and  simple  method  is  to  take  the  square  as 
the  unit  of  surface ;  and  that  square  has  been  preferred,  whose 
side  is  the  unit  of  length ;  the  measure  therefore,  which  we  have 
regarded  as  simply  relative,  becomes  absolute.  The  number  30, 
for  example,  by  which  we  have  measured  the  rectangle  A, 
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Tef^esents  30  superficial  units,  or  30  of  those  squares,  the  side 
of  each  of  which  is  equal  to  unity.  This  is  illustrated  by  figure 
102. 

In  geometry,  the  product  of  two  lines  often  signifies  the  same 
thing  as  their  rectangle^  and  this  expression  is  introduced  into 
arithmetic  to  denote  the  product  of  two  unequal  numbers,  as  that 
of  square  is  used  to  express  the  product  of  a  number  by  itself. 

The  squares  of  the  numbers  1,  2,  3,  &c.,  are  1,  4,  9,  &c. 
Thus  a  double  line  gives  a  quadruple  square  (fig.  103),  a  triple  Fig.  los. 
line  a  square  nine  times  as  great,  and  so  on. 

THEOREM.  "^ 

174.  The  area  of  any  parallelogram  is  equal  to  the  product  of  its 
hose  by  its  altitude. 

Demonstration.   The  parallelogram  ABCD  {fig.  97)  is  equiva-  Fig.  Shf. 
lent  to  the  rectangle  ABEF^  which  has  the  same  base  AB  and 
the  same  altitude  BE  (167);  but  this  last  has  for  its  measure 
AB  X  BE  (173) ;  therefore  AB  x  BE  is  equal  to  the  area  of  the 
parallelogram  ABCD. 

175*  Corollary.  Parallelograms  of  the  same  base  are  to  each 
other  as  their  altitudes,  and  parallelograms  of  the  same  altitude 
are  to  each  other  as  their  bases ;  for,  A^  £,  C,  being  any  three 
magnitudes  whatever,  we  have  generally  Ax  C:Bx  C::A:B. 

THEOREM. 

1 76.  The  area  of  a  triat^le  is  equal  to  the  product  of  its  base  by 
half  of  its  altitude. 

Demonstration.    The  triangle  ABC  {fig.  104)  is  half  of  the  Fig.  104. 
parallelogram  ABCE^  which  has  the  same  base  BC  and  the  same 
altitude  AD  ( 1 6 ft ) ;  now  the  area  of  the  parallelogram  ^BCx  AD 
(174);   therefore  the  area  of  the  triangle  -ss^BC  x  ADj  or 
BC  X  i  AD. 

m.  Corollary.  Two  triangles  of  the  same  altitude  are  to 
each  other  as  their  bases,  and  two  triangles  of  the  same  base 
are  to  each  other  as  their  altitudes. 

THEOREM. 

178.  The  area  of  a  trapezoid  ABCD  (fig.  106)  is  equal  to  the  Rg.  W5. 
product  of  its  altitude  £F  by  half  of  the  sum  of  its  parallel  sides  AB, 
CD. 
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Demonstrafbm*  Through  the  point  /,  the  middle  of  the  side 
CB^  draw  KL  parallel  to  the  opposite  side  AD^  and  produce  DC 
till  it  meet  KL  in  K. 

In  the  triangles  IBL^  ICK^  the  side  IB  =  7C,  by  construction; 
the  angle  LIB  =  CIK,  and  the  angle  IBL  =  /CAT,  since  CK  and 
BL  are  parallel  (67) ;  therefore  these  triangles  are  equal  (38), 
and  the  trapezoid  ABCD  is  equivalent  to  the  parallelogram 
ADKL,  and  has  for  its  measure  EFx  AL. 

Bui  AL=  DK;  and,  since  the  triangle  IBL  is  equal  to  the 
triangle  KCI,  the  side  BLz=z  CK-,  therefore 

AB  +  CDz=:AL  +  DK=z2AL'j 
thus  AL  is  half  the  sum  of  the  sides  AB,  CD ;  and  consequently 
the  area  of  the  trapezoid  ABCD  is  equal  to  the  product  of  the 
altitude  EF  by  half  the  sum  of  the  sides  AB,  CD^  which  may  be 

(AS  -4-  ciy\ 
— -^ — )• 

179.  SchoHum.  If  through  the  point  /,  the  middle  of  BQ  Iff 
be  drawn  parallel  to  the  base  AB^  the  point  H  will  also  be  the 
middle  of  AD ;  for  the  figure  AHIL  is  a  parallelogratn,  as  well  as 
DHIK^  since  the  opposite  sides  are  parallel ;  we  have  therefore 
jJH=  IL,  and  DH=  IK-,  but  IL  =  /if,  because  the  triangles 
BIL,  CIK,  are  equal ;  therefore  AH  =  DH. 

It  may  be  remarked,  that  the  line  HI  =  AL  =  — ^ —  ; 

therefore  the  area  of  the  trapezoid  may  be  expressed  also  by 
EF  X  HI ;  that  is,  it  is  equal  to  the  product  of  the  altitude  of  th» 
trapezoid  by  the  line  joining  the  middle  points  of  the  sides  which 
ar^  not  parallel. 

THEOREM. 

Fi|.  106.      1^^*    If  ^  '^  ^^  (%•  l^)  i^  divided  into  two  parts  AB,  BC, 

.  the  square  described  upon  the  whole  line  AC  will  contain  the  square 

described  upon  the  part  AB,  plus  the  square  described  upon  the 

other  part  BC,  plus  twice  the  rectangle  contained  by  the  two  partt 

AB,  BC ;  which  may  be  thus  expressed, 

AC  or  (AB  +  BC)*=  AB*+  BcV  2  AB  X  BC. 
Demonstratiam   Construct  the  square  ACDE^  take  AF  ss  A3, 
draw  FG  parallel  to  AC,  and  BH  parallel  to  AE. 
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The  square  ACDE  is  divided  into  four  parts ;  the  first  ABIF  is 
the  square  described  upon  ./^B,  since  AF  was  taken  equal  io  AB ; 
the  second  IGDH  is  the  square  described  upon  EC;  for,  since 
AC  ^  AE,  and  AB  =  AF,  the  difference  AC—AB:=:AE  —  AF, 
which  gives  BC  —  £F;  but,  on  account  of  the  parallels,  IG  ^BC, 
and  DGf  =  iSF,  therefore  HIGD  is  equal  to  the  square  described 
upon  BC.  These  two  parts  being  taken  from  the  whole  square, 
there  remain  the  two  rectangles  BCGI,  EFIH,  which  have  each 
for  their  measure  AB  x  BC',  therefore  the  square  described 
upon  AC,  &c. 

181.  Scholium.  This  proposition  corresponds  to  that  given  in 
algebra  for  the  formation  of  the  square  of  a  binomial,  which  is 
thus  expressed, 

THEOREM. 

182.  If  the  line  AC  (fig.  107)  is  the  difference  of  two  lines  AB,  Fig.  107.' 
BC,  the  square  described  upon  AC  Tvill  contain  the  square  o/*  AB, 

plus  the  square  of  BC,  minus  tzoice  the  rectangle  contained  by  AB 

and  BC ;  that  is,  AC  or  (AB  —  BC)  =  AB  +  BC*—  2  AB  X  BC. 

Demonstration.  Construct  the  square  ABIF,  take  AE  =  AC^ 
draw  CG  parallel  to  BI,  HK  parallel  to  AB^  and  finish  the 
square  EFLK. 

The  two  rectangles  CBIG,  GLKD,  have  each  for  their  meas- 
ure AB  X  BC;   if  we  subtract  them   from  the  whole  figure 

ABILKEA,  which  has  for  its  value  AB  +  -BC  it  is  evident,  that 
there  will  remain  the  square  ACflE;  therefore,  if  the  line  AC, 
&c. 

183.  Scholium.  This  proposition  answers  to  the  algebraic 
formula  (a — 6)«  sra  «  +  6»  —  2  a  6. 

THEOREM. 

I 

184.  71^  rectangle  contained  by  the  sum  and  difference  of  two 
lines  is  equal  to  the  difference  of  their  squares  ;  that  is, 

(AB  +  BC)  X  (AB  —  BC)  =  AbV-  BC*(fig.  108).  Kg.  m. 

Demonstration.  Construct  upon  AB  and  AC  the  squares 
ABIF,  ACDE ;  produce  AB  making  BK  =  BC,  and  complete 
the  rectangle  AKLE. 

Oeom.  7 
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The  base  AK  of  the  rectangle  is  the  sum  of  the  two  lines  AB, 
BC^  its  altitude  AE  is  the  difference  of  these  lines ;  therefore  the 
rectangle  AKLE  =^{AB  +  BC)x  {AB  —  BC).  But  this  same 
rectangle  is  composed  of  two  parts  ABHE  +  BHLK,  and  the 
part  BHLK  is  equal  to  the  rectangle  EDGF,  for  BH=iDE,^nd 
BK^EF\  consequently  AKLE  =  ABHE + EDGF.  Now  these 
two  parts  form  the  square  ABIF^  minus  the  square  DH/G  which 
is  the  square  described  upon  BC;  therefore 

{AB  +  BC)x{AB—BC!)^AB—BC. 

185.  Scholium.    This  proposition  agrees  with  the  algebraic 
»  formula        (a  +  6)  x  (a — 6)  =  (a>—  6>)  (Alg.  34). 

THEOREM. 

186.  71^  square  described  upon  the  hypothenuse  of  a  right-angled 
triangle  is  equal  to  the  sum  of  the  squares  described  upon  the  two 
other  sides. 

^*  109.  Demonstration.  Let  ABC  {Jig.  109)  be  a  triangle  right-angled 
at  A.  Having  constructed  squares  upon  the  three  sides,  let  fall, 
from  the  right  angle  upon  the  hypothenuse,  the  perpendicular 
AD,  which  produce  to  JS,  and  draw  the  diagonals  AF,  CH. 

The  angle  ABF  is  composed  of  the  angle  ABC  plus  the  right 
angle  CBFi  and  the  angle  HBC  is  composed  of  the  same  angle 
ABC  plus  the  right  angle  ABH-,  hence  the  angle  ABF  =  HBC. 
But  .^B=  BH,  being  sides  of  the  same  square;  and  BF=i  BC, 
for  the  same  reason;  consequently  the  triangles  ABF,  HBC, 
have  two  sides  and  the  included  angle  of  the  one  respectively 
equal  to  two  sides  and  the  included  angle  of  the  other ;  they  are 
therefore  equal  (36). 

The  triangle  ABF  is  half  of  the  rectangle  BJBt,  which  has  the 
same  base  BF  and  the  same  altitude  BD  (169).  Also  the  trian- 
gle HBC  is  half  of  the  square  AH]  for,  the  angle  BAC  being  a 
right  angle  as  well  as  BAL,  AC  and  AL  are  in  the  same  straight 
line  parallel  toflB;  hence  the  triangle  HBC  and  the  square 
AH  have  the  same  base  BH,  and  the  same  altitude  AB ;  there- 
fore the  triangle  is  half  of  the  square. 

t  An  abridged  expression  for  BDEF. 
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It  has  already  been  proved,  that  the  triangle  ABFis  equal  to 
the  triangle  fTJBC;  consequently  the  rectangle  JBDEJ",  double  of 
the  triangle  ABF^  is  equivalent  to  the  square  AH,  double  of  the 
triangle  HSC.  It  may  be  demonstrated,  in  the  same  manner, 
that  the  rectangle  CDEG  is  equivalent  to  the  square  j^/;  but  the 
two  rectangles  BDEF,  CDEG,  taken  together,  make  the  square 
BCGF;  therefore  the  square  BCGF,  described  upon  the  hy- 
ppthenuse,  is  equal  to  the  sum  of  the  squares  ABHL^ACIK,  des- 
cribed upon  the  two  other  sides ;  or,  BC  =  AB  +  A(^, 

187.  Corollary  i.  The  square  of  one  of  the  sides  of  a  right- 
angled  triangle  is  equal  to  the  square  of  the  hypothenuse  minus 

the  square  of  the  other  side ;  or  AB  =zBC  —  AC. 

188.  Corollarj^ii.    Let  ABCD  {Jig.  118)  be  a  square,  AC  its  Fig.  lis. 
diagonal ;  the  triangle  ABC  being  right-angled  and  isosceles,  we 

have  AC^  AB  +BC=i  2AB;  therefore  the  square  described  upon 
the  diagonal  AC  is  double  of  the  square  described  upon  the  side  AB. 
This  property  may  be  rendered  sensible  by  drawing,  through 
the  points  A  and  C,  parallels  to  BD,  and  through  the  points  B 
and  JD,  parallels  to  .^C;  a  new  square  EFGH  is  thus  formed 
which  is  the  square  of  AC.  It  is  manifest  that  JEFGrlf  contains 
eight  triangles,  each  of  which  is  equal  to  ABE,  and  that  ABCD 
contains  four  of  them ;  therefore  the  square  EFGH  is  double  of 
ABCD. 


■« 


Since  AC  :  AB : :  2  :  1,  we  have,  by  extracting  the  square 
root,  A  C  :  AB  : :  \/2 : 1 ;  therefore  the  diagonal  of  a  square  is  in' 
commensurable  with  its  side  (Alg.  99). 

This  will  be  more  fully  developed  hereafter. 

189.  Corollary  iii.    It  has  been  demonstrated,  that  the  square 
AH  (fg.  109)  is  equivalent  to  the  rectangle  BDEF;  now,  on  pig.  los 
account  of  the  common  altitude  BF,  the  square  BCGF  is  to  the 
rectangle  BDEF  as  the  base  BC  is  to  the  base  BD ;  therefore 

BCiAB'.i'BCzBD, 

or,  the  square  of  the  hypothenuse  is  to  the  square  of  one  of  the  sides 
of  the  right  angle,  as  the  hypothenuse  is  to  the  segment  adjacent  to  this 
side.  We  give  the  name  of  segment  to  that  part  of  the  hypothe- 
nuse cut  off  by  the  perpendicular  let  fall  from  the  right  angle  ; 
thus  BD  is  the  segment  adjacent  to  the  side  AB,  and  DC  the 
segment  adjacent  to  the  side  AC.    We  have  likewise 
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BC:AC::BC:  CD. 
190.  Corollary  iv.    The  rectangles  BDEFj  DCGE,  having 
also  the  same  altitude  DE^  are  to  each  other  as  their  bases  BDj 
CD.    Now  these  rectangles  are  equivalent  to  the  squares  AH, 
AI,  therefore/ 

AB  :  AC  I :  BD  :  DC^ 
or,  iht  squares  of  the  two  sides  of  a  right  angle  are  to  each  oiher^  as 
(he  segments  of  the  hypothenase  adjacent  to  these  sides. 

^  THEOREM. 

r%.  110.  191.  tn  a  triangle  ABC  (fig.  110),  if  the  angle  C  be  acute^  the 
square  of  the  side  cpposUe  to  it  will  he  less  thtin  the  sum  of  the 
squares  <f  the  sides  containing  t/,  and^  AD  being^rawn  perpendicu- 
lar to  BC,  the  difference  will  be  equal  to  double  the  rutangU 
BC  X  CD,  or, 

AB  =  AC  +  BC*—  SBC  X  CD. 
Demonstration,    The  proposition  admits  of  two  cases.     1.  If 
the  perpendicular  fall  within  the  triangle  ABO,  we  shall  have 
BD=^BC^  CD,  and  consequently  (182) 

BD^  BC+  CD^  2BC  x  CD ; 

adduig  AD  to  each  member,  we  have 

Ab  +  BD;=BC+CD  +  AD  —  ^BCx  CD; 
but  the  right-angled  triangles  ABD,  ADC,  give  AD  +  BD=AB, 
CD  +  AD=iAC;  therefore 

ABzzBC-^AC  —  ^BCx  CD. 

2.  If  the  perpendicular  AD  fall  without  the  triangle  ABC,  we 
shall  have  BD  =  CD —  BC,  and  consequently  (182) 

BD=CD^BC—2BCx  CD; 

add  to  each  AD,  and  we  shall  obtain,  as  before, 
AB:=zBC  +  AC  —  2BCx  CD. 

THEOREM. 

Fig.  111.      1^2,  In  a  triangle  ABC  (fig.  Ill),  if  the  angle  C  6c  obtuse,  the  • 
square  of  the  side  opposite  to  it  will  be  greater  than  the  sum  of  the 
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squares  of  the  sides  containing  t/,  and,  AD  being  drawn  perpenr 
dicular  to  BC  produced^  the  difference  jBoill  be  equal  to  dotible  the 
rectangle  BC  X  CD,  or^ 

AB  =  AC  +  BC  +  2BC  x  CD. 

Demonstration.  The  perpendicular  cannot  fall  within  the  tri- 
angle;  for  if  it  should  fall,  for  example,  upon  £,  the  triangle 
JlCE  would  have  at  the  same  time  a  right  angle  f-and  an  obtuse 
angle  C,  which  is  impossible  (75) ;  consequently  it  falls  without, 
and  we  have  BD=^BC^  CD,  and  from  this  (180) 

BD^BC+CD  +  2BCx  CD. 

Adding  to  €ach  term  ^JD,  and  making  the  reductions  as  in  the 
preceding  theorem,  we  obtain 

^^=  BC  +  Ic  +  ^BC  X  CD. 

193.  Scholium.  The  right-angled  triangle  is  the  only  one  in 
which  the  sum  of  the  squares  of  two  of  the  sides  is  equal  to  the 
square  of  the  third  ;  for,  if  the  angle  contained  by  their  sides  be 
acute,  the  sum  of  their  squares  will  be  greater  than  the  square 
of  the  side  opposite ;  if  it  be  obtuse,  the  reverse  will  be  true. 

THEOREM. 

194.  In  any  triangle  ABC  (fig.  112),  if  we  dram  from  the  vertex  rig.  112. 
to  the  middle  of  the  base  the  line  AE,  we  shall  have 

AB  +  AC  =  2AE.f-2EB. 
Demonstration.    Let  fall  the  perpendicular  *AD  upon  the  base 
BC,  the  triangle  AEC  will  give  (191), 

Jc=:JlE  +  EC  —  2ECxED', 

the  triangle  ABE  will  give  (192), 

AB:=  AE  +  EB  +  ^EB  X  ED ; 
therefore,  by  adding  the  corresponding  members,  and  observing 
that  EBszEC,  we  shall  have 

AB  +  JC  =  2AE  +  ^EB. 

195.  Corollary..  In  every  parallelogram  the  sum  of  the  squares 
of  the  sides  is  equal  to  the  sum  of  the  squares  of  the  diagonals. 

For  the  diagonals  AC^  BD  {Jig.  113),  mutually  bisect  eacI^Fig.  113^ 
other  in  the  point  jE  (88),  and  the  triangle  ABC  gives 
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the  triangle  ADC  gives  likewise 

AJD  +  DC:=zijlE  +  ^DE] 

adding  the  corresponding  members  and  observing  that  BE  =  D£, 
we  have 

4B  +  AD+DC  +  BC  =  AAE  +  4DE. 

But  4AE  is  the  square  of  ^E  or  of  AC -^  and  4jdJJ  is  the  square 
of  BD ;  therefore  the  sum  of  the  squares  of  the  sides  of  a  paral- 
lelogram is  equal  to  the  sum  of  the  squares  of  the  diagonals. 

THEOREM. 

Fig.  114.  196.  TTuline  DE  (fig.  114),  drawn  parallel  to  the  base  of  a 
triangle  ABC,  divides  the  sides  AB,  AC,  proportionally ;  so  that 
AD  :  DB  : :  AE  :  EC. 

Demonstration.  Join  BE  and  DC ;  the  two  triangles  BDE, 
DEC^  have  the  same  base  DE ;  they  have  also  the  same  altitude, 
since  the  vertices  B  and  C  are  situated  in  a  parallel  to  the  base; 
therefore  the  triangles  are  equivalent  (170). 

The  triangles  ADE^  BDE^  of  which  the  common  vertex  is  E, 
have  the  same  altitude,  and  are  to  each  other  as  their  bases  .dZ), 
Z)JB(177);  thus, 

ADE:BDE:xAD:DB. 

The  triangles  ADE^  DEC,  of  which  the  common  vertex  is  D, 
have  also  the  same  altitude,  and  are  to  each  other  as  their  bases 
AE,  EC ;  that  is,  ADE  :  DEC  ::AE:EC. 

But  it  has  be^n  shown  that  the  triangle  BDE^DEC\  there- 
fore, on  account  of  the  common  ratio  in  the  two  proportions  (iii), 
ADiDB.iAEiEC. 

197.  Corollary  i.  We  obtain  from  the  above  theorem  by  com^ 
position  (iv) 

AD  +  DB:AD::  AE+EC :  AE, 
or  AB.AD'.iACi  AE, 

also  AB.BDi.ACiCE. 

198.  Corollary   ii.     If  between   two  straight   lines  AB,   CD, 
Pj^  115.  (fig*  ^^^)i  Parallels  AC,  EF,  GH,  BD,  ^c,  be  drawn,  these  two 

straight  lines  toill  be  cut  proportionally,  and  we  shall  have^ 
AE  :  CF  : :  EG  :  FH  ::  GB  :  HD. 
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For,  let  O  be  the  point  of  meeting  of  the  straight  lines,  AB, 
CD;  in  the  triangle  0£F,  the  line  AC  being  drawn  parallel  to 
the  base  EF, OEiAEiiOF :  CF,  or  OE  :OF::AE:  CF. 
In  the  triangle  OGH  we  have  likewise 

OE.EG.i  OFiFH,  or  OE:  OF::  EG:  JPff; 
therefore,  on  account  of  the  common  ratio  OE  :  OF,  these  two 
proportions  give 

AE:  CF::EG:FH. 
It  maj  be  demonstrated,  in  the  same  manner,  that 

EG:FH::  GB :  HD, 
and  so  on ;  therefore  the  lines  ABj  CD,  are  cut  proportionally 
by  the  parallels  EF,  GH,  &c. 

THEOREM. 

199.  Rectprocally,  if  the  sides  AB,  AC  (fig.  116),  are  cut  />ro- Fig.  lia 
portionally  bt/  the  line  DE,  so  that  AD  :  DB  : :  AE  :  EC,  the  litie 

DE  will  be  parallel  to  the  base  BC. 

Demonstration.    If  DE  is  not  parallel  to  BC  let  us  suppose 
that  DO  is  parallel  to  it ;  then,  according  to  the  preceding  theo- 
rem, AD:DB::AO:  OC. 
But,  by  hypothesis,    AD  :  DB  ::  AE  :  EC] 
consequently  AOiOC  :iAE  :  EC, 
which  is  impossible,  since  of  the  antecedents  AE  is  greater  than 
AO,  and  of  the  consequents  £0  is  less  than  0C\  hence  the  line, 
drawn  through  the  point  D  parallel  to  BC,  does  not  differ  from 
DE',  therefore  DE  is  this  line. 

200.  Scholium.    The  same  conclusion  might  be  deduced  from 
the  proportion  AB:AD\:AC:  AE. 

For  this  proportion  would  give  (iv) 
AB—AD  :  AD::AC  —  AE  :  AE,  or  BD  :AD::EC:  AE. 

THEOREM. 

SOI.  The  line  AD  (fig.  117),  which  bisects  the  angle  BAC  of  ar^,  in. 
triangle,  divides  the  base  BC  into  two  segments  BD,  DC,  propor* 
Honal  to  the  adjacent  sides  AB,  AC ;  so  that,  BD :  DC  : :  AB :  AC. 

Demonstration.    Through  the  point  C  draw  CE  parallel  to 
AD  to  meet  BA  produced. 

In  the  triangle  BCE,  the  line  AD  being  parallel  to  the  base 
196),  tejE,  BD:DC::AB:AE.  \ 
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But  the  triangle  ACE  is  isosceles ;  for,  on  account  of  the  paral- 
lels .41?,  CJE,  the  angle  ACE^DAC.md  the  angle ^JBC=&«I> 
(67);  and,  bj  hypothesis,  DAC=iBAD\  therefore  the  angle 
ACE  =:  AEC,  and  consequently  AE  :=z  AC  (48);  substituting 
then  ACiot  AE  in  the  preceding  proportion,  we  have 
BD  iDCiiAB:  AC. 

THEOREM. 

^  302.  Two  equiangular  triangles  have  their  homologous  sides  pro- 

portional and  are  similar. 
Fig.  119.      Demonstration.    Let  ABC,  CDE  {fig.  119),  be  two  triangles, 
which  have  their  angles  equal,  each  to  each,  namely,  BA  C  =  CDE^ 
ABC  =  DCE,  and  ACB=  DEC ;  the  homologous  sides,  or  those 
adjacent  to  the  equal  angles,  will  be  proportional,  that  is, 
BC:  CEiiBAi  CDv.ACiDE. 

Let  the  homologous  sides  BC^  CE,  be  in  the  same  straight 
line,  and  produce  the  sides  BA,  ED,  till  they  meet  in  F. 

Since  BC£  is  a  straight  line,  and  the  angle  BCA=  CED,  it 
follows  that  AC  \%  parallel  to  DE  (67).  Also,  since  the  angle 
ABC=:DCE,  the  line  AB  is  parallel  to  DC:  therefore  the 
figure  A  CDF  is  a  parallelogram. 

In  the  triangle  BFE,  the  line  AC  being  parallel  to  the  base 
FE,  BC :  CE::BA:AF{\9e)',  substituting  in  the  place  of 
AF  its  equal  CD,  we  have 

BC  :  CE  : :  BA  :  CD. 

In  the  same  triangle  BFE,  BF  being  considered  as  the  base, 
since  CD  is  parallel  to  BF,  BCiCEi:  FD:  DE.  Substituting 
for  FD  its  equal  AC,  we  have 

BC:CE::AC:  DE. 

From  these  two  proportions,  which  contain  the  same  ratio 
BC  :  CE,  we  have 

AC:DE::BA:  CD. 

Hence  the  equiangular  triangles  BAC,  CDE,  have  the  homolo- 
gous sides  proportional.  But  two  figures  are  similar,  when  they 
have,  at  the  same  time,  their  angles  equal,  each  to  each,  and  the 
homol(^ous  sides  proportional  (162);  therefore  the  equiangular 
triangles  BAC,  CDE,  are  two  similar  figures. 

303.  Corollary.  In  order  to  be  similar,  it  is  sufficient  that 
two  triangles  have  two  angles  of  the  one  respectively  eqtial  to 
two  angles  of  the  other;  for  then  the  third  angles  will  be  equal 
and  the  two  triangles  will  be  equiangular. 
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304.  Scholium,  It  may  be  remarked,  that  in  similar  triangles 
the  homologous  sides  are  opposite  to  equal  angles;  thus,  the 
angle  ACB  being  equal  to  DEC^  the  side  AB  is  homologous  to 
DC\  likewise  AC^  DE^  are  homologous,  being  opposite  to  the 
equal  angles  ABC^  DCE.  Knowing  the  homologous  sides,  we 
readily  form  the  proportions ; 

AB:DC::AC:DE::BC:  CE. 


L 


(  THEOREM. 

205.  Two  triangles,  which  have  their  homologous  sides  propor- 

iional,  are  equiangular  and  s\milarm 
Demonstration,     Let  us  suppose  that 

BCiEF: :  AB  iDEiiAC:  DF  {fig.  120) ;  Fig.  m. 

the  triangles  ABC,  DEF,  will  have  their  angles  equal,  namely, 

Az^D,B  =  E,  C=zF. 

Make,  at  the  point  £,  the  angle  FEG  =  B,  and  at  the  point  F, 

the  angle  EFG  =  C,  the  third  angle  G  will  be  equal  to  the  third 

angle  A,  and  the  two  triangles  ABC,  EFG,  will  be  equiangular ; 

whence,  by  the  preceding  theorem,  BC  :  EF : :  AB  :  EG  ;  but, 

by  hypothesis,  BC  :  EF::  AB  :  BE ;  consequently  £0  =  DE. 

We  have,^moreover,  by  the  same  theorem,  BC  :  EF ::  AC:  FG ; 

bur, by  hypothesis,  BC :  EF  ::AC:  DF;  consequently  FG=DF; 
hence  the  triangles  EGF,  DEF,  have  the  three  sides  of  the  one 
equal  to  the  three  sides  of  the  other,  each  to  each ;  they  are 

therefore  equal  (43).  But,  by  construction,  the  triangle  EGF 
is  equiangular  with  the  triangle  ABC;  therefore  the  triangles 
DEF,  ABC,  are,  in  like  manner,  equiangular  and  similar. 

206.  Scholium.  It  will  be  perceived,  by  the  two  last  proposi- 
tions, that,  when  the  angles  of  one  triangle  are  respectively  equal 
to  those  of  another,  the  sides  of  yie  former  are  proportional  to 
those  of  the  latter,  and  the  reverse ;  so  that  one  of  these  conditions 
is  sufficient  to  establish  the  similitude  of  triangles.  This  is  not 
true  of  figures  having  more  than  three  sides;  for,  with  respect  to 
those  of  only  four  sides,  or  quadrilaterals,  we  may  alter  the  pro- 
portion of  the  sides  without  changing  the  angles,  or  change  the 
angles  without  altering  the  sides ;  thus,  from  the  angles  being 
equal  it  does  not  follow  that  the  sides  are  proportional,  or  the 
reverse.  We  see,  for  example,  that  by  drawing  EF  {fig.  121)  Pig.  i2i. 
parallel  to  BC,  the  angles  of  the  quadrilateral  AEFD  are  equal 
Geom.  8 
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to  those  of  the  quadrilateral  ABCD  \  but  the  proportion  of  the 
sides  is  different.  Also,  without  changing  the  four  sides  AB^BC, 
CD^  AD^  we  can  bring  the  points  B  and  D  nearer  together,  or 
remove  theqi  further  apart,  which  would  alter  the  angles. 

207.  Scholium.  The  two  preceding  theorems  (203,  205), 
which,  properly  speaking,  make  only  one,  added  to  that  of  the 
square  of  the  hypothenuse  (186),  are  of  all  the  propositions  of 
geometry  the  most  remarkable  for  their  importance,  and  the 
number  of  results  that  are  derived  from  them;  they  are  almost 
sufficient  of  themselves,  for  all  applications  and  for  the  resolution 
of  all  problems ;  the  reason  is,  that  all  figures  may  be  resolved 
into  triangles,  and  any  triangle  whatever  into  two  right-angled 
triangles.  Thus  the  general  properties  of  triangles  involve  those 
of  all  figures. 

THEOREM. 

208.  Two  trianglesj  vohich  have  an  angle  of  the  one  equal  to  an 
angle  of  the  other  and  the  sides  about  these  angles  proportional,  are 
similar. 

Demonstration.     Let  the  angle  A  =^  D  (fig.  122),  and  let 
^"^'^^ABiDEiiAC:  DF,  the  triangle  ABC  is  similar  to  the  triangle 
DEF. 

Take  AG  =  DJS,  and  draw  GH  parallel  to  BC,  the  angle 
AGH  =  ABC  (67);  and  the  triangle  AGH  will  be  equiangular 
with  the  triangle  ABC; 
whence  ABiAG  ::AC :  AH; 

but,  by  hypothesis,  AB  :  BE  iiAC:  DF, 
and,  by  construction,  AG  =  LfE ;  therefore  AH  =  DF.  The  two 
triangles  AGH^  DEF^  have  the  two  sides  and  the  included  angle 
of  the  one  respectively  equal  to  two  sides  and  the  included  angle 
of  the  other;  they  are  consequently  equal.  But  the  triangle 
AGH  is  similar  to  ABC;  therefore  DEF  is  also  similar  to 
ABC. 

"^  THEOREM. 

209.  Tico  triangles^  which  have  the  sides  of  the  otie  parallel^  or 
which  have  them  perpendicular^  to  those  of  the  other^  each  to  each,  art 
similar. 

Ft  128.      Demonstration.  1.  If  the  side  AB  {fig.  123)  is  parallel  to  DE, 
and  BC  to  JBF,  the  angle  ABC  will  be  equal  to  DEF  (70) ;  if 
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moreover,  AC  is  parallel  to  DF,  the  angle  ACS  will  be  equal  to 
DFE,  and  also  BAC  to  EDF;  therefore  the  triangles  ABC, 
DEF,  are  equiangular  and  consequently  similar. 

3.  Let  the  side  D£  {fig.  124)  be  perpendicular  to  AB,  and  the  ^g.  124. 
side  DF  to  AC.  In  the  quadrilateral  AIDH  the  two  angles  /,  if, 
will  be  right  angles,  and  the  four  angles  will  be  together  equal  to 
four  right  angles  (80) ;  therefore  the  two  remaining  angles  lAH, 
IDHj  are  together  equal  to  two  right  angles.  But  the  two  angles 
EDF,  IDH,  are  together  equal  to  two  right  angles,  consequently 
the  angle  EDF  is  equal  to  lAH  or  BAC.  In  like  manner,  if  the 
third  side  JBJP  is  perpendicular  to  the  third  side  jBC,  it  may  be 
shown  that  the  angle  DFJE=  C,  and  Z)£F=fi;  therefore  the 
two  triangles  ABC,  DEF,  which  have  the  sides  of  the  one  per- 
pendicular to  those  of  the  other,  each  to  each,  are  equiangular 
and  similar. 

310.  Scholium.  In  the  first  of  the  above  cases  the  homologous 
sides  are  the  parallel  sides,  and  in  the  second  the  homologous 
sides  are  those  which  are  perpendicular  to  each  other.  Thus, 
in  the  second  case,  DE  is  homologous  to  AB,  DF  to  AC,  and  EF 
to  BC. 

The  case  of  the  perpendicular  sides  admits  of  the  two  trian. 
gles  being  differently  situated  from  those  represented  in  figure 
134;  but  the  equality  of  the  respective  angles  may  always  be 
proved,  either  by  means  of  quadrilaterals,  such  as  AIDH,  which 
have  two  right  angles,  or  by  comparing  two  triangles  which, 
beside  the  vertical  angles,  have  each  a  right  angle ;  or  we  can 
always  suppose,  within  the  triangle  ABC,  a  triangle  DEF,  the 
sides  of  which  shall  be  parallel  to  those  of  the  triangle  to  be  c 
compared  with  ABC,  and  then  the  demonstration  will  be  the 
same  as  that  given  for  the  case  of  figure  134. 

THEORSM* 

311.  Lanes  AF,  AG,  &c.  (fig.  1^35),  dramn  at  pkasiirt  through  ^^^  ^^s, 
the  vertex  of  a  triangle,  divide  proportionally  the  base  BC  and  its' 
parallel  DE,  so  that 

DI  :  BF  : :  IK  :  FG  : :  KL  :  GH,  *c. 
Demonstration.     Since  DI  is  parallel  to  BF,  the  triangles 
ADI,  ABF,  are  equiangular,  and  DI:  BF::AI :  AF-,  also,  IK 
being  parallel  to  FG,  AI :  AF  ::  IK  :  FG}  hencci,  on  account  of 
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the  common  ratio,  Jll :  AF,  DliBFii  IK :  FG.  It  may  be 
shown,  in  like  manner,  that  if' :  FG  : :  KL  :  GH,  &c, ;  therefore 
the  line  DE  is  divided  at  the  points  /,  £*,  L,  as  the  base  BC  is  at 
the  points  F^  G,  /f. 

212.  Corollary.  If  BC  should  be  divided  into  equal  parts  at 
the  points  F^  G,  i/,  the  parallel  DE  would  be  divided  likewise 
into  equal  parts  at  the  points  /,  AT,  L. 

THEOREM. 

Fig.  126.      213^  If  from  the  right  angle  A  (fig.  126)  of  a  right-singled  tri- 
angle the  perpendicular  AD  be  let  fall  upon  the  hypolhenuse  ; 

1 .  The  two  partial  triangles  A  BD,  ADC,  will  be  similar  to  each 
other  and  to  the  whole  triangle  ABvJ ; 

2.  Each  side  AB  or  AC  will  be  a  mean  proportional  between  the 
hypothenuse  BC  and  the  adjacent  segment  BD  or  DC ; 

3.  The  perpendicular  AD  will  be  a  mtan  proportional  between  the 
two  segments  BD,  DC. 

Demonstration.  1.  The  triangles  BADy  BAG,  have  the  angle 
B  common;  moreover  the  right  angle  BDA  ^  BAG ;  conse- 
quently the  third  angle  BAD  of  the  one  is  equal  to  the  third 
angle  C  of  the  other,  and  the  two  triangles  are  equiangular  and 
similar.  It  may  be  demonstrated,  in  the  same  manner,  that  the 
triangle  DAG  is  similar  to  the  triangle  BAG\  therefore  the 
three  triangles  are  equiangular  and  similar* 

2.  Since  the  triangle  BAD  is  similar  to  the  triangle  BAC^ 
their  hoinologous  sides  are  proportional.  Now  the  side  BD  in 
the  smaller  triangle  is  homologous  to  the  side  BA  in  the  larger, 
because  they  are  opposite  to  the  equal  angles,  BAD^  BGA ;  the 
hypothenuse  BA  of  the  smaller  is  homologous  to  the  hypothe- 
nuse BG  of  the  larger; 

hence  BDiBAiiBA  :  BC 

In  the  same  manner  it  may  be  shown  that 
DC:AGi:AC:BG; 
therefore  each  of  the  sides  AB^  AG /is  a  mean  proportional  be- 
tween the  hypothenuse  and  the  segment  adjacent  to  this  side. 

3.  By  comparing  the  homologous  sides  of  the  similar  triangles 
ABD,  ADG,  we  have 

BD:AD::AD:  DC; 
therefore  the  pcrf)endicular  AD  is  a  mean  proportional  between 
the  segments  J?Z),  jDC,  of  the  hypothenuse. 
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214.  SchoHarn.  The  proportion  BD  :AB::  AB  :  J5C,  by 
putting  the  product  of  the  extremes  equal  to  that  of  the  means, 
gives 

j(  AB^BDxBC. 

We  have,  in  li^e  manner, 

Tc^DCxBC, 

hence  Ah  +  AC  =  BD  X  BC  + DC  X  BC ; 

the  second  member,  otherwise  expressed,  is  (jBD  +  DCt)  x  BC^ 

orJBC; 


-»• 


consequently  jIB  +  AC  =  BC  ; 

therefore  the  square  of  the  hypothenuse  BC  is  equal  to  the  sum 
of  the  squares  of  the  two  other  sides  AB^  AC*  We  thus  fair 
again  upon  the  proposition  of  the^square  of  the  hypothenuse  by 
a  process  very  different  from  that  before  pursued ;  from  which 
it  appears,  that,  properly  speaking,  the  proposition  of  the  square 
of  the  hypothenuse  is  a  consequence  of  the  proportionality  of  the 
sides  of  equiangular  triangles.  Thus  the  fundamental  proposi- 
tions of  geometry  reduce  themselves,  as  it  were,  to  this  single 
one,  that  equiangular  triangles  have  their  homologous  sides  pro- 
portional. 

It  often  happens,  as  in  the  present  instance,  that  by  pursuing 
the  consequences  of  one  or  several  propositions,  we  return  to  the 
propositions  tbefore  demonstrated.  Generally  speaking,  that 
which  particularly  characterizes  the  theorems  of  geometry,  and 
which  is  an  irresistible  proof  of  their  certainty,  is,  that  by  com- 
bining them  together  in  any  manner  whatever,  provided  the 
reasoning  be  just,  we  always  fall  upon  accurate  results.  This 
would  not  be  the  case,  if  any  proposition  were  false,  or  only  true 
to  a  certain  degree ;  it  would  often  happen,  that,  by  combining 
the  propositions  together,  the  error  would  augment  and  become 
sensible.  We  have  examples  of  this  in  all  those  demonstrations, 
in  which  we  make  use  of  the  reductio  ad  ahsttrdum.  These  de- 
monstrations, in  which  the  object  is  to  prove  that  two  quantities 
are  equal,  consist  in  making  it  evident,  that  if  there  were  between 
them  the  least  inequality,  we  should  be  led  by  a  course  of  rea- 
soning to  a  manifest  and  palpable  absurdity;  whence  wo  are 
obliged  to  conclude  that  the  two  quantities  are  equal. 
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Fig.  m.  215.  Corollary.  If  from  the  point  A  (Jiff.  127)  of  the  circiini- 
ference  of  a  circle  two  chords  AB,  AC,  be  dra^m  to  the  extreme 
ities  of  the  diameter  BC,  the  triangle  ABC  will  be  right-angled 
at  .4  (128) ;  whence,  1.  the  perpendicular  AD  is  a  mean  propov' 
tional  between  the  segments  BD,  DC,  of  the  diameter,  or,  which 
amounts  to  the  same  thing, 

AD^BBxbC. 

2.  The  chord  AB  is  a  mean  proportional  between  the  dicmeter 
BC  and  the  adjacent  segment  BD ; 

or,  AB=iBBxBC. 

Also  AC=^BCxBC',  therefore  AB:AC::BB:  DC.     If  wc 

compare  AB  with  BC,  we  shall  have 

AB:BC::BD:BC', 

we  have,  in  like  manner, 

AC:BC::DC:BC. 

These  ratios  of  the  squares  of  the  sides  to  each  other  and  to  the 
square  of  the  hjpothenuse  have  already  been  given  in  articles 
189,  190. 


(^ 
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216.  Two  triangles,  which  have  an  ar^le  in  the  one  equal  to  an 
angle  in  the  other,  are  to  each  other  as  the  rectangUk  of  the  sides 

Fig.  128.  which  contain  the  equal  angles;  thus,  the  triangle  ABC  (fig.  128) 
t;  to  the  triangle  ADE,  as  the  reciat^le  AB  x  AC  is  to  the  rectangle 
AD  X  AE. 

Demonstration.  Draw  BE-,  the  two  triangles  ABE,  ABE, 
whose  common  vertex  is  E,  have  the  same  altitude,  and  are  to 
each  other  as  their  bases  AB,  AD  (177) ;  hence 

ABE  :  ABE  ::  AB:  AB. 
In  like  manner, 

ABC:  ABE::  AC:  AE', 

multiplying  the  two  proportions  in  order  and  omitting  the  com* 
mon  term  ABE,  we  have, 

ABC :  ABE  ::  ABx  AC  :  ADx  AE. 

217.  Corollary.  The  two  triangles  would  be  equivalent,  if  the 
rectangle  AB  x  AC  were  equal  to  the  rectangle  AD  X  AE,  or  if 
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JB  I  AD  : :  AE :  ACj  whigh  is  the  case  whe^  the  line  DC  is 
parallel  to  BE. 

THEOREM. 

218.  Two  similar  triangles  are  to  each  other  as  the  squares  of 
their  homologous  sides. 

Demonstration.    Let  the  angle  A=:D  {fig.  122),  and  the  an-  Fig.  l& 
gle  J?  =  £,  then,  by  the  preceding  proposition, 

ABC:  DEF :.ABxACiDExDF\ 
and,  because  the  triangles  are  similar, 

AB  iDEiiAC:  DF. 
This  proportion  being  multiplied  in  order  by  the  identical  pro- 
portion. 

AC.DFiiACiDF, 
we  shall  have 

AB  X  AC .  DEx  DF  i:  AC  .  DF. 

Hence 

ABC.  DEF  I.  AC  I  DF. 
Therefore  two  similar  triangles  ABC^  DEF,  are  to  each  other 
as  the  squares  of  the  homologous  sides  AC,  DF,  or  as  the 
squares  of  any  other  two  homologous  sides* 

THEOREM. 

219.  Two  similar  polygons  are  composed  of  the  same  number  of 
triar^les,  which  are  similar  to  each  other  and  similarly  disposed. 

Demonstration.   In  the  polygon  ABCDE  {fig.  129)  draw  from  Fig.  i»: 
an  angle  A  the  diagonals  AC,  AD,  to  the  other  angles.     In  the 
other  polygon  FGHIK  draw,  in  like  manner,  from  the  angle  F, 
homologous  to  A,  the  diagonals  FH,  FI,  to  the  other  angles. 

Since  the  polygons  are  similar,  the  angle  ABC  is  equal  to  the 
homologous  angle  FGH  (162),  moreover  the  sides  AB,  BC,  are 
proportional  to  the  sides  FG,  GH,  so  that 

AB:FG::BC:GH. 
It  follows  from  this,  that  the  triangles  ABC,  FGH,  having  an 
angle  of  the  one  equal  to  an  angle  of  the  other  and  the  sides 
about  the  equal  angles  proportional,  are  similar  (208),  conse- 
quently the  angle  BCA  =  GHF.  These  equal  angles  being 
subtracted  from  the  equal  angles  PCD,  GHI,  the  remaining 
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angles  ACD,  FHI^  will  be  equal.  Now,  since  the  triangles  ABC, 
FGH,  are  similar, 

ACiFHiiBCi  GH', 
besides,  on  account  of  the  polygons  being  similar  (162), 

BC:  OH::  CD:  HI', 
consequently  AC  :FH::CD:  HI; 

but  we  have  seen  that  the  angle  ACD  =  FHI;  consequently  the 
triangles  ACD,  FHI,  have  an  angle  of  the  one  equal  to  an  angle 
of  the  other  and  the  sides  about  the  equal  angles  proportional  ; 
they  are  therefore  similar  (208).  We  might  proceed  in  the 
same  manner  to  demonstrate,  that  the  remaining  triangles  are 
similar,  whatever  be  the  number  of  the  sides  of  the  proposed 
polygons ;  therefore  two  similar  polygons  are  composed  of  the 
same  number  of  triangles,  which  are  similar  to  each  other  and 
similarly  disposed. 

220.  Scholium,  The  converse  of  this  proposition  is  equally 
true  ;  if  two  polygons  are  composed  of  the  same  number  of  triai^ks^ 
which  are  similar  to  each  other  and  similarly  disposed,  these  two 
polygons  will  be  similar. 

For,  the  triangles  being  similar,  the  angles  ABC  =  PGH, 
BCA  =  GHF,  ACD  =  FHI;  consequently  BCD  =  GHI,  also 
CDE  =  HIK,  &c.     Moreover, 

ABiFGiiBC:  GHiiACiFH::  CD:HI,&lc.; 
consequently  the  two  polygons  have  their  angles  respectively 
equal  and  their  sides  proportional ;  therefore  they  are  similar. 

THEOREM. 

221.  The  perimeters  of  similar  polygons  are  as  iluir  homologous 
sides,  and  their  surfaces  are  as  the  squares  of  these  sides. 

Demonstration.    1.  By  the  nature  of  similar  figures  we  have 
F.g.  129.  AB:FG::BC:GH::CD:  HI,  &c.  {Jig.  129), 

and  from  this  series  of  equal  ratios  we  may  infer,  that  the  sum 
of  the  antecedents  AB  +  BC  +  CD,  &c.,  the  perimeter  of  the 
first  figure  is  to  the  sum  of  the  consequents  FG  +  GH+HI,  &c., 
the  perimeter  of  the  second  figure,  as  one  antecedent,  is  to  its 
consequent  (iv),  or  as  the  side  AB  is  to  its  homologous  side 
FG. 

2.  The  triangles  ABC,  FGH,  being  similar 

ABC:FGH::AC:FH    (218); 
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tn  like  manner,  ACD,  FHI^  being  similar, 

ACDiFHIhACiFhI 

hence,  on  account  of  the  common  ratio  AC :  FH^ 
ABC :  FGHi:  ACD  :  FHI. 

By  a  similar  process  of  reasoning  it  may  be  shown  that 
ACDiFHIiiADEiFIK', 
and  so  on,  if  there  should  be  a  greater  nuipber  of  triangles. 
Hence,  from  this  series  of  equal  ratios,  the  sum  of  the  antece- 
dents ABC  +  ACD  +  ADE,  or  the  polygon  ABCDE,  is  to  the 
sam  of  consequents  FGH  +  FHI  +  FIK,  or  the  polygon  FGHIK, 

fts  one  antecedent  ABC  is  to  its  consequent  FGH,  or  as  AB  is  to 

FG  (21 9).    Therefore  the  surfaces  of  similar  polygons  are  to 
each  other,  as  the  squares  of  their  homologous  sides. 

222*  Corollary^  If  three  similar  figures  be  constructed  whose 
homologous  sides  are  equal  to  the  three  sides  of  a  right-angled 
triangle,  the  figure  described  upon  the  greatest  side  will  be  equal 
to  the  sum  of  the  two  others ;  for  the  three  figures  will  be  pro- 
portional to  the  squares  of  their  homologous  sides ;  now  the 
square  of  the  hypothenuse  is  equal  to  the  sum  of  the  squares  of 
the  two  other  sides ;  therefore.  Sic. 

THEOREM. 

223.  TTu  parts  of  two  chords  tohich  cui  uich  other  in  a  circle  are 
reciprocally  proportional ;  that  is,  AO  :  DO  : :  CO  :  OB  (fig.  130).  Fig.  iso. 

Demonstration.  Join  .AC  and  BD. '  In  the  triangles  ACO, 
BOD,  the  angles  at  O  are  equal,  being  vertical  angles,  and  the 
angle  A  is  equal  to  th^  angle  D,  because  they  are  inscribed  in 
the  same  segment  (127) ;  for  the  same  reason  the  angle  C.=zB\ 
therefore  these  triangles  are  similar,  and  the  homologous  sides 
give  the  proportion 

AO  :DOi:  CO:  OB, 

224.  Corollary.  Hence  AOxOB^DOxCO\  therefore  the 
xectangle  of  the  two  parts  of  one  of  the  chords  is  equal  to  the 
rectangle  of  the  two  parts  of  the  other. 

THEOREM* 

325.  If  from  a  point  O  (fig.  131),  taken  xoithout  a  circle,  secants  ^^  131, 
OB,  OC,  be  drawn  terminating  in  the  concave  arc  BC,  the  entire 
Geomw  9 
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secants  will  be  reciprocally  proportional  to  the  parts  without  the  cir- 
cle; that  ir,  OB  :  OC  : :  OD  :  OA. 

Demonstration.  Join  AC  and  BD.  The  triangles  OAC^  OBD^ 
have  the  angle  O  common;  moreover  the  angle  B^C  (126); 
therefore  the  triangles  are  similar;  and  the  homologous  sides 
give  the  proposition 

OB  I  OC  II  OD  I  OA. 

226.  Corollary.    The  rectangle  OAxOB-OCx  OD. 

227.  Scholium.  It  may  be  remarked,  that  this  proposition  has 
great  analogy  with  the  preceding ;  the  only  difference  is,  that 
the  two  chords  AB^  CD,  instead  of  intersecting  each  other  in 
the  circle,  meet  without  it.  The  following  proposition  may  also 
be  regarded  as  a  particular  case  of  this. 

THEOREM. 

Fig.  132.  228.  if  from  the  same  point  O  (fig.  132),  taken  wiOwut  the  circle^ 
a  tangent  OA  he  drawn  and  a  secant  OC,  the  tangent  wUl  he  a 
mean  proportional  hctween  the  secant  and  the  part  without  the  circle  / 

that  w,  OC  t  OA  : :  OA  :  OD,  or,  OA  =  OC  x  OD. 

Demonstrationn^  By  joining  AD  and  AC,  the  triangles  OADj 
OAC,  have  the  angle  O  common;  moreover,  the  angle  OAD 
formed  by  a  tangent  and  a  chord  (131)  has  for  its  measure  the 
half  of  the  arc  AD,  and  the  angle  C  has  the  same  measure ;  con- 
sequently the  angle  OAD^  C;  therefore  the  two  triangles  are 

similar,  and  OCiOAizOA:  OD,  which  gives  OA  =  OCx  OD. 

THEOREM. 

Tig.  1S3.  229.  fn  any  triangle  ABC  (fig.  133),  if  the  angle  A  he  bisected 
5y  the  line  AD,  the  rectangle  of  tht  sides  AB,  AC,  vnll  be  equal  to 
the  rectangle  of  the  segments  6D,  DC,  plus  the  square  of  the  bisect- 
ing line  AD. 

Demonstration.  Describe  a  circle  the  circumference  of  which 
shall  pass  through  the  points  A,  B,  O;  produce  AD  till  it  meet 
the  circumference,  and  join  CE. 

The  triangle  BAD  is  similar  to  the  triangle  EAC-,  for,  by 
hypothesis,  the  angle  BAD  =  EAC;  moreover  the  angle  B^E^ 
^ince  they  have  each  for  their  measure  the  half  of  the  arc  AC^ 
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consequently  the  triangles  are  similar;  and  the  homologous  sides 
give  the  proportion 

BA:AEi:AD:AC\ 
whence  BAxAC=:AE  xADj  huiAE=i  AD  +  DE,  and,  by 

multiplying  each  by  AD,  we  have  AE  x  AD  =  AD  +  AD  x  DE  j 
besides,  ADxDE=iBDx  DC  (224) ;  therefore 

BAxAC^AD  +  BDxDC, 

TREOREII. 

230.  Jn  every  triangle  ABC  (fig.  134)  the  rectangle  of  two  of  Fig- 134. 
the  sides  AB,  AC,  is  equal  to  the  rectangle  contained  by  the  diame- 
ter CE  of  the  circumscribed  circle  and  the  perpendicular  AD,  let 

fall  upon  the  third  side  BC. 

Demonstration.    Join  wiE,  and  the  triangles  ABD^  AEC,  arc 
right-angled,  the  one  at  D  and  the  other  at  A ;  moreover  the 
angle  B  =  E\  consequently  the  triangles  are  similar ;  and  they 
give  the  proportion,  AB:  CE::  AD  :AC;  whence 
ABxAC^CExAD. 

231.  Corollary m  If  these  equal  quantities  be  multiplied  by 
BC,  we  shall  have  AB  xAC  xBC^CExADx  BC.  Now 
AD  X  BC  is  double  the  surface  of  the  triangle  (176) ;  therefore 
the  product  of  the  three  sides  of  a  triangle  is  equal  to  the  surface 
multiplied  by  double  the  diameter  of  the  circumscribed  circle* 

The  product  of  three  lines  is  somedmes  called  a  solid,  for  a 
reason  that  will  be  given  hereafter.  The  value  of  this  product 
is  easily  conceived  by  supposing  the  three  lines  reduced  to  num- 
bers and  these  numbers  mtdtiplied  together. 

232.  Scholium.  It  may  be  demonstrated  also^  that  the  suwface 
of  a  triangle  is  equal  to  its  perimeter  multiplied  by  half  of  ih^  radius 
of  the  inscribed  circle. 

For  the  triangles  AOB,  BOC,AOC  (fig.  87),  which  have  their  rig  87. 
common  vertex  in  O,  have  for  their  common  ^Ititude  the  radius 
of  the  inscribed  circle;  consequently  the  sum  of  these  triangles 
will  be  equal  to  the  sum  of  the  bases  AB,  BC,  AC,  multiplied 
by  half  of  the  radius  OD ;  therefore  the  surface  of  the  triangla 
ABC  is  equal  to  the  product  of  its  perimeter  by  half  of  the  radius 
of  the  inscribed  circle. 
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^ig.  135.  233.  In  every  inscribed  quadrilateral  figure  ABCD  (fig*  135), 
ihe  rectangle  of  (he  hoo  diagonals  AC,  BD,  is  equal  to  the  sum  of 
the  rectangles  of  the  opposite  sides  ;  that  is, 

ACxBD  =  ABxCD  +  ADxBC. 
Demonstration.    Take  the  arc  00=- AD,  and  draw  BO  meet- 
ing the  diagonal  AC  m  L 

The  angle  ABD  =  CBI,  since  one  has  for  its  measure  half  of 
the  arc  AD,  and  the  other  half  of  CO  equal  to  AD.  The  angle 
ADB  =  BCl,  because  they  are  inscribed  in  the  same  segment 
AOB ;  consequently  the  triangle  ABD  is  similar  to  the  triangle 
IBC,  and  AD  :  C/ : :  BDzBC;  whence 

ADxBC^^CIxBD. 
Again,  the  triangle  ABI  is  similar  to  the  triangle  BDC\  for 
the  arc  AD  being  equal  to  CO,  if  we  add  to  each  of  these  OI> 
we  shall  have  the  arc  AO^  DC;  consequently  the  angle  ABI  is 
equal  to  DBC\  moreover  the  angle  BAJ-=iBDCs  because  thejr 
are  inscribed  in  the  same  segment ;  therefore  the  triangles  ABI^ 
BDC,  are  similar,  and  the  homologous  sides  give  the  proportion 
AB  :  BD  : :  AI :  CD  \^  whence,     • 

ABxCD^AIxBD. 
Adding  the  two  results  above  found,  and  obsen'ing  that 
AIxBD  +  CIxBD^{Al+CI)xBD  =  ACxBD, 
we  have  . 

AD X  BC+AB X  CD^ACxBD. 

334.  Scholiunu  We  may  demonstrate,  in  a  similar  manner, 
another  theorem  with  respect  to  an  inscribed  quadrilateral  figure. 
The  triangle  ABD  being  similar  to  BIC,  BDiBCiiABi  BI, 
whence 

BIxBD^BCxAB. 

If  we  join  CO,  the  triangle  ICO,  simrlar  ABI,  is  similar  to  BDCy 
and  gives  the  proportion  BD  :  CO : :  DC :  Of,  whence  we  have 
0IxBD=iCOx DC, or  CO  being  equal  to  AD, 

OIxBD^ADxDC. 
Adding  these  two  results,  and  observing  that  BI X  BD +01 X  BIf 
reduces  itself  to  BO  x  BD,  we  obtain 

BO  X  BD  =  AB  X  BC+ADx  DC. 
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If  we  had  taken  BP  =  AD^  and  had  drawn  CKP^  we  should 
have  found  by  similar  reasoning 

CPxCA=ABxAD  +  BCxCD. 

But  the  arc  BP  being  equal  to  CO,  if  we  add  to  each  5C,  we 
shall  have  the  arc  CBP  =  BCQ ;  consequently  the  chord  CP  is 
equal  to  the  chord  BO^  and  the  rectangles  BO  x  BD  and 
CP  X  CA^  are  to  each  other  as  BD  is  to  C^ ;  therefore 

BD:CA::AB  kBC+AD  x  DC  :  AB  X  AD  +  BCx  CD-, 
that  is,  tht  tuo  diagonals  of  an  inscribed  quadrilateral  figure  are  to 
each  other  as  the  sums  of  the  rectangles  of  the  sides  adjacent  to  their 
extremities. 

By  means  of  these  two  theorems  the  diagonals  may  be  found? 
when  the  sides  are  known. 

THEOREM. 

235.  Let  P  (fig.  136)  be  a  given  point  within  a  circle  in  4Ae  Fig.  136. 
radius  AC,  and  let  there  be  taken  a  point  Q  zvitliout  the  circle  in  the 
same  radius  produced  such  that  CP  :  CA  : :  CA  :  CQ ;  if  from 
any  point  M  of  the  circumference^  straight  lines  MP,  MQ,  be  drawn 
io  the  points  P  and  Q,  these  straight  lines  will  always  be  in  the  same 
ratio^  and  we  shall  have  MP  :  MQ  : :  AP  :  AQ. 

Demonstration^  By  hyjx>thesis  CP  :  CA  ::  CA  :  CQi  putting 
CM  in  the  place  of  CA  we  shall  have  CP  :  CM : :  CM :  CQ  5 
consequently  the  triangles  CPMy  CQM^  having  an  angle  of  the 
one  equal  to  an  angle  of  the  other  and  the  sides  about  the  equal 
angles  proportional,  are  similar  (208) ;  therefore 

MP  :  MQ::  CP.  CM  or  CA. 
But  the  proportion 

CP:CA  ::CA:CQ 
gives,  by  dknsion, 

CP  :  CA  : :  CA—CP:CQ^ CA, 
or  CP:  CA::AP  :  AQ, 

therefore  MP  :  MQ: :  AP  :  AQ. 
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Problems  relating  to  the  Third  Section* 

PROBLEM. 

236.  To  divide  a  given  straight  line  into  any  number  of  eqwd 
partSj  or  into  parts  proportional  to  any  given  lines. 

J^'g- 137.  Solution.  1.  Let  it  be  proposed  to  divide  the  line  AB  {Jig.  137) 
into  five  equal  parts ;  through  the  extremity  A  draw  the  inde- 
finite straight  line  AG,  and  take  AC  of  any  magnitude  whatever, 
and  apply  it  five  times  upon  AG;  through  the  last  point  of  the 
division  6  draw  GB^  and  through  C  draw  CI  parallel  to  GB-^ 
Al  will  be  a  fifth  part  of  the  line  AB^  and,  by  applying  AI  five 
times  upon  AB^  the  line  AB  will  be  divided  into  five  equal  parts. 
For,  since  CI  is  parallel  to  CrB,  the  sides  AG^  ABy  are  cut 
proportionally  in  C  and  /  (196).  But  .^C  is  a  fifth  part  of  AGy 
therefore  AlisdL  fifth  part  of  AB. 

Rg.  138.  2.  Let  it  be  proposed  to  divide  the  line  AB  (Jig.  138)  into 
parts  proportional  to  the  given  lines  P,  Q,  R.  Through  the 
extremity  A  draw  the  indefinite  straight  line  AGy  and  take 
AC:=P,  CD  =  Q,  D£  =  /J;  join  £B,  and  through  the  points 
C,  A  draw  CI,  DK,  parallel  to  EB ;  the  line  AB  will  be  divided 
at  I  and  K  into  parts  proportional  to  the  given  lines  P,  ^,  R. 

For,  on  account  of  the  parallels  C/,  DK,  EB,  the  parts  AI, 
IK,  KB,  are  proportional  to  the  parts  AC,  CD,  DE  (196) ;  and, 
by  construction,  these  are  equal  to  the  given  lines  P,  Q,  R. 

PROBLEir. 

237.  To  Jind  a  fourth  proportional  to  three  given  lines  A,  B,  C 
1-^139.  (fig.  139). 

Solution.  Draw  the  two  indefinite  lines  DE,  DF,  making 
any  angle  with  each  other.  On  DE  take  DA  =  A,  DB=B\ 
and  upon  DF  take  i)C=  C;  join  AC,  and  through  the  point  B 
draw  BX  parallel  to  AC-,  DX  will  be  the  fourth  proportional 
required. 

For,  since  BX  is  parallel  to  AC,  DA  :  DB  ::  DC  :  DX;  but 
the  three  first  terms  of  this  proportion  are  equal  to  the  three 
given  lines,  therefore  DX  is  the  fourth  proportional  required. 

238.  Corollaiy.  We  might  find  in  the  same  manner  a  third 
proportional  to  two  given  lines  A,  B ;  for  it  would  be  the  same 
as  the  fourth  proportional  to  the  three  lines  A,  B,  B. 
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PROBLEM. 


239.  To  find  a  mean  proportional  between  two  given  lines  A  and 
B  (fig.  140).  Fig.  140. 

Solution.  On  the  indefinite  line  DF  take  DE  =  A,  and 
EF  =  JB ;  on  the  whole  line  DF^  as  a  diameter,  describe  the 
semicircumference  DGF-^  at  the  point  E  erect  upon  the  diame- 
ter the  perpendicular  EG  meeting  the  circumference  in  G ;  EG 
will  be  the  mean  proportional  sought. 

For  the  perpendicular  GjE,  let  fall  from  the  point  in  the  cir- 
cumference upon  the  diameter,  is  a  mean  proportional  between 
the  two  segments  of  the  diameter  DE^  EF  (215),  and  these  two 
segments  are  equal  to  the,|wo  given  lines  A  and  B. 


%^^  pbShb: 


PROBLfitf. 

240.  To  droide  a  given  line  AB  (fig.  141)  into  two  parts  in  such  Fig.  141 
a  manner,  that  the  greater  shall  be  a  mean  proportidnal  between  the 
whole  line  and  the  other  part* 

Solution.  At  the  extremity  B  of  the  line  AB  erect  the  perpen- 
dicular BC  equal  to  half  of  AB ;  from  the  point  C  as  a  centre, 
and  with  the  radius  CB,  describe  a  circle ;  draw  AC  cutting  the 
circumference  in  />,  and  take  AF^AD\  the  line  AB  will  be 
divided  at  the  point  JP  in  the  manner  required ;  that  is, 
^ABiAFiiAF.FB. 

For  AB^  being  a  perpendicular  to  the  radius  CB  at  its  ex-* 
tremity  CB,  is  a  tangent;  and,  if  AC  be  produced  till  it  meet 
the  circumference  in  E,  we  shall  have 

AE:AB::AB:AD   (228), 
and  hence    AE  —  AB:AB::AB  —  AD:AD    (iv); 
But,  since  the  radius  BC  is  half  of  AB^  the  diameter  DE  is  equal 
to  ABy  and  consequently  AE — AB^AD=uAF\  also,  since 
AF  =  AD,  AB  —  AD^FB',  therefore, 

AFiABi:  FBiAD  or  AF, 
and  by  imersion        AB  lAFiiAF:  FB. 

241.  Scholiumm  When  a  line  is  divided  in  this  manner,  it  is 
said  to  be  divided  in  extreme  and  mean  ratio.  Its  application 
will  be  seen  hereafter. 

It  may  be  remarked,  that  the  secant  AE  is  divided  in  extreme 
and  mean  ratio  at  the  point  D ;  for  since  AB  =  DE, 
AEiDEi :  DE  :  AD. 
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PBOBLEM. 

Fig.  141  242.  TTirough  a  given  point  A  (fig.  142)  w  «  given  angU  BCD, 
to  draw  a  line  BD  in  such  a  manner  that  the  parts  AB,  AD,  com- 
preherkded  between  the  point  A  avid  the  two  sides  of  the  angle  shall  be 
equaL 

Solution.  Through  the  point  A  draw  AE  parallel  to  CD^  take 
BE  =  C£,  and  through  the  points  B  and  A  draw  BAD^  which 
will  be  the  line  required. 

For  AE  being  parallel  to  CD,  BE  :  EC  : :  BA  :  AD,  but 
BE  =  EC ;  therefore  BA  =  AD. 

PROBLEM* 

243*  To  mafce  a  square  equivalent  to  a  given  parallelogram^  or  to 
a  given  triangle. 
Fig.  14X  Solution.  1.  Let  ABCD  {fig.  143)  be  the  given  parallelogram, 
AB  its  base,  and  DE  its  altitude ;  between  AB  and  DE  find  a 
mean  proportional  XY  (239);  the  square  described  upon  XY 
will  be  equivalent  to  the  parallelogram  ABCD. 

For,  by  construction,  AB  :  XF : :  XY  :  DJE;  hence 

XY^ABxDE', 

but  j}£  X  DE  is  the  measure  of  the  parallelogram,  and  XY  i$ 
that  of  the  square,  therefore  they  are  equivalent, 
^ig.  144  2.  Let  ABC  {fig.  144)  be  the  given  triangle,  BC  its  base,  and 
AD  its  altitude ;  find  a  mean  proportional  between  BC  and  half 
of  AD^  and  let  XY  hQ  this  mean  proportional ;  the  square  des- 
cribed upon  XY  will  be  equivalent  to  the  triangle  ABC. 

For,  sinccBC:  Xy ::  Jrr :  \AD,  fy=  JBCx  MI>5  there- 
fore the  square  described  upon  XY\%  equivalent  to  the  triangle 
ABC. 

PR0BLKM« 

Fig.  145.  244.  Upon  a  given  line  AD  (fig.  145)  <o  construct  a  rectangle 
ADEX  equivalent  to  a  given  rectangle  ABFC. 

Solution.  Find  a  fourth  proportional  to  the  three  lines  ADj 
AB,  AC  (137),  and  let  AX  be  this  fourth  proportional ;  the  rect- 
angle contained  by  AD  and  AX  will  be  equivalent  to  the  rect- 
angle ABFC. 

For,  since  AD:AB::AC:  AX,  ADxAX=zABx  AC;  there- 
fore  the  rectangle  ADEX  is  equivalent  to  the  rectangle  ./ifiH?. 
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PROBLEM* 


245.  To  find  in  lines  the  ratio  of  the  rectangle  of  two  given  lines 

A  and  B  (fig.  146)  to  the  rectangle  of  two  given  lines  C  and  D.        Fig.  w^. 
Solution.    Let  A'  be  a  fourth  proportional  to  the  three  given 

lines  By  C^  D\  the  ratio  of  the  two  lines  A  and  X  will  be  equal 

to  that  of  the  two  rectangles  AxB^CxB. 

For,  since  B  i  C  ::  D  :  X,  C  x  Dz=zB  x  X;  therefore 
Ax  B  :  C  X  D  ::  A  X  B  :  B  X  X  :i  A  :  X. 

246.  Corollary.  In  order  to  obtain  the  ratio  of  the  squares 
described  upon  two  lines  A  and  C,  find  a  third  proportional  X 
to  the  lines  A  and  C,  so  that  we  may  have  the  proportion 

A'.CiiCiX; 
then  we  shall  have  A'  :C'  ::A:  X. 

PROBLEM. 

^  247.  To  find  in  lines  the  ratio  of  the  product  of  three  gioen  lines 

A,  B,  C  (fig.  149),  to  the  product  of  three  given  lines  P,  Q,  R.  Fig.  149. 

Solution.  Find  a  fourth  proportional  X  to  the  three  given 
lines  PyAjB^  and  a  fourth  proportional  Y  to  the  three  given 
lines  C,  Q,  R.  The  two  lines  X  and  Y  will  be  to  each  other  as 
the  products  AxBxCjPxQxIL 

For,  since  P  :A::  B  :  X,Ax  B=  PxXi  and,  by  multiply- 
ing each  of  these  by  C,  we  shall  have 

AxBx  C  =  CxPxX. 
In  like  manner,  since 

CiQiiR:  y,  exfi=CxF; 
and,  by  multiplying  each  of  these  by  P,  we  shall  have 

PxQx/?=Px  Cx  Fj 
therefore  the  product 
.4xfixC2theproductPxQx/l::CxPx-y:PxCxKj:^:  Y. 

PROBLEM. 

248.  To  make  a  iriat^le  equivalent  to  a  given  polygon. 

SohUion.    Let  ABODE  (fig.  146)  be  the  given  polygon,  tig.  14«. 
Draw  the  diagonal    CE,  which  cuts  off  the  triangle  CDE; 
through  the  point  Z>  draw  DF  parallel  to  CE  to  meet  AE  pro- 

Geom.  10 
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duced ;  join  CF,  and  the  polygon  ABODE  will  be  equivalent  (9 
the  polygon  ABCF^  which  has  one  side  less. 

For  the  triangles  CDE^  CFE,  have  the  common  base  CE, 
they  are  also  of  the  same  altitude,  for  their  vertices  D,  F,  are  in 
a  line  DF  parallel  to  the  base ;  therefore  the  triangles  are  equiv- 
alent. Adding  to  each  of  these  the  figure  ABCE  and  we  shall 
have  the  polygon  ABODE  equivalent  to  the  polygon  ABCF. 

We  can  in  like  manner  cut  off  the  angle  B  by  substituting  for 
the  triangle  ABC  the  equivalent  triangle  AGC^  and  then  the 
pentagon  ABODE  will  be  transformed  into  an  equivalent  trian 
gle  GOF. 

The  same  process  may  be  applied  to  any  other  figure ;  for,  by 
making  the  number  of  sides  one  less  at  each  step,  we  shall  at 
length  arrive  at  an  equivalent  triangle. 

249.  Scholium.  As  we  have  already  seen,  that  a  triangle  may 
be  transformed  into  an  equivalent  square  (243),  we  may  accord- 
ingly find  a  square  equivalent  to  any  given  rectilineal  figure ; 
this  is  called  squaring  the  rectilineal  figure,  or  finding  the  quad- 
rature of  it. 

The  problem  of  the  quadrature  of  the  circle  consists  in  finding 
a  square  equivalent  to  a  circle  whose  diameter  is  given. 

PROBLEM. 

250.  To  make  a  square  which  shall  be  equal  to  the  sum  or  t}u 
difference  of  two  given  squares. 

147.      Solution.    Let  .4  and  B  {fig.  147)  be  the  sides  of  the  given 
squares. 

1.  If  it  is  proposed  to  find  a  square  equal  to  the  sum  of  these 
squares,  draw  the  two  indefinite  lines  £fD,  £jP,  at  right  angles  to 
each  other ;  take  ED  =  ./i  and  EG  =  JB ;  join  I>G,  and  DG  will 
be  the  side  of  the  square  sought. 

For  the  triangle  DEG  being  right-angled,  the  square  described 
upon  DG  will  be  equal  to  the  sum  of  the  squares  described  upon 
ED  and  EG. 

2.  If  it  is  proposed  to  find  a  square  equal  to  the  difierence  of 
the  given  squares,  form  in  like  manner  a  right  angle  FEH^  take 
GE  equal  to  the  smaller  of  the  sides  A  and  B ;  from  the  point  G, 
as  a  centre,  and  with  a  radius  GH  equal  to  the  other  side,  des- 
cribe an  arc  cutting  EH  in  H ;  the  square  described  upon  EH 
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will  be  equal  to  the  difference  of  the  squares  described  upon  the 
lines  A  and  B. 

For  in  the  right-angled  triangle  GEH  the  hypothenuse 
GH:s  A  J  and  the  side  GE  =  B ;  therefore  the  square  described 
upon  EH  is  equal  to  the  difference  of  the  squares  described  upon 
the  given  sides  A  and  B. 

351.  Scholium.  We  can  thus  find  a  square  equal  to  the  sum 
of  any  number  of  squares ;  for  the  construction  by  which  two 
are  reduced  to  one,  may  be  used  to  reduce  three  to  two  and 
these  two  to  one,  and  so  of  a  larger  number.  Also  a  similar 
method  may  be  employed  when  certain  given  squares  are  to  be 
subtracted  from  others. 

PROBLEM. 

"^  952.  To  construct  a  square  which  shall  he  to  a  given  square 
ABCD  (fig.  150),  as  the  line  M  is  to  the  line  N.  Fig.  ifte 

Solution.  On  the  indefinite  line  EG  take  £F=:  M,  and  FG:=K\ 
on  £6,  as  a  diameter,  describe  a  semicircle,  and  at  the  point  F 
erect  upon  the  diameter  the  perpendicular  FH.  From  the  point 
H  draw  the  chords  HG,  HE,  which  produce  indefinitely ;  on  the 
first  take  HK  equal  to  the  side  AB  of  the  given  square,  and 
through  the  point  K  draw  KI  parallel  to  EG ;  HI  will  be  the 
side  of  the  square  sought. 

For,  on  account  of  the  parallels  KI^  GE, 
HI.HKiiHEiHG', 

hence  HIiHKiiHEiHG    (v). 

But,  in  the  right-angled  triangle  EHG, 

HE  :  HGi:  segment  EF :  the  segment  FO  (216), 
or,  as  Jkf  is  to  JV; 

therefore  JU:  HK iiMiJV. 

But  HK=zAB ;  therefore 

the  square  upon  HI :  the  square  upon  AB  : :  Jlf :  JV. 

PROBLEM. 

253.  Upon  a  side  FG  (fig.  129),  homologous  to  AB,  to  describe  a  F>g- 1^ 
polygon  similar  to  a  givm  polygon  ABCDE. 
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Solution.  In  the  given  polygon  draw  the  diagonals  ACj  AD. 
At  the  point  F  make  the  angle  OFH=  BAC^  and  at  the  point  6 
the  angle  FGU^sABC;  the  lines  FH,  GH,  wUl  cut  each  other 
in  Hj  and  the  triangle  FGH  will  be  similar  to  ABC.  Likewise 
upon  FH,  homologous  to  AC^  construct  the  triangle  FIH  similar 
to  ADC^  and  upon  jP/,  homologous  to  AD^  construct  the  triangle 
FIK  similar  to  ADE.  The  polygon  FGHIK  will  be  similar  to 
ABODE. 

For  these  two  polygons  are  composed  of  the  same  number  of 
ti*iangles,  which  are  similar  to  each  other  and  similarly  disposed 
(219). 

PROBLEM. 

254.  Two  similar  figures  being  given,  to  construct  a  similar 
figure  which  shall  be  equal  to  their  sum  or  their  difference. 

Solution.  Let  A  and  B  be  two  homologous  sides  of  the  given 
figures,  find  a  square  equal  to  the  sum  or  the  difference  of  the 
squares  described  upon  A  andfi ;  let  X  be  the  side*  of  this  square, 
X  will  be,  in  the  figure  sought,  the  side  homologous  to  A  and  B 
in  the  given  figures.  The  figure  may  then  be  constructed  by  the 
preceding  problem. 

For  similar  figures  are  as  the  square  of  their  homologous  sjdes ; 
but  the  square  of  the  side  X  is  equal  to  the  sum  or  the  difference 
of  the  squares  described  upon  the  homologous  sides  A  and  B» 
therefore  the  figure  described  upon  the  side  X  is  equal  to  the 
sum  or  the  difference  of  the  similar  figures  described  upon  the 
sides  A  and  B. 

PROBLKM* 

'    255.  To  construct  a  J^rc  similar  to  a  gioen  figure^  and  which 
shall  be  to  this  figure  in  the  given  ratio  o/"  M  /o  N. 

Solution.  Let  A  be  a  side  of  the  given  figure,  and  X  the  ho- 
mologous side  of  the  figure  sought ;  the  square  of  X  must  be  to 
the  square  of  A^  as  Jlf  is  to  JV  (221) ;  J(  then  may  be  found  by 
art.  262 ;  and,  knowing  X,  we  may  finish  the  problem  by  art. 
253. 

PROBLEM. 

•  151.      256.  To  construct  a  figure  similar  to  the  J^ire  P  (fig.  151)  and 
equivalent  to  the  figure  Q. 


P: 

Y:: 

AB 

* 
X. 

Ab 

X: 

:M: 

jy. 

AB: 

* 
X: 

t 

a 

P: 

Y: 
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Solution.  Fipd  the  side  Jlf  of  a  square  equivalent  to  the 
figure  P,  and  the  side  .AT  of  a  square  equivalent  to  the  figure  Q. 
Then  let  ^  be  a  fourth  proportional  to  the  three  given  lines  M^ 
J^^  AB ;  upon  the  side  X^  homologous  to  AB^  describe  a  figure 
similar  to  the  figure  P ;  it  will  be  equivalent  to  the  figure  Q. 

For,  by  calling  Y  the  figure  described  upon  the  side  X^  we 
shall  have 

But,  by  construction, 

or 

therefore 

We  have  also,  by  constiniction,  M=zP^  and  JV=  Q ; 
consequently  P  :  Y  ::  P  :  Q; 

hence  y=Q;  therefore  the  figure  Y  is  similar  to  the  figure  P 
and  equivalent  to  the  figure  Q. 

PROBLEM. 

257.  To  construct  a  rectangle  equivalent  to  a  given  square  C 

(fig.  152),  and  whose  adjacent  sides  shall  make  a  given  sum  AB.       pig.  152. 

Solution.  On  AB,  as  a  diameter,  describe  a  semicircle,  and 
draw  DE  parallel  to  the  diameter,  and  at  a  distance  AD,  equal 
to  a  side  of  the  given  square  C.  From  the  point  £,  in  which 
the  parallel  cuts  the  circumference,  let  fall  upon  the  diameter  the 
perpendicular  EF ;  AF  and  FB  will  be  the  sides  of  the  rectan- 
gle sought. 

For  their  sum  is  equal  f  JJJB,  and  their  rectangle  AF  x  FB  is 
equal  to  the  square  of  £)»«^^16),  or  of  AD\  thereforethe  rect- 
angle is  equivalent  to  the  given  square  C. 

258.  Scholium.  It  is  necessary  in  order  that  the  problem  may 
be  possible,  that  the  distance  AD  should  not  exceed  the  radius, 
that  is,  that  the  side  of  the  square  should  not  exceed  half  of  the 
line  AB. 

PROBLEM. 

259.  To  construct  a  rectangle  equivalent  to  a  square  C  (fig.  153)9  Fig.  IS$. 
and  whose  adjacent  sides  shall  differ  by  a  given  quantity  AB. 
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•  .Solution.  On  the  given  line  jJJB,  as  a  diameter,  describes 
circle ;  from  the  extremity  of  the  diameter  draw  the  tangent  AD 
equal  to  the  side  of  the  square  C  Through  the  point  D  and  the 
centre  O  draw  the  secant  DF-,  DE  and  DF  will  be  the  adjacent 
sides  of  the  rectangle  required. 

For,  1 .  the  difference  of  the  sides  is  equal  to  the  diameter  EF 

or  AB ;  2.  the  rectangle  DE  X  DF  is  equal  to  AD{22S);  there- 
fore this  rectangle  will  be  equivalent  to  the  given  square  C. 

PROBLEM. 

260.    To  find  the  common  measure^  if  there  be  one,  betwun  the 
diagonal  and  side  of  a  square. 
rjg.154      Solution.    Let  ABCG  {fig.  154)  be  any  square,  and  AC  its 
diagonal. 

We  are,  in  the  first  place,  to  apply  CB  to  CA^  as  often  as  it 
can  be  done  (157);  and  in  order  to  this,  let  there  be  described, 
from  the  centre  C,  and  with  a  radius  CB,  the  semicircle  DBE. 
It  will  be  seen,  that  CB  is  contained  once  in  AC  with  a  remain- 
der AD ;  the  result  of  the  first  operation  therefore  is  the  quotient 
1  with  the  remainder  AD,  which  is  to  be  compared  with  BC,  or 
its  equal  AB. 

We  may  take  AF^zAD,  and  apply  AF  actually  to  AB-,  and 
we  should  find  that  it  is  contained  twice  with  a  remainder.  But, 
as  this  remainder  and  the  following  ones  go  on  diminishing  and 
would  soon  become  too  small  to  be  perceived,  on  account  of  the 
imperfection  of  the  mechanical  operation,  we  can  conclude  noth- 
ing with  regard  to  the  question,  whether  the  lines  AC,  CB,  have 
a  common  measure  or  not.  Now  there  is  a  very  simple  method^ 
by  whicfh  we  may  avoid  these  decreasing  lines,  and  which  only 
requires  an  operation  to  be  performed  upon  lines  of  the  same 
magnitude. 

The  angle  ABC  being  a  right  angle,  AB  is  a  tangent,  and  AE 
is  a  secant,  drawn  from  the  same  point,  so  that 
.  AD:AB::AB:  AE  (228). 
Thus,  in  the  second  operation  which  has  for  its  object  to  com- 
pare AD  with  AB,  we  may,  instead  of  the  ratio  of  AD  to  AB, 
take  that  of  .48  to  AE.  Now  AB,  or  its  ^qual  CD,  is  contained 
twice  in  AE  with  a  remainder  AD ;  therefore  the  result  of  the 
second  operation  is  the  quotient  2  with  the  remainder  AD,  which 
is  to  be  compared  with  AB. 
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The  third  operation,  which  consists  in  comparing  AD  with  AB, 
reduces  itself  likewise  to  comparing  AB^  or  its  equal  CD,  uith 
JiE^  and  we  have  still  the  quotient  2  with  the  remainder  AD. 

Whence  it  is  evident  that  the  operation  will  never  terminate, 
and  that  accordingly  there  is  no  common  measure  between  the 
diagonal  and  the  side  of  a  square,  a  truth  already  made  known 
by  a  numerical  operation,  since  these  two  lines  are  to  each  other 
:  :  \  2  :  1  (183),  but  which  is  rendered  clearer  by  the  geomet- 
rical solution. 

261.  It  is  not  then  possible  to  find  in  numbers  the  exact  ratio 
of  the  diagonal  to  the  side  of  a  square ;  but  we  may  approximate 
it  to  any  degree  we  please  by  means  of  the  continued  fraction 
which  is  equal  to  this  ratio.  The  first  operation  gave  for  a  quo- 
tient 1 ;  the  second  and  each  of  the  others  continued  without  end 
gives  2 ;  thus  the  fraction  under  consideration  becomes 

If,  for  example,  we  take  the  four  first  terms  of  this  fraction, 
we  find  that  its  value  added  to  the  first  quotient  1  is  1 1|,  or  ^|t ; 
ao  that  the  approximate  ratio  of  the  diagonal  to  the  side  of  a 
square  is  : :  41  :  29.  The  ratio  might  be  found  more  exactly  by 
taking  a  greater  number  of  terms. 


SECTION  FOURTH. 

Of  regular  Polygons  and  the  Measure  of  the  Circle. 

DEFimTIOJr, 

262.  A  POLTOON,  which  is  at  the  same  time  equiangular  and 
equilateral,  is  called  a  regular  polygon. 

Regular  polygons  admit  of  any  number  of  sides.    The  equi- 
lateral triangle  is  one  of  three  sides ;  and  the  square  one  of  four. 

THEOREM. 

263.  Two  regular  polygons  of  the  same  number  of  sides  are 
similar  J^res. 

Demonstration.    Let  there  be,  for  example,  the  two  regular 
hexagons  ABCDEFy  abcdef  (fig.  155) ;  the  sum  of  the  angles  is  rig.  156. 

t  See  note  on  continued  fractions  at  the  end  of  Lacroix^s  Arithmetic 
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the  same  in  both,  and  is  equal  to  eight  right  angles  (82).  The 
angle  A  is  the  sixth  part  of  this  sum  as  well  as  the  angle  a ; 
therefore  the  two  angles  A  and  a  are  equal ;  the  same  may  be 
said  of  the  angles  B  and  b,  C  and  c,  &c« 

Moreover,  since  by  the  nature  of  these  polygons  the  sides  AB, 
BC^  CD^  &c.,  are  equal,  as  also  a6,  be,  cd,  &c., 

ABiabi:  BCihci:  CD  red,  fee; 
consequently  the  two  figures  under  consideration  have  their  an- 
gles equal  and  their  homologous  sides  proportional ;  therefore 
they  are  similar  (16'2). 

2B4.  Corollary.  The  perimeters  of  two  regular  polygons  of 
the  same  number  of  sides  are  to  each  other  as  their  homologous 
sides,  and  their  surfaces  are  as  the  squares  of  these  sides  (321). 

265.  Scholium.  The  angle  of  a  regular  polygon  is  determined 
by  the  number  of  its  sides  like  the  angle  of  an  equiangular  poly- 
gon (79). 

THEOREM. 

266.  Every  regular  polygon  may  be  inscribed  in  a  circle  and 
may  be  circumscribed  about  a  circle* 

Fig.  156.  Demonstralion.  Let  ABODE  &c«  {Jig.  156),  be  any  regular 
polygon,  and  let  there  be  described  a  circle,  whose  circumference 
shall  pass  through  the  three  points  A^  B,  C ;  let  O  be  its  centre, 
and  OP  a  perpendicular  let  fall  upon  the  middle  of  the  side  BC; 
join  AO  and  OD. 

The  quadrilateral  OPCD  may  be  placed  upon  the  quadrilat- 
eral OPBA\  in  fact  the  side  OP  is  common,  and  the  angle 
OPC::=OPB^  each  being  a  right  angle,  consequently  the  side 
PC  will  fall  upon  its  equal  PS,  and  the  point  C  upon  B,  More- 
over, by  the  nature  of  the  polygon,  the  angle  PCDssPBA', 
therefore  CD  will  take  the  direction  BA^  and  CD  being  equal  to 
BA^  the  point  D  will  fall  upon  A^  and  the  two  quadrilaterals  will 
coincide  throughout.  Hence  the  distance  OD  is  equal  to  the 
distance  OA,  and  the  circumference,  which  passes  through  the 
three  points  .4,  B,  C,  will  pass  also  through  the  point  D.  By 
similar  reasoning  it  may  be  shown,  that  the  circumference, 
which  passes  through  the  three  vertices  J?,  C,  D,  will  pass 
through  the  next  vertex  E,  and  so  on ;  therefore  the  same  cir- 
cumference, which  passes  through  the  three  points  jf,  5,  C, 
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passes  through  all  the  vertices  of  the  angles  of  the  polygon,  and 
the  polygon  is  inscribed  in  this  circumference. 

Furthermore,  with  respect  to  this  circumference,  all  the  sides 
AB^  BC^  CD^  &c.  are  equal  chords;  they  are  accordingly 
equally  distant  from  the  centre  (109) ;  if  therefore  from  the  point 
O,  as  a  centre,  and  with  the  radius  OP^  a  circle  be  described) 
the  circumference  will  touch  the  side  BC  and  all  the  other  sides 
of  the  polygon,  each  at  its  middle  point,  and  the  circle  will  be 
inscribed  in  the  polygon,  or  the  polygon  will  be  circumscribed 
about  the  circle. 

267.  Scholium  u  I'he  point  O,  the  common  centre  of  the 
inscribed  and  circumscribed  circle,  may  be  regarded  also  as  the 
eentre  of  the  polygon ;  and  for  this  reason  we  call  the  angle  of 
the  centra  the  angle  AOB  formed  by  the  two  radii  drawn  to  the 
extremities  of  the  same  side  AB. 

Since  all  the  chords  AB,  BCj  &c.,  are  equal,  it  is  evident  that 
all  the  angles  at  the  centre  are  equal,  and  that  the  value  of  each 
is  found  by  dividing  four  right  angles  by  the  number  of  the  sidetf 
of  the  polygon. 

368.  Scholium  ii.  In  order  to  inscribe  a  regular  polygon  of  a 
certain  number  of  sides  in  a  given  circle,  it  is  only  necessary  to 
divide  the  circumference  into  as  many  equal  parts  as  the  poly- 
gon has  sides ;  for,  the  arcs  being  equal,  the  chords  AB^  BC\ 

CD,  be.  (Jg.  158),  will  be  equal;  the  triangles  ABO,  J30C,Flg.i58 
COD,  &c.,  will  also  be  equal,  for  the  sides  of  the  one  will  be 
respectively  equal  to  those  of  the  other ;  consequently  all  the 
angles  ABC,  BCD,  CDE,  &c.,  will  be  equal ;  therefore  the 
figure  ABCDE  &c.  will  be  a  regular  polygon. 

PROBLEM. 

369.  To  tiucribe  a  square  tn  a  given  circle* 

Solution.    Draw  the  diameters  AC,  BD  {fig,  157),  cutting  Fig.  157. 
each  other  at  right  angles ;  join  the  esctremities  Aj  B^  C,  Z),  and 
the  figure  ABCD  will  be  the  inscribed  square. 

For,  the  angles  AOB,  BOC,  &c.,  being  equal,  the  chords  AB^ 
BC'i  &c.  are  equal. 

370.  Scholium.  The  triangle  BOC  being  right-angled  and 
isosceles,  BC  :  BO  :is/i:  I  (188);  therefore,  the  side  of  an  in- 
tcrihed  square  is  to  radius^  as  the  square  root  of  two  is  to  uni^. 

Geonh  11 


82  Elements  of  Geometry. 

PROBLEM* 

271.  To  inscribe  a  regular  hexagon  and  an  eqiiilater€U  IriangU 
in  a  given  circle. 

Solution.    Let  us  suppose  the  problem  resolved,  and  that  AB 
i^g.  158.  ( ji^.  158)  is  a  side  of  the  inscribed  hexagon;  if  we  draw  the 
radii  ^O,  OJB,  the  triangle  AOB  will  be  equilateral. 

For  the  angle  AOB  is  the  sixth  part  of  four  right  angles  ;  thus, 
if  we  consider  the  right  angle  as  unity,  we  shall  have 

jJOS  =  J  =  |. 
The  two  other  angles  ABO^  BAO^  of  the  same  triangle,  taken 
together,  =2  —  |  =  i ;  and,  as  they  are  equal  to  each  other, 
each  of  them  =  |  •,  hence  the  triangle  ABO  is  equilateral ;  there- 
fore the  side  of  the  inscribed  hexagon  is  equal  to  radius. 

It  follows  from  this,  that  in  order  to  inscribe  a  regular  hexa- 
gon in  a  given  circle,  the  radius  is  to  be  applied  six  times  round 
on  the  circumference,  which  will  bring  it  to  the  point,  from  which 
the  operation  commenced* 

The  hexagon  ABCDEF  being  inscribed,  if  the  vertices  of  the 
alternate  angles  A,  C,  £,  be  joined,  an  equilateral  triangle  ACE 
will  be  formed. 

272.  Scholium.  The  figure  ABCO  is  a  parallelogram,  and  a 
rhombus,  since  AB  =  BC  =  CO  =  AO ;  therefore,  the  sum  of  the 
squares  of  the  diagonals  being  equal  to  the  sum  of  the  squares  of 
thesid«s(195), 

iC  +  BO^  4AB=z  4BO; 

subtracting  BO  from  each  we  shall  have 

ic*=  3B0 

hence  AC:  BO: :  3  :  1 

or  AC^.  J50::  v3  :  1 ; 

therefore  the  side  of  an  inscribed  equilateral  triangle  is  to  radius  as 
the  square  root  of  three  is  to  unity, 

PROBLEM. 

273.  To  inscribe  in  a  given  circle  a  regular  decagon^  also  a  pe^ 
tagon  and  a  regular  polygon  of  fifteen  sides. 

ig.  159.      Solution.     Divide  the  radius  AO  {fig.  159)  in  extreme  and 
mean  ratio  at  the  point  M  (240),  take  the  chord  AB  equal  to  the 
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greater  segment  OJIf,  and  AB  will  be  the  side  of  a  regular  deca- 
gon, which  is  to  be  applied  ten  times  round  on  the  circumference. 

For,  by  joining  JkfB,  we  have,  by  construction, 
AO  :  OM::OM:AM, 
or,  because  AB  =  OJlf, 

AO  :  AB  ::AB:  AM-, 
therefore  the  triangles  ABO,  AMB,  having  an  angle  A  common 
and  the  sides  about  this  angle  proportional,  are  similar  (308). 
The  triangle  OAB  is  isosceles  ;  consequently  the  triangle  AMB 
is  also  isosceles,  and  »4J5  =  fiJtf.  Besides,  AB=^OM',  hence 
also  BM=z  OJIf ;  therefore  the  triangle  BMO  is  isosceles. 

The  angle  AMB,  the  exterior  angle  of  the  isosceles  triangle 
BMO,  is  double  of  the  interior  angle  O  (78).     Now  the  angle 

AMB=iMAB', 
consequently  the  triangle  OAB  is  such  that  each  of  the  angles  at 
the  base  OAB,  OBA,  is  double  of  the  angle  at  the  vertex  0,  and 
the  three  angles  of  the  triangle  are  equal  to  five  times  the  angle 
O,  and  thus  the  angle  O  is  a  fifth  part  of  two  right  angles,  or  the 
tenth  part  of  four  right  angles ;  therefore  the  arc  AB  is  the 
tenth  part  of  the  circumference,  and  the  chord  AB  is  the  side  of 
a  regular  decagon. 

274.  Corollary  i.  If  the  alternate  vertices  A,  C,  JB,  &c.  of  the 
decagon  be  joined,  a  regular  pentagon  ACEGI  will  be  formed. 

275.  Corollary  ii.  AB  being  always  the  side  of  a  decagon,  let 
AL  be  the  side  of  a  hexagon  ;  then  the  arc  BL  will  be,  with  res- 
pect to  the  circumference,  }  —  ^\,  or  j\ ;  therefore  the  chord 
BL  will  be  the  side  of  a  regular  polygon  of  15  sides.  It  is  man- 
ifest, at  the  same  time,  that  the  arc  CL  is  a  third  of  CB. 

276.  Scholium.  A  regular  polygon  being  formed,  if  the  arcs 
subtended  by  the  sides  be  bisected  and  chords  to  these  half  arcs 
be  drawn,  a  regular  polygon  will  be  formed  of  double  the  num- 
ber of  sides.  Thus  by  means  of  the  square  we  may  inscribe 
successively  regular  polygons  of  8,  1 6,  32,  &c.,  sides.  Likewise 
by  means  of  the  hexagon  we  may  inscribe  regular  polygons  of 
12,  24,  48,  &c.,  sides ;  with  the  decagon,  polygons  of  20,  40,  80, 
&c.,  sides ;  with  the  regular  polygon  of  fifteen  sides,  polygons  of 
30,  60,  120,  &c.,  sides.* 

*  It  was  supposed,  for  a  long  time,  that  these  were  the  only  poly- 
gons which  could  be  iDScribed  by  the  processes  of  elementary  geom- 
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PROBLEM.  . 

277.  A  regular  inscribed  polygon  ABCD  <rc.  (fig.  160)  being 
given^  to  circumscribe  about  the  same  circle  a  similar  polygon* 

Solution.  At  the  point  7,  the  middle  of  the  arc  AB^  draw  the 
tangent  GfH,  which  will  be  parallel  to  AB  (112);  do  the  same 
with  each  of  the  other  arcs  J&C,  CD,  &c. ;  these  tangents  will 
form,  by  their  intersections,  the  regular  circumscribed  polygon 
GHIK  &c.,  similar  to  the  inscribed  polygon. 

It  will  be  readily  perceived,  in  the  first  place,  that  the  three 
points  0,  £,  H,  are  in  a  right  line,  for  the  right  angled  triangles 
OTHy  OHJy,  have  the  common  hypothenuse  OH,  and  the  side 
OT=s.OJV'j  they  are  consequently  equal  (126),  and  the  angle 
TOH^  HOJV,  and  the  line  OH  passes  through  the  point  J5,  the 
middle  of  the  arc  7W.  For  the  same  reason,  the  point  /  is  in 
OC  produced,  &c.  But,  since  OH  is  parallel  to  AB^  and  HI  to 
BC,  the  angle  GHI:=ABC  (67) ;  in  like  manner  HIK  =  BCD, 
&c. ;  hence  the  angles  of  the  circumscribed  polygon  are  equal 
to  those  of  the  inscribed  polygon.  Moreover,  on  account  of  these 
s^me  parallels 

GH:AB::OH:OB, 
and  HI  :BC::OHiOB, 

hence  GH:AB::HI  :  BC. 

But  AB=:BC\  consequently  GH=^HJ.  For  the  same  reason 
Hf  =  IK  J  &c. ;  consequently  the  sides  of  the  circumscribed  poly- 
gon are  equal  to  each  other ;  therefore  this  polygon  is  regular 
and  similar  to  the  inscribed  polygon. 

278.  Corollary  i.  Reciprocally,  if  the  circumscribed  polygoa 
GHIK  &c.,  be  given,  and  it  is  proposed  to  construct,  by  means 
of  it,  the  inscribed  polygon  ABCD  &c.,  it  is  evidently  sufficient 
to  draw  to  the  vertices  G,  H,  /,  &c.,  of  the  given  polygon  the 
lines  OG^  OH^  OU  &c.,  which  will  meet  the  circumference  at 
the  points  A^  J9,  C,  &x.,  and  then  to  join  these  points  by  the 

etry,  or,  which  amounts  to  the  same  thing,  by  the  resolution  of 
equations  of  the  first  and  second  degree.  Sut  M.  Gaus  has  shown  in 
a  work,  entitled  Disquisitiones  ArithmeiiccR^  Lipsiae,  1801,  that  we 
may,  by  similar  methods,  inscribe  a  regular  polygon  of  seventeen 
sides  and  in  general  one  of  2*  +  1  sides,  provided  that  2*  +  1  be  e 
prime  number. 
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chords  ddffi,  J3C,  CD,&c.,  which  will  form  the  inscribed  polygon. 
We  might  also,  in  this  case,  simply  join  the  points  of  contact^ 
T,  a;  P,  &c.,  by  the  chords  TW,  J^P,  PQ,  &c.,  which  would 
equally  form  an  inscribed  polygon  similar  to  the  circumscribed 
one. 

279.  Corollary  ii.  There  may  be  circumscribed,  about  a  given 
circle,  all  the  regular  polygons  which  can  be  inscribed  within  it ; 
and,  reciprocally,  there  may  be  inscribed,  within  a  circle,  all 
the  polygons  that  can  be  circumscribed  about  it. 

THEOREM. 

280.  The  area  of  a  regular  polygofi  is  equal  to  the  product  of  its 
ptrtmeter  by  half  of  the  radius  of  the  inscribed  circle. 

Demonstration.  Let  there  be,  for  example,  the  regular  poly- 
gon GHIKSlc.  {fig.  160);  the  triangle  GOH^  for  example,  hasFif.  isa. 
for  its  measure  GHx  ^OT,  the  triangle  OHI  has  for  its  measure 
HIxlOJ\r.  But  OJV=Or;  consequently  the  two  triangles 
united  have  for  their  measure  {GH  +  HI)  x  \0T.  By  proceed- 
ing  thus  with  the  other. triangles,  it  is  evident  that  the  sum  of  all 
the  triangles,  or  the  entire  polygon,  has  for  its  measure  the  sum 
of  the  bases  GH^  HI^  IKy  &c.,  or  the  perimeter  of  the  polygon, 
multiplied  by  ^07,  half  of  the  radius  of  the  inscribed  circle. 

281.  Sctiolium.  The  radius  of  the  inscribed  circle  is  the  same 
as  the  perpendicular  let  fall  from  the  centre  upon  one  of  the  sides. 

THEOREM. 

282.  TTfce  perimeters  of  ngular  polygons  of  the  same  number  of 
sides  are  as  the  radii  of  the  circumscribed  circles^  and  also  as  the 
radii  of  the  inscribed  circles  ;  and  their  surfaces  are  as  the  squares 
of  these  same  radii* 

Demonstration*  Let  AB  {fig.  161)  be  a  side  of  one  of  the  ng.  161. 
polygons  in  question,  0  its  centre,  and  OA  the  radius  of  the  cir- 
cumscribed circle,  and  O/),  perpendicular  to  AB,  the  radius  of 
the  inscribed  circle ;  and  let  a  ^  be  the  side  of  another  polygon, 
similar  to  the  former,  o  its  centre,  oa  and  od  the  radii  of  the 
circumscribed  and  inscribed  circles. 

The  perimeters  of  the  two  polygons  are  to  each  other  as  the 
sides  AB^ab  (221).  Now  the  angles  A  and  a  are  equal,  being 
each  half  of  the  angle  of  the  polygon ;  the  same  may  be  said  of 
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the  angles  B  and  b ;  therefore  the  triangles  ABO^  a  bo,  are  simir 
lar,  as  also  the  right-angled  triangles  ADO^  ado', 
hence  AB  :  ab  ::  AO  :  ao  ::  DO  :  do ; 

consequently  the  perimeters  of  the  polygons  are  to  each  other  as 
the  radii  AO,  a  o,  of  the  circumscribed  circles,  and  also  as  the 
radii  DO,  d  o,  of  the  inscribed  circles. 

The  surfaces  of  these  same  polygons  are  to  each  other  as  the 
squares  of  the  homologous  sides  AB,  ab  (231);  they  are  there- 
fore also  as  the  squares  of  the  radii  of  the  circumscribed  circles 
AO^  a  0,  and  as  the  squares  of  the  radii  of  the  inscribed  circles 
DO,  do. 

283.  Every  curved  line,  or  polyg07i,  which  encloses,  from  one 
Tig.  161  extremity  to  the  other,  a  convex  line  AMB  (fig.  162),  is  greater  tkan 

the  enclosed  line  AMB. 

Demonstration.  We  have  already  said  that,  by  a  convex  line, 
we  understand  a  curved  line  or  polygon,  or  a  line  consisting  in 
part  of  a  curve  and  in  part  of  a  polygon,  such  that  a  straight 
line  cannot  cut  it  in  more  than  two  points  (83)*  If  the  line 
AMB  had  re-entering  parts  or  sinuosities,  it  would  cease  to  be 
convex,  because,  as  will  be  readily  perceived,  it  might  be  cut  by 
a  straight  line  in  more  than  two  points.  The  arcs  of  a  circle  are 
essentially  convex ;  but  the  proposition  under  consideration  ex- 
tends to  every  line,  which  fulfils  the  condition  stated. 

This  being  premised,  if  the  line  AMB  be  not  smaller  than  anj 
of  those  lines  which  enclose  it,  there  is  among  these  last  a  line 
smaller  than  any  of  the  others,  which  is  less  than  AMB,  or  at 
least  equal  to  AMB.  Let  ACDEB  be  this  enclosing  line;  be. 
tween  these  two  lines  draw  at  pleasure  the  straight  line  PQ, 
which  does  not  meet  the  line  AMB,  or  at  most  only  touches  it ; 
the  straight  line  PQ  is  less  than  PCDEQ  (3) ;  consequently  if, 
instead  of  PCDEQ,  we  substitute  the  straight  line  PQ,  we  shall 
have  the  enclosing  line  APQB,  less  than  APDQB.  But,  by  hy- 
pothesis, this  must  be  the  shortest  of  all ;  this  hypothesis  then 
cannot  be  maintained ;  therefore  each  of  the  enclosing  lines  is 
greater  than  AMB. 

284.  Scholium.  After  the  same  manner,  it  may  be  demon- 
strated, without  any  restriction,  that  a  line  which  is  convex  and 
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ireturns  into  itself,  ^MB  {Jig.  163),  is  less  than  any  line  which  Fig.  WS. 
encloses  it  on  all  sides,  whether  the  enclosing  line  FHG  touches 
jiJkfJB  in  one  or  more  points,  or  whether  it  surrounds  it  without 
touching  it.  . 

LEMMA.  /;•       /^' 

V 

285.  Two  concentric  circles  being  given^  there  may  always  be 
inscribed^  in  the  greater,  a  regular  polygon,  the  sides  of  which  shall 
not  meet  the  circumference  of  the  smaller  ;  and  there  may  also  be 
circumscribed,  about  the  smaller,  a  regular  polygon,  the  sides  of 
which  shall  not  meet  the  circumference  of  the  greater ;  so  that  on  the 
whole  the  sides  of  the  polygon  described  shall  be  contained  between 
the  two  circumferences. 

Demonstration.  Let  CA,  CB  {fig.  1 64),  be  the  radii  of  the  two  fig.  164 
given  circles.  At  the  point  A  draw  the  tangent  DE  terminating, 
at  the  greater  circumference,  in  D  and  E.  Inscribe,  in  the 
greater  circumference,  one  of  the  regular  polygons,  which  can  be 
inscribed  by  the  preceding  problems,  and  bisect  the  arcs  sub- 
tended by  the  sides,  and  draw  the  chords  of  these  half  arcs ;  and 
a  regular  polygon  will  be  described  of  double  the  number  of 
sides.  Continue  to  bisect  the  arcs  until  one  is  obtained  which  is 
smaller  than  DBE.  Let  MBN  be  this  arc,  the  middle  of  which 
is  supposed  to  be  in  B ;  it  is  evident  that  the  chord  MK  will  be 
further  from  the  centre. than  DE,  and  that  thus  the  regular  poly- 
gon, of  which. JIfJV  is  a  side,  cannot  meet  the  circumference,  of 
ivhich  CA  is  the  radius. 

The  same  things  being  supposed,  join  CM  and  CK,  which 
meet  the  tangent  DE  in  P  and  Q;  PQ  will  be  the  side  of  a  poly- 
gon circumscribed  about  the  smaller  circumference  similar  to 
the  polygon  inscribed  in  the  greater,  the  side  of  which  is  JtfJV. 
Now  it  is  evident  that  the  circumscribed  polygon,  which  has  for 
its  side  PQ,  cannot  meet  the  greater  circumference,  since  CP  is 
less  than  CM. 

There  may,  therefore,  by  the  same  construction,  be  a  regular 
polygon  inscribed  in  the  greater  circumference,  and  a  similar 
polygon  circumscribed  about  the  smaller,  which  shall  have  their 
sides  comprehended  between  the  two  circumferences. 

286.  Scnolixim.    If  we  have  two  concentric  sectors  FCG,  ICH,    ^ 
we  can  likewise  inscribe,  in  the  greater,  a  portion  of  a  regular 
polygon,  or  circumscribe,  about  the  smaller,  a  portion  of  a  similar 


88  Eknunts  of  Geometry. 

polygon,  so  that  the  perimeters  of  the  two  polygons  wouM  be 
compreheDded  between  the  two  circles.  It  is  only  necessary  to 
divide  the  arc  FBG  successively  into  2,  4,  8,  16,  &c.,  equal 
parts,  until  one  is  obtained  smaller  than  DBE. 

By  z  portion  of  a  regular  polygon,  as  the  phrase  is  here  used, 
is  to  be  understood  the  figure  terminated  by  a  series  of  equal 
chords,  inscribed  in  the  arc  FG,  from  one  extremity  to  the  other* 
This  portion  has  the  principal  properties  of  a  regular  polygon,  it 
has  its  angles  equal,  and  its  sides  equal ;  it  is,  at  the  same  time, 
capable  of  being  inscribed  in,  and  circumscribed  about  a  cirle ; 
it  does  not,  however,  make  a  part  of  a  regular  polygon,  properly 
so  called,  except  when  the  arc,  subtended  by  one  of  these  sides, 
is  an  aliquot  part  of  the  circumference. 

"^  '  THEOREM. 

287.  The  circumferences  of  circles  are  as  their  radii,  and  their 
surfaces  are  as  the  squares  of  their  radii, 
Fif.  1S&      Demonstration.  Denoting,  by  ctrc.  CA  and  ctrc.  OB  {fg.  165), 
the  circumferences  of  the  circles  whose  radii  are  CA  and  OB^ 
we  say  that  ctrc.  C4  :  ctrc.  OB  ::  CAi  OB* 

For,  if  this  proportion  be  not  true,  CA  will  be  to  OB  as  ctrc* 
CA  is  to  a  fourth  term  either  greater  or  less  than  circ.  OB.  Let 
us  suppose  that  it  is  less,  and  that,  if  possible, 

CAiOBi:  drc.  CA  :  circ.  OD. 

Inscribe,  in  the  circumference  of  which  OB  is  the  radia%  a 
regular  polygon  EFGKLE,  whose  sides  shall  not  meet  the  cir- 
cumference of  the  circle,  whose  radius  is  OD  (285) ;  inscribe  a 
similar  polygon  MJVPSTM  in  the  circle  whose  radius  is  CA. 

This  being  done,  since  the  polygons  are  similar,  their  perime- 
ters MJ^PSM,  EFGKE,  are  to  each  other  as  the  radii  C4,  OB^ 
of  \he  circumscribed  circles  (282),  and  we  have 

MKPSMiEFGKEii  CAiOB; 
but,  by  hypothesis, 

CA  :  OB  : :  circ.  C4  :  circ.  OD; 
therefore  MJ^PSM  :  EFGKE  : :  ctrc.  CA  :  circ.  OD.  Now  this 
proportion  is  impossible,  because  the  perimeter  MJfPSM  is  less 
than  circ^  CA  (283),  while  EFGKE  is  greater  than  the  circ. 
0D\  therefore  it  is  impossible  that  CA  should  be  to  OiB  as  ctrc. 
CA  is  to  a  circumference  less  than  ctrc.  OJE^;  or,  in  other  words. 
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it  is  impossible  that  the  radiuft  of  one  circle  should  be  to  that  of 
another  as  the  circumference  of  the  first  is  to  a  circumference 
less  than  that  of  the  second. 

It  follows,  moreover,  from  what  has  been  said,  that  CA  cannot 
be  to  OB  as  drc.  CA  is  to  a  circumference  greater  than  circ. 
OB ;  for,  if  this  were  the  case,  we  should  have  by  inversion^ 

OB  :  CA  : :  a  circumference  greater  than  circ.  OB  :  drc.  CA^ 
or,  which  is  the  same  thing, 

OB  :  CA  : :  circ.  OB  :  a  circumference  less  than  circ.  CA\ 
therefore  the  radius  of  one  curcle  may  be  to  the  radius  of  another, 
as  the  circumference  described  upon  the  former  is  to  a  circum- 
ference less  than  the  one  described  upon  the  latter,  which  has 
been  shown  to  be  impossible. 

Since  the  fourth  term  of  the  proportion  CA :  OB : :  drc.  CA :  Jl 
can  be  neither  less  nor  greater  than  drc.  OBy  it  must  be  equal  to 
circ.  OB ,  therefore  the  curcumferences  of  circles  are  as  their 
radii. 

By  a  construction  and  course  of  reasoning  entirely  similar,  it 
may  be  demonstrated  that  the  surfaces  of  circles  are  as  the 
squares  of  their  radii. 

We  shall  not  enter  into  further  details  upon  this  proposition, 
which  is  indeed  a  corollary  from  the  next. 

288.  Corollary.    Similar  arcs  AB^  DE  {Jig.  166),  are  as  their  Fig.  i6fK. 
radii  AC^  D0\  and  similar  sectors  ACB^  DOE^  are  as  the 
squares  of  their  radii. 

For,  since  the  arcs  are  similar,  the  angle  C  is  equal  to  the 
angle  O  (163) ;  now  the  angle  C  is  to  four  right  angles  as  the 
arj  AB  is  to  the  entire  circumference  described  upon  the  radius 
AC  (122),  and  the  angle  O  is  to  four  right  angles  as  the  arcD£ 
is  to  the  circumference  described  upon  the  radius  0Z>;  there- 
fore the  arcs  AB^  DE^  are  to  each  other  as  the  circumferences 
of  which  they  are  respectively  a  part ;  and  these  circumferences 
are  as  ikc  radii  AC^  D0\  therefore 

arc  AB  :  arc  DE  ::AC:  DO. 

For  the  same  reason  the  sectors  ACB^  DOE^  are  as  the  entire 
circles ;  but  the  entire  circles  are  as  the  squares  of  their  radii ; 
therefore 

secU  ACS  :  sect.  DOE  ::AC:  DO. 
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THBOREM. 


289.  The  area  of  a  circle  is  equal  to  the  product  of  its  circumr- 
ference  by  half  of  the  radius. 

Demonstration.  Denoting  by  surf  CA  the  surface  or  area  of 
a  circle  whose  radius  is  CA^  we  saj  that 

surf  CA^\CAk  circ.  CA. 
1, 167.  U^CA  X  circ.  CA  {fig.  167)  be  not  the  area  of  the  circle  of 
which  CA  is  the  radius,  this  quantity  will  be  the  measure  of  a 
circle  either  greater  or  less.  Let  us  suppose,  in  the  first  place, 
that  it  is  the  measure  of  a  greater  circle,  and  that,  if  it  be  possi- 
ble, \CAx  circ.  CA  =  surf.  CB. 

About  the  circle,  of  which  CA  is  the  radius,  circumscribe  a 
regular  polygon  DEFG  &c.,  the  sides  of  which  shall  not  meet 
(he  circumference  of  the  circle  whose  radius  is  CB  (285);  the 
surface  of  this  polygon  will  be  equal  to  its  perimeter 

DJS  +  JEF  +  F<?  +  &c., 
multiplied  by  |  AC  (280).  But  the  perimeter  of  the  polygon  is 
greater  than  that  of  the  inscribed  circle,  since  it  encloses  it  on 
all  sides ;  consequently  the  surface  of  the  polygon  DEFG  &c« 
is  greater  than  ^ACxcirc,  AC^  which,  by  hypothesis,  is  the 
measure  of  the  circle,  of  which  CB  is  the  radius ;  hence  the 
polygon  would  be  greater  than  the  circle ;  but  it  is  less,  since  it 
is  contained  within  it ;  therefore  it  is  impossible  that 

^CAk  ctVc.  CA 
should  be  greater  than  surf.  CA^  or,  in  other  words,  it  is  impos- 
sible that  the  circumference  of  a  circle  multiplied  by  half  of  the 
radius  should  be  the  measure  of  a  greater  circle* 

Again,  this  same  product  cannot  be  the  measure  of  a  less  cir* 
cle ;  and,  not  to  change  the  figure,  I  will  suppose  that  the  circle 
in  question  is  that  whose  radius  is  CB ;  it  is  to  be  proved  then, 
that  I  CB  X  circ.  CB  cannot  be  the  measure  of  a  less  circle,  of 
the  circle,  for  example,  whose  radius  is  CA.  Let  us  suppose,  if 
it  be  possible,  that  ^  CB  x  circ.  CB  =  surf.  CA. 

The  same  construction  being  supposed  as  above,  the  surface  of 

the  polygon  DEFG  &c.  will  have  for  its  measure 

{DE  -f  £F4  FG  4.&C0  X  i  CA] 

but  the  perimeter  DE  -4-  EF  4  FG  4-  &c.,  is  less  than  circ.  CB 

which  encloses  it  on  all  sides ;  hence  the  area  of  the  polygon  is 

» less  than  i  CA  x  circ.  CB^  and  for  a  still  stronger  reason,  less 
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<han  J  CB  x'circ.  CB.  This  last  quantity  is,  by  hypothesis,  the 
measure  of  the  circle  of  which  CA  is  the  radius ;  consequently 
the  polygon  would  be  less  than  the  inscribed  circle,  which  is 
absurd ;  it  is  impossible  then  that  the  circumference  of  a  circle 
multiplied  by  half  of  the  radius  should  be  the  measure  of  a  less 
circle. 

Therefore  the  circumference  of  a  circle  multiplied  by  half  of 
the  radius  is  the  measure  of  this  circle. 

290.  Corollary  i.  The  surface  of  a  sector  is  equal  to  the  arc 
of  this  sector  multiplied  by  half  of  the  radius. 

For  the  sector  ACB  (fig*  168)  is  to  the  entire  circle,  as  the  Fig.  168. 
arc  AMB  is  to  the  entire  circumference  ABD  (125),  or  as 
AMB  -  \AC\%  io  ABD  x  \AC.  But  the  entire  circle  is  equal 
to  A^^^D  <  \AC'^  therefore  the  sector  ACB  has  for  its  measure 
AMB  K  \AC. 

291.  Corollary  ii.  Since  the  circumferences  of  circles  are  as 
their  radii,  or  as  their  diameters,  calling  Tr.the  circumference  of 
a  circle  whose  diameter  is  one,  we  have  this  proportion ;  the 
diameter  of  a  circle  1  is  to  its  circumference  tt,  as  the  diameter 
^CA  is  to  the  circumference  of  a  circle  whose  radius  is  C/f, 

or  \  mil  ^CA  :  circ.  CA ; 

hence  circ.  CA^2nx  CA: 

Multiplying  each  member  by  ^  CA^  we  have 

\CAx  circ.  CA^nxCA, 

or  surf  CA=:7ix  CA^ 

therefore,  the  surface  of  a  circle  is  equal  to  the  product  of  (he  square 
of  the  radius  by  the  constant  nunAer  ;r,  which  rq>resents  the  circum- 
ference  of  a  circle  whose  diameter  is  I,  or  the  ratio  of  the  drcumfer* 
ence  to  the  diameter. 

In  like  manner,  the  surface  of  a  circle  whose  radius  is  0J9,  i^^    v 

-—8 

equal  to  ;c  x  OB.    But  ^ 

nxCAmxOBixCAi  OB] 

therefore,  the  surfaces  of  circles  are  to  each  other  as  the  squares  of 
their  radtt,  which  agrees  with  the  preceding  theorem. 

292.  Scholium.  We  have  already  said,  that  the  problem  of 
the  quadratisre  of  the  circle  consists  in  finding  a  square  equal  in 
surface  to  a  circle  whose  radius  is  known ;  now  we  have  just 
shown  that  a  circle  is  equivalent  to  a  rectangle  contained  by  the 


^ 


t 
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circumference  and  half  of  the  radius,  and  this  rectangle  is  chang- 
ed into  a  square  by  finding  a  mean  proportional  between  its  two 
dimensions  (243)p  Thus  the  problem  of  the  quadrature  of  the 
circle  reduces  itself  to  finding  the  circumference,  when  the  radius 
is  known ;  and,  for  this  purpose,  it  is  sufficient  to  know  the  ratio 
of  the  circumference  to  the  radius  or  to  the  diameter. 

Hitherto  we  have  not  been  able  to  obtain  this  ratio  except  by 
approximation ;  but  the  process  has  been  carried  so  far,  that  a 
knowledge  of  the  exact  ratio  would  have  no  real  advantage  over 
the  approximate  ratio.  Indeed  this  question,  which  occupied 
much  of  the  attention  of  geometers,  when  the  methods  of  approx- 
imation were  less  known,  is  now  ranked  among  those  idle  ques* 
tions  which  engage  the  attention  of  such  only  as  have  scarcely 
attained  to  the  first  principles  of  geometry. 

Archimedes  proved  that  the  ratio  of  the  circumference  to  the 
diameter  is  comprehended  between  3|f  and  34f  ;  thus  3|  or  y 
IS  a  value  already  approaching  very  near  to  the  number,  which 
we  Imve  represented  by  Ji ;  and  this  first  approximation  is  much 
in  use  on  account  of  its  simplicity.  Metius  gave  a  much  nearer 
value  of  this  ratio  in  the  expression  f ff.  Other  calculators 
have  found  the  value  of  w,  developed  lo  a  certain  number  of  de- 
cimals, to  be  3,1415926535897932  &.C.,  and  some  have  bad  the 
patience  to  extend  these  decimals  to  the  hundred  and  twenty- 
seventh,  and  even  to  the  hundred  and  fortieth.  Such  an  approx- 
imation may  evidently  be  taken  as  equivalent  to  the  truth,  and 
the  roots  of  imperfect  powers  are  not  better  known. 

We  shall  explain,  in  the  following  problems,  two  elementary 
methods,  the  most  simple,  for  obtaining  these  approximations. 

PROBLEM. 


293.  The  surface  of  a  regular  insa-ibed  polygon  and  that  of  a 
similar  circumscribed  polygon  being  given^  to  find  the  surfaces  of 
regular  inscribed  and  circutnscribed  polygons  of  double  the  number 
of  sides, 
%.  168.  Solution.  Let  AB  {fig,  1 69)  be  the  side  of  a  given  inscribed 
polygon,  EF  parallel  to  JB,  that  of  a  similar  circumscribed 
polygon,  C  Ihe  centre  of  the  circle ;  if  we  draw  the  chord  AM^ 
and  the  tangents  AP^  BQ^  the  chord  AM  will  be  the  side  of  an 
inscribed  polygon  of  double  the  number  of  sides,  and  PQ  double 
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of  PM  will  be  that  of  a  similar  circumscribed  polygon  (277) ; 
and,  as  the  different  angles  of  the  polygon  equal  to  ACM  will 
admit  of  the  same  construction,  it  is  sufficient  to  consider  the 
angle  ACM  only,  and  the  triangles  here  contained  will  be  to 
each  other  as  the  entire  polygons.  Let  A  be  the  surface  of  the 
inscribed  polygon  whose  side  is  AB^  B  the  surface  of  a  similar 
circumscribed  polygon.  A'  the  surface  of  a  polygon  whose  side 
is  AM^  B'  the  surface  of  a  similar  circumscribed  polygon.  A 
and  B  are  known,  and  it  is  proposed  to  find  A'  and  B. 

1.  The  triangles  ACD^  ACM^  the  common  vertex  of  which  is 
•tf,  are  to  each  other  as  their  bases  CD^  CMj  moreover,  these 
triangles  are  as  the  polygons  A  and  A\^o{  which  they  are  res- 
pectively a  part ;  hence 

A:  A'::  CD:  CM. 
The  triangles  CAM^  CME^  the  common  vertex  of  whicli  is  •¥, 
are  to  each  other  as  their  bases  CA,  CE ;  these  same  triangles 
are  also  as  the  polygons  A*  and  JB,  of  which  they  are  respect- 
ively a  part ;  hence 

A  I  B  1 1  KtA  '•  CEm 
But,  on  account  of  the  parallels  ADy  ME, 

CDiCMi:  CAiCE', 
therefore  A:A'::A':B; 

that  is,  the  polygon  A\  one  of  those  which  is  sought,  is  a  menu 
proportional  between  the  two  known  polygons  A  and  B ;  conse- 
quently A  =  \/A      B. 

2.  On  account  of  the  common  altitude  CM,  the  triangle  CPM 
is  to  the  triangle 'CP£  as  PM  is  to  PE\  but,  as  the  line  CP 
bisects  the  angle  MCE  (201), 

PM  :PE::  CM  :  CE::  CD:  CA  or  CM  ::A:  A'; 
hence  CPM  :  CPE  ::A:A\ 

and  CPM  :  CPM -h  CPE  or  CME  ::  A:A+A'; 

also  2CPM  or  CMPA  :  CME  ::2A:A  +  A'. 

But  CMPA  ami  CME  are  to  each  other  as  the  polygons  B'  and 
jB,  of  which  they  arc  respectively  a  part ;  wc  have  then 

B':B::  QA:A+A\ 
Now  A'  has  already  been  determined  ;  and  this  new  proportion 
will  give  the  determination  of  /?,  namely, 

therefore,  by  means  of  llic  polygons  A  and  B,  it  is  easy  to  find 
the  polygons  .^'  and  B',  which  have  double  the  number  of  sides. 


94  Ulemmls  of  Geofnetry* 

PROBLEM. 

294.  To  find  the  approximate  ratio  of  the  circumference  of  a  circU 
to  its  diameter* 

Solution.  Let  the  radius  of  the  circle  be  =  1,  the  side  of  the 
inscribed  square  will  be  v2  (270),  that  of  the  circumscribed 
square  will  be  equal  to  the  diameter  2 ;  hence  the  surface  of  the 
inscribed  square  =  2,  and  that  of  the  circumscribed  square  =  4. 
Now,  if  wc  make  .4=2,  and  JB  =  4,  we  shall  find,  by  the  preced- 
ing problem,  the  inscribed  octagon  A'  =  \/8  =  2,8284271,  and  the 

1 R 

circumscribed  octagon  ff  =  ^— — =  =  3,3137085.  Knowing  thus 

the  inscribed  and  circumscribed  octagons,  we  can  find,  by  means 
of  them,  the  polygons  of  double  the  number  of  sides ;  vre  now 
suppose  wS  ^  2,8284271,  jB  =  3,3137086,   and  we  shall  have 

A'  ^y/TTB  =  3,0614674,  and  B  =  -^-p-,-  =  3,1825979*  Thetc 

polygons  of  16  sides  will  serve  to  find  those  of  32  sides,  and  we 
may  proceed  in  this  manner,  till  there  is  no  difference  between 
the  inscribed  and  circumscribed  polygons,  at  least  for  the  num- 
ber of  decimals  to  which  the  calculation  is  carried,  which  in  this 
example  is  seven.  Having  arrived  at  this  point,  we  conclude 
that  the  circle  is  equal  to  the  last  result,  for  the  circle  must 
always  be  comprehended  between  the  inscribed  and  circum- 
scribed polygons ;  therefore,  if  these  do  not  differ  from  each 
other  for  a  certain  number  of  decimals,  the  circle  will  not  differ 
from  them  for  the  same  number. 

See  the  calculation  of  these  polygons  continued  till  they  give 
the  same  result  for  the  seven  first  decimals. 
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Hence  we  conclude  that  the  surface  of  the  circle  =  3,1415926* 
There  might  be  some  deubt  with  respect  to  the  last  decimal, 
on  account  of  the  error  arising  from  the  parts  neglected ;  but  we 
have  extended  the  calculation  to  one  decimal  more  in  order 
to  be  assured  of  the  correctness  of  the  above  result  to  the  last 
figure. 

Since  the  surface  of  a  circle  is  equal  to  the  product  of  the 
scmicircumference  by  the  radius,  the  radius  being  1,  the  semi- 
circumference  will  be  3,1415926;  or,  the  diameter  being^l,  the 
circumference  will  be  3,1415926;  therefore  the  ratio  of  the 
circumference  to  the  diameter,  above  denoted  by  n^  is  equal  to  u 
3,1415926. 

LEMMA. 

295.  The  triangle  CAB  (fig.  1 70)  is  equivalent  to  ilu  isosceles  Fig.  I7f^- 
triangle  DCE,  which  has  the  same  angle  C,  and  of  zohich  the  side 
CE  equal  to  CD  is  a  mean  proportional  belioeen  CA  and  CB» 
Moreover f  if  the  angle  CAB  is  a  right  angle,  the  perpendicular  OF 
let  fall  upon  the  base  of  the  isosceles  triangle  zoill  he  a  mean  propof- 
tional  between  the  side  CA  and  the  half  sum  of  the  sides  CA^  CB. 

Demonstration.     1.  On  account  of  the  common  angle  C,  the' 
triangle  ABC  is  to  the  isosceles  triangle  DCE  ^s  AC  x  CB  is  to 

DCx  CE  or  £C  (216);  consequently  these  triangles  are  equiv- 
alent, when  DC  ^ACx  CB,  or  when  DC  is  a  mean  proportional 
between  AC  and  CB. 

2.  As  the  perpendicular  CGF  bisects  the  angle  ACB, 
AG:  GBiiACiCB  (201),      ' 
whence,  by  composition, 

AG  lAG  +  GB  or  AB  ::AC:AC-h  CB; 
but     AGiAB::  triangle  ACG  :  triangle  ACB  or  2 CDF; 
moreover,  if  the  angle  w2  is  a  right  angle,  the  right-angled  trian- 
gles ACG,  CDF,  are  similar;  whence 

ACG:  CDF::  AC:  Cf] 

or  ACG  :  2CDF  : :  AC^:  ^Lf\ 

therefore  AC  :  2CF  ::AC:AC-{-  CB. 

If  we  multiply  the  two  terms  of  the  second  ratio  by  AC,  the  an- 
tecedents will  become  equal,  and  we  shall  consequently  have 

iCF  =  ACx(JiC+  CB),  or  CF  =  ACx  (^~ — )  i 
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therefore,  if  the  angle  A  is  3,  right  angle,  the  perpendicular  CF 
is  a  mean  proportional  between  the  side  AC  and  half  the  sam  of 
the  sides  AC,  CB. 

fy  PROBLEM. 

•  U 

296.  To  find  a  circle  which  shall  differ  as  little  as  we  please  from 

a  given  regular  polygon. 

Solution.  Let  there  be  given,  for  example,  the  square  BMNP 
Fig.  171.  (jig.  171);  let  fall  from  the  centre  C  the  perpendicular  CA 
upon  the  side  MB,  and  join  CB* 

The  circle  described  upon  the  radius  CA  is  inscribed  in  the 
square,  and  the  circle  described  upon  the  radius  CB  is  circum- 
scribed  about  this  square ;  the  first  will  be  less  than  the  square, 
and  the  second  will  be  greater ;  it  is  proposed  to  reduce  these 
limits. 

Take  CD  and  CE  each  equal  to  a  mean  proportional  between 

CA  and  CB,  and  join  ED ;  the  isosceles  triangle  CDE  will  be 

equivalent  to  the  triangle  CAB  (295) ;  let  the  same  be  done  with 

respect  to  each  of  the  eight  triangles  which  compose  the  square, 

and  there  will  be  formed  a  regular  octagon  equivalent  to  the 

square  BMKP.    The  circle  described  upon  CF,  a  mean  propor- 

CA  -^  CH 
tional  between  CA  and ~ ,  will  be  inscribed  in  the  octa- 

gon,  and  the  circle  described  upon  CD,  as  a  radius,  will  be  cii^ 
cumscribed  about  it.  Thus  the  first  will  be  less  and  the  second 
greater  than  the  given  square. 

If  we  change,  in  the  same  manner,  the  right-angled  triangle 
CDF  into  an  equivalent  isosceles  triangle,  we  shall  fol*m  in  this 
way  a  regular  polygon  of  sixteen  sides  equivalent  to  ihe  proposed 
square.  The  circle  inscribed  in  this  polygon  will  be  less  than 
the  square,  and  the  circle  circumscribed  about  it  will  be  greater. 

We  can  proceed  in  this  manner  till  the  ratio  between  the  ra- 
dius of  the  inscribed  circle  and  that  of  the  circumscribed  circle 
shall  difier  as  little  as  we  please  from  equality.  Then  either  of 
these  circles  may  be  regarded  as  equivalent  to  the  proposed 
square. 

297.  Scholium.  To  exhibit  the  result  of  this  investigation  of  the 
successive  radii,  let  a  be  the  radius  of  the  circle  inscribed  in  one 
of  the  polygons,  and  6  the  radius  of  the  circle  circumscribed 
about  the  same  polygon;  and  let  a',  h\  ho  similar  radii  to  the 
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next  polygon  of  double  the  number  of  sides.  According  to  what  has 
been  demonstrated,  [/  is  a  mean  proportional  between  a  and  6,  and 

a'  is  a  mean  proportional  between  a  and  -— - ;  so  that  we  have 


6'  =  Vax6,  anda'=    fax^^  ; 

hence  the  radii  a  and  6  of  one  polygon  being  known,  the  radii 
a',  h\  of  the  following  polygon  are  easily  deduced;  and  we  may 
proceed  in  this  manner  till  the  difference  between  the  two  radii 
shall  become  insensible ;  then  either  of  these  radii  may  be  taken 
for  the  radius  of  a  circle  equivalent  to  the  proposed  square  or 
polygon. 

This  method  may  be  readily  applied  to  lines,  since  it  consists 
in  finding  successive  mean  proportionals  between  known  lines ; 
but  it  succeeds  still  better  by  means  of  numbers,  and  it  is  one  of 
the  most  convenient,  that  elementary  geometry  can  furnish,  for 
finding  expeditiously  the  approximate  ratio  of  the  circumference 
of  a  circle  to  its  diameter.  Let  the  side  of  the  square  be  equal 
to  2,  the  first  inscribed  radius  C/?  will  be  1,  and  the  first  circum- 
scribed radius  CB  will  be  v2  or  1,4142136.  Putting  then  a  =  1, 
and  &  =  1,4142136,  we  shall  have 

1/  =  vayTh  =  VI X  1,4142136  =  1,1892071; 

a'  =  j:::ip  =  J;TIII^pil«=  1,0986841. 

These  numbers  may  be  used  in  calculating  the  succeeding  ones 
according  to  the  law  of  continuation. 

See  the  result  of  this  calculation  extended  to  seven  or  eight 
figures  by  means  of  a  table  of  common  logarithms. 

Radii  of  the  circumscribed  circles.        Radii  of  the  inscribed  circles. 

1,4142136  1,0000000. 

1,1892071  1,0986841. 

1,1430500  1,1210863. 

1,1320149  1,1265639. 

1,1292862  1,1279257. 

1,1286063  1,1282657. 

The  first  half  of  the  figures  being  now  the  same  in  both,  we 
can  take  the  arithmetical  instead  of  the  geometrical  means,  since 
they  do  not  differ  from  each  other  except  in  the  remoter  deci- 
mals (Alg.  102).  The  operation  is  thus  greatly  abridged,  and 
the  results  are, 

Georn.  1 3 
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1,1284360  1,1283508. 

1,1283934  1,1283721. 

1,1283827  1,1283774. 

1,1283801  1,1283787. 

1,1283794  1,1283791. 

1,1283792  1,1283792. 

Hence  1,1283792  is  very  nearly  the  radius  of  a  circle  equal 
in  surface  to  a  square  whose  side  is  2.  From  this  it  is  easy  to 
find  the  ratio  of  the  circumference  of  a  circle  to  its  diameter ;  for 
it  has  been  demonstrated  that  the  surface  of  a  circle  is  equal  to 
the  square  of  the  radius  multiplied  by  the  number  n ;  therefcnre 
if  we  divide  the  surface  4  by  the  square  of  1,1283792,  we  shall 
have  the  value  of  3i  equal  to  3,1415926  &c.,  as  determined  by 
the  other  method. 


Appendix  to  the  Fourth  Section. 
DEFrmriojfs. 

298.  Among  quantities  of  the  same  kind  that  which  is  greatest 
is  called  a  maximum;  and  that  which  is  smallest  a  mifiimtmu 

Thus  the  diameter  of  a  circle  is  a  maximum  among  all  the 
straight  lines  drawn  from  one  point  of  the  circumference  to 
another,  and  a  perpendicular  is  a  mininmm  among  all  the  straight 
lines  drawn  from  a  given  point  to  a  given  straight  line. 

299.  Those  figures  which  have  equal  perimeters  arc  called 
isoperimetrical  figures, 

THEOREM. 

300.  Among  triangles  of  the  same  base  and  the  aame  perimeter 
that  is  a  maximum  in  which  the  two  undetermined  sides  are  equal. 

5.  in.      Demonstration.    Lei  AC  =:  CB  {fi^.  1 72),  and 
AM^MBr=AC+CB\ 
the  isosceles  triangle  ACB  will  be  greater  than  the  triangle  AMB 
of  the  same  base  and  the  same  perimeter. 

From  the  point  C,  as  a  centre,  and  with  the  radius  CA  =k  CB, 
describe  a  circle  meeting  CA  produced  in  D  \  join  DB ;  and  the 
angle  DBA^  inscribed  in  a  semicii-cle  is  a  right  angle  (128).  Pro- 
duce the  perpendicular  DB  towards  JV,  and  make  MJ^^MB^ 
and  join  AJ^.    From  the  points  M  and  C  let  fall  upon  JttY  the 
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perpendiculars  MP  and  CG.    Since  CB  =  CD,  and  JIf JV  =  MB, 
AC+ CB^  AD,  and  AM  4^  MB  =:^M-^MJ^.    But 
AC-hCB^AM^MB', 

consequently  AD  =  AM  +  MN ;  therefore  AD  >  ^JV. 

Now,  if  the  oblique  line  AD  is  greater  than  the  oblique  line 
j9JV,  it  must  be  at  a  greater  distance  from  the  perpendicular  AB 
(52) ;  hence  DB  >  BJV,  and  BG  the  half  DB  is  greater  than 
BP  the  half  JBJST.  But  the  triangles  ABC,  ABM,  which  have 
the  same  base  AB,  are  to  each  other  as  their  altitudes  BG,  BP ; 
therefore,  since  BG  >•  BP,  the  isosceles  triangle  .4JBC  is  greater 
than  the  triangle  ABM  of  the  same  base  and  same  perimeter 
which  is  not  isosceles.  ^ 

A 

THEOREM* 

301 .  Among  polygons  of  tht  same  perimeter  and  of  the  same  nwm- 
ber  of  sides,  that  is  a  maximum  which  has  its  sides  equal. 

Demonstration.  Let  ABCDEF  (fig.  173)  be  the  maximum  Vig'^ 
polygon;  if  the  side  JSC  is  not  equal  to  CD,  make,  upon  the  ^^^ 
base  BD,  an  isosceles  triangle  BOD,  having  the  same  perimeter 
as  BCD,  the  triangle  BOD  will  be  greater  than  BCD  (300), 
and  consequently  the  polygon  ABODEF  will  be  greater  than 
ABCDEF',  this  last  then  will  not  be  a  maximum  among  all  those 
of  the  same  perimeter  and  the  same  number  of  sides,  which  is 
contrary  to  the  supposition*  Hence  BC  must  be  equal  to  CD; 
and,  for  the  same  reason,  we  shall  have  CD  =  DE,  DE  =  EF, 
be. ;  therefore  all  the  sides  of  the  maximum  polygon  are  equal 
to  each  other. 

THEOREM. 

303.  Of  all  triangles  formed  with  two  given  sides  making  any 
ar^le  at  pleasure  with  each  other,  the  maximum  is  that  in  which  the 
two  given  sides  make  a  right  angle. 

Demonstratiotu    Let  there  be  the  two  triangles  BAC,  BAD 
(fig.  174),  which  have  the  side  AB  common,  and  the  side  Fig. 
AC=zAD',  if  the  angle  JS^C  is  a  right  angle,  the  triangle  BAC  17^ 
will  be  greater  than  the  triangle  BAD,  in  which  the  angle  A  is 
acute  or  obtuse. 

For,  the  base  AB  being  the  same,  the  two  triangles  BAC, 
BAD,  are  as  their  altitudes  AC,  DE*    But  the  perpendicular 
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DE  is  less  than  the  oblique  line  AD  or  its  equal  AC]  therefore 
the  triangle  BAD  is  less  than  BAC. 

THEOREM. 

303.  Of  all  polygons  fomud  of  given  sides  and  one  side  to  be 
taken  of  any  magnitude  at  pleasure^  the  maximum  must  be  such  that 
all  the  angles  may  be  inscribed  in  a  semicircle  of  which  the  unknovm 
side  shall  be  the  diameter* 

175.  Demonstratim.  Let  ABCDEF  [fig.  1 75),  be  the  greatest  of 
the  polygons  formed  of  the  given  sides  AB^  BC^  CD^  DE^  EF^ 
and  the  side  AF  taken  at  pleasure  ;  draw  the  diagonals  AD^  DF. 
If  the  angle  ADF  is  not  a  right  angle,  we  can,  by  preserving  the 
parts  ABCDy  DEF^  as  they  are,  augment  the  triangle  ADF^  and 
consequently  the  entire  polygon  by  making  the  angle  ADF  a 
right  angle,  according  to  the  preceding  proposition ;  but  this  poly- 
gon can  no  longer  be  augmented,  since  it  is  supposed  to  have 
attained  its  maximum  ;  therefore  the  angle  ADF  is  already  a 
right  angle.  The  same  may  be  said  of  the  angles  ABF^  ACF, 
AEFi  hence  all  the  angles  A^  jB,  C,  D,  J5,  F,  of  the  maximum 
polygon  are  inscribed  in  a  semicircle  of  which  the  undetermined 
side  AF  is  the  diameter. 

304.  Scholium.  This  proposition  gives  rise  to  a  question, 
namely,  whether  there  are  several  ways  of  forming  a  polygon 
with  given  sides  and  one  unknown  side,  the  unknown  side  being 
the  diameter  of  the  semicircle  in  which  the  other  sides  are  in- 
scribed. Before  deciding  this  question  it  is  proper  to  observe 
that,  if  the  same  chord  AB  subtends  arcs  described  upon  differ- 

176.  ent  radii  AC^  AD  {fig.  176),  the  angle  at  the  centre  subtended 
by  this  chord  will  be  least  in  the  circle  of  the  greatest  radius ; 
thus  ACB  <  ADB,  For  ADO  =  ACD  +  CAD  (78) ;  therefore 
ACD  <  ADO^  and,  each  being  doubled,  we  have  ACB  <  ADB. 

THEOREM. 

305.  77icrc  is  but  one  way  of  forming  a  polygon  ABCDEF, 
1*75.  (gg.  175)  njith  given  sides  and  one  side  unknown^  the  unknown  side 

being  the  diameter  of  the  semicircle  in  which  the  others  are  inscribed* 

Demonstration.    Let  us  suppose  that  we  have  found  a  circle 

which  satisfies  the  question ;  if  we  take  a  greater  circle,  the 

chords  AB,  BC,  CD,  &c.,  answer  to  angles  at  the  centre  that  are 
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smaller.  The  sum  of  ihe  angles  at  the  centre  will  accordingly 
be  less  than  two  right  angles ;  thus  the  extremities  of  the  given 
sides  will  not  terminate  in  the  extremities  of  a  diameter.  The 
contrary  will  occur  if  we  take  a  smaller  circle ;  therefore  the 
polygon  under  consideration  can  be  inscribed  in  only  one  circle. 

306.  Scholvum.  We  can  change  at  pleasure  the  order  of  the 
sides  .4B,  J?C,  CD^  &c.,  and  the  diameter  of  the  circumscribed 
circle  will  always  be  the  same  as  well  as  the  surface  of  the  po- 
lygon ;  for,  whatever  be  the  order  of  the  arcs  ^JB,  JBC,  CD^  &c.^ 
it  is  sufficient  that  their  sum  makes  a  semicircumference,  and  the 
polygon  will  always  have  the  same  surface,  since  it  will  be  equal 
to  the  semicircle  minus  the  segments  AB^  BCj  CD^  &;c.,  the  sum 
of  which  is  always  the  same, 

THEOREM. 

307.  Of  all  polygons  formed  of  given  sides  the  maximum  t* 
that  which  can  be  inscribed  in  a  circle. 

Demonstration.    Let  ABCDEFG  {fig.  177)  be  an  inscribed  Fig.  177, 
polygon,  and  abed efg  one  that  does  not  admit  of  being  mscrib- 
ed,  having  its  corresponding  sides  equal  to  those  of  the  former, 
namely,  a 6  =  jiB,  6c=BC,  cd=  CD^  &c. ;  the  inscribed  poly- 
•  gon  will  be  greater  than  the  other. 

Draw  the  diameter  EM,  and  join  AM,  MB]  upon  ab:=zAB 
construct  the  triangle  abm  equal  to  ABM,  and  join  e  m. 

According  to  what  has  just  been  demonstrated  (303),  the  poly- 
gon EFGAM  is  greater  than  efg  a  m,  unless  this  last  can  also 
be  inscribed  in  a  semicircle  having  e  m  for  its  diameter,  in  which 
case  the  two  polygons  would  be  equal  (305).  For  the  same 
reason  the  polygon  EDCBM  is  greater  than  edcbm,  with  the 
exception  of  the  case  in  which  they  are  equal.  Hence  the  entire 
polygon  EFGAMBCDE  is  greater  than  efgambcde,  unless 
they  should  be  in  all  respects  equal ;  but  they  are  not  so  (161), 
since  one  is  inscribed  in  a  circle,  and  the  other  does  not  admit  of 
being  inscribed ;  therefore  the  inscribed  polygon  is  greater  than 
the  other.  Taking  from  them  respectively  the  equal  triangles 
ABM,  a  6  m,  we  have  the  instribed  polygon  ABCDEFG  greater 
than  the  polygon  not  inscribed  abed  efg. 

308.  Scholium.  It  may  be  shown,  as  in  art.  305,  that  there 
is  only  one  circle  and  consequently  only  one  maximum  polygon 


/ 
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which  satisfies  the  question ;  and  this  polygon  will  still  baTc  the 
same  surface,  whatever  change  be  made  in  the  order  of  the  sides. 

THEOREM. 

309.  Among  polygons  of  the  same  perimeter  and  the  same  number 
of  sides  the  regular  polygon  is  a  maximum. 

Demonstration.  According  to  art.  301,  the  maximum  polygon 
has  all  its  sides  equal ;  and,  according  to  the  preceding  theorem, 
it  is  such  that  it  may  be  inscribed  in  a  circle ;  therefore  it  is  a 
regular  polygon. 

LElffHA. 

310.  Two  angles  at  the  centre^  measured  in  two  different  circles^ 
are  to  each  other  as  the  contained  arcs  divided  by  their  radn  ;  thai 

AB     DE 

Fig,  178  iff,  the  angle  C  :  angle  O  : :  the  ratio  -rp  :  =r^  (fig.  178). 

Demonstration.  With  the  radius  OF  equal  to  jJC,  describe 
the  arc  FG  comprehended  between  the  sides  OJD,  0£,  produced; 
on  account  of  the  equal  radii  AC^  OFy 

C:0::^B:JY?(122),or::^:^. 

But,  on  account  of  the  similar  arcs  FG,  D£, 

FG:DE::FO:DO  (288); 

hence  the  ratio  -^^  is  equal  to  the  ratio  ^ws  5  therefore 

„    f.      AB     DE 

^•'^'•'ac'do' 

THEOREH. 

311.  0/"  iioo  regular  isoperimetrical  poisons  that  is  the  greater 
which  has  the  greater  number  of  sides, 

rig.  179.  Demonstration.  Let  DE  {Jig.  1 79),  be  half  of  a  side  of  one 
of  these  polygons,  O  its  centre,  OE  a  perpendicular  let  fall  from 
the  centre  upon  one  of  the  sidest ;  let  AB  be  half  of  a  side  of  the 
other  polygon,  C  its  centre,  CB  a  perpendicular  to  the  side  let 
fall  from  the  centre.    We  suppose  the  centres  O  and  C  to  be 

t  This  perpendicular  is  called  in  the  original  apotMme.  No  Eng- 
lish word  has  been  adopted  answering  to  it. 
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situated  at  any  distance  OC^  and  the  perpendiculars  0£,  CB,  in 
the  direction  OC-^  thus  DOE  and  ACB  will  be  the  semianglcs 
at  the  centre  of  the  polygons  respectively,  and  as  these  angles 
are  not  equal,  the  lines  C^,  OD,  being  produced,  will  meet  in 
some  point  jP;  from  this  point  let  fall  upon  OC  the  perpendicu- 
lar FG ;  from  the  points  O  and  C,  as  centres,  describe  the  arcs 
Gr/,  GH,  terminating  in  the  sides  OF,  CF. 

This  being  done,  we  have,  by  the  preceding  lemma, 
^  ^    .   G/.  GH 

^'^  'OG'  CG' 
but  DE  :  perimeter  of  the  first  polygon  : :  O  :  four  right  angles, 
and  JB  :  perimeter  of  the  second  polygon  : :  C :  four  right  angles ; 
hence,  the  perimeters  of  the  polygon  being  equal, 

DEiABi:   O  :  C 

Multiplying  the  antecedents  by  OG  and  the  consequents  by  CG^ 
we  have  DE x  OG  :  AB  x  CG  ::GI :  GH. 

But  the  similar  triangles  OJQE,  OFG^  give 

OE  lOGiiDE:  FG, 
whence  DE  xOG^OEx  FG-^ 

in  like  manner  AB  xCG  =  CBxFG; 

consequently     OE  x  FG  :  CB  x  FG  ::  GI :  GH. 
or  OE  :  CB  ::GI:GH. 

If  therefore  it  is  made  evident  that  the  arc  GI  is  greater  than  the 
arc  Gfl,  it  will  follow  that  the  perpendicular  OE  is  greater  than 
CB. 

On  the  other  side  of  CF  let  there  be  constructed  the  figure 
CK  X  equal  to  CG  x^  so  that  we  may  have  CK=  CG^  the  angle 
HCK=:HCG,  and  the  arc  Kxz=:xG',  the  curve  KxG  enclos- 
ing the  arc  KHG  will  be  greater  than  this  arc  (283).  Hence 
G  X  half  of  the  curve  is  greater  than  G-ffhalf  of  the  arc;  there- 
fore, for  a  still  stronger  reason,  GI  is  greater  than  GIL 

It  follows  from  this  that  the  perpendicular  OE  is  greater  than 
CB;  but  the  two  polygons  having  the  same  perimeter  are  to 
each  other  as  these  perpendiculars  (280) ;  therefore  the  polygon, 
which  has  for  its  half  side  /)B,  is  greater  than  that  which  has 
for  its  half  side  AB.  The  first  has  the  greater  number  of  sides 
since  its  angle  at  the  centre  is  less ;  therefore  of  two  regular 
isoperimetrical  polygons,  that  is  the  greater  which  has  the  greater 
number  of  sides. 
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THEOREM* 

312.  The  circle  is  greater  than  any  polygon  of  the  sOme  perinuler. 
Demonstration*  It  has  already  been  proved  that  among  poly- 
gons of  the  same  perimeter  and  the  same  number  of  sides,  the 
regular  polygon  is  the  greatest ;  the  inquiry  is  thus  reduced  to 
comparing  the  circle  with  regular  polygons  of  the  same  perime- 
Pig.  ISO.  ter.  Let  AI  (fig.  180)  be  the  half  side  of  any  regulai*  polygon, 
and  C  its  centre.  Let  there  be,  in  the  circle  of  the  same  peri- 
meter, the  angle  DOE:=zACI^  and  consequently  the  arc  DE 
equal  to  the  half  side  AI ; 

the  polygon  P  :  circle  C  : :  triangle  ACI :  sector  ODE^ 
hence         P  :  C  ::  ^AI  x  CI :  ^DE  x  OE  ::  CI :  OE. 
Let  there  be  drawn  to  the  point  E  the  tangent  EG  meeting  OD 
produced  in  G;  the  similar  triangles  ACI^  GOE^  give  the  pro- 
portion 

CI :  OE  ::AI or  DEzGE', 
therefore 

P  :  C  ::  DE  :  GE  :  :  DE  X  iOE  :  GE  X  iOE, 
that  is,  P  :  C  ::  sector  DOE  :  triangle  GfOJB ; 

but  the  sector  is  less  than  the  triangle;  consequently  P  is  less 
than  C;  therefore  the  circle  is  greater  than  any  polygon  of  the 
same  perimeter. 
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SECTION  FIRST. 

Of  Planes  and  SoUd  Anghi. 
DEFVaTiOJfS, 

613.  A  STRAIGHT  liie  is  perpendicular  to  a  plane,  when  it  is 
perpendicular  to  everjVvStraight  line  in  the  plane  which  passes 
through  the  foot  of  the  perpendicular  (336).  Reciprocally,  the 
plane,  in  this  case,  is  perpendicular  to  the  line. 

The  foot  of  the  perpendicular  is  the  point  in  which  the  perpen- 
dicular meets  the  plane. 

314.  A  line  is  parallel  to  a  plani  when,  each  being  produced 
ever  so  far,  thej  dd  not  meet.  Also  the  plane,  in  this  case,  is 
parallel  tb  the  line. 

315.  Two  planes  are  parallel  when,  being  produced  ever  so  fiir, 
they  do  not  meet. 

316.  It  wMI  be  demonstrate!}  art.  324,  that  the  common  inter- 
section of  two  planes,  which  meet  each  other,  is  a  straight  line. 
This  being  premised,  the  angle  or  the  mutual  inclination  of  two 
planes  is  the  quantity,  whether  greater  or  less,  by  which  they 
depart  from  each  other ;  this  quantity  is  measured  by  the  angle 
cont^ed  by  two  straight  lines  drawn  from  the  same  point  per- 
pendicularly to  tift  common  intersection,  the  one  being  in  one  of 
the  planes  and  the  other  in  the  other. 

This  angle  may  be  acute,  right,  or  obtuse. 

317.  If  it  is  right,  the  two  planes  are  perpendicular  to  each 
other. 

318.  A  solid  angle  is  the  angular  space  comprehended  between 
several  planes  which  meet  in  the  same  point. 

Thus  the  solid  angle  5  {Jig.  199)  is  formed  by  the  meeting  of  m.  19^ 
the  jlme^  ASBj  BSC,  CSD,  DSA. 
It  requires  at  least  three  planes  to  form  a  solid  angle. 
Geom.  14 
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THSOBEV. 

81  d.  One  pari  of  a  straight  line  cannot  be  in  aphau  and  anotker 
part  mthout  it.  * 

Demonstration^  By  the  definition  of  a  plane  (6)  a  straight 
line,  which  has  two  points  in  common  ^Mrith  the  plane,  lies  wholly 
in  that  plane. 

320.  Scholiumm  In  order  to  determine  whether  a  surface  is 
plane,  it  is  necessary  to  apply  a  straight  line  in  different  direc- 
tions tf  this  surface  and  see  if  it  touches  th«  surface  in  its  whole 
extent. 

TREOREX. . 

321.  Ttboo  straight  lines  which  out  each  other  are  m  the  same 
plane^  and  determine  its  position* 

!«.  isn  Demonstration.  Let  AB,  AC  {Jig.  181),  be  two  straight  lines 
which  cut  each  other  in  A.  Conceive  a  plane  to  pass  through 
AB^  and  to  be  turned  about  AB^  until  it  passes  through  the  point 
C ;  then,  two  pobts  A  and  C  beidg  in  the  plane,  the  whole  line 
.4 C  is  in  this  plane;  therefore  th«  position  of  the  plane  is  deter- 
mined by  the  condition  of  its  containing  the  two  lines  AB^  AC. 

333.  Corollary  u  A  triangle  ABC,  or  three  points  A,  £,  C, 
not  m  the  same  straight  line  determine  the  position  of  a  plane* 

'is.  m.  333.  Corollary  ii.  Also  two  parallels  AB,  CD  {fig.  183), 
determine  the  position  of  a  plane ;  for,  if  the  line  EF  be  drawn,, 
the  plane  of  the  two  straight  lines  AE^  EFj  wiU  be  that  of  the 
parallels  AB^  CD. 

TREOREH. 

334.  If  two  planes  cvH  each  other^  their  commm  intersection  is  a 
straight  line. 

Demonstration.  If  Among  the  points  common  to  the  two  planes 
there  were  three  not  in  the  same  straight  line,  the  two  planes  in 
question  passing  eabh  through  these  three  points  would  make 
only  one  end  the  same  plane,  which  is  contrary  U>  the  supposi- 
tion* 

THEOREM. 

ig.  183.  325.  If  a  straight  line  AP  (fig.  1 83)  is  perpendicular  to  two  others 
PB,  PC,  which  intersect  each  other  at  its  foot  in  the  plane  MN,  it 
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-will  be  perpendicular  io  every  other  straight  litu  PQ  drawn  through 
its  foot  in  the  same  plane,  and  thus  it  will  be  perpendicular  to  the 
plane  MN. 

Demonstration.  Through  a  point  Q,  taken  at  pleasure  in  PQ^ 
draw  the*straight  line  BC  in  the  angle  BPC  making  BQ:=(iC 
(242) ;  join  AB.AQ,  AC. 

The  base  BC  being  bisected  at  the  point  Q,  the  triangle  BPC 
will  give 

PC  +  PB-2PQ  +  2^  (194). 
The  triangle  BAC  will  give,  in  like  maaner, 

AC  +  AB=z  %AQ  +  2QC! 
If  we  subtract  the  first  equation  from  the  second,  and  recollect 
Uiat  the  triangles  APC,  APB,  each  right-angftd  at  P,  give 

AC—PC^AP,  AB  —  PB=:IP;  we  shaU  have 

AP  +  AP^1tAQ^^PQ', 
dfe*,  by  taking  half  of  each  member, 

hence  AP  +  PQ^AQ\ 

therefore  the  triangle  APQ  is  right-angled  at  P  (193),  and  AP  is 

perpendicular  to  PQ. 

326.  Scholium.  It  is  evident,  then,  not  only  that  a  straight 
line  may  be  perpendicular  to  all  those  which  pass  through  its 
foot  in  the  plane,  but  that  this  happens,  whenever  the  line  in 
<]uestion  is  perpendicular  to  two  straight  lines  drawn  in  the 
plane ;  hence  the  propriety  of  the  definition  art.  313. 

327.  Corollary  i.  The  perpendicular  AP  is  less  than  any 
oblique  line  AQ ;  therefore  it  measures  the  true  distance  of  a 

'  point  A  from  the  plane  PQ. 

328.  Corollary  ii.  Through  any  given  point  P  in  a  plane  only 
one  perpendicular  can  be  drawn  to  this  plane ;  for,  if  there  could 
be  two,  a  plane  being  supposed  to  pass  through  them  intersecting 
the  plane  JlfAT  in  PQ,  the  two  perpendiculars  would  be  perpen- 
dicular to  the  line  PQ  at  the  same  point,  and  in  the  same  plane, 
which  is  impossible  (50). 

It  is  also  impossible  to  let  fall  from  a  given  point,  without  a 
plane  two  perpendiculars  to  this  plane ;  for  let  AP,  AQ,  be  these 
two  perpendiculars,  then  the  triangle  APQ  would  have  two  right 
angles  APQ,  AQP^  which  is  impossible. 
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THEOREM. 


329.  Oblique  lines  equally  distant  from  the  pevpendieular  atr$ 
equal,  and  of  two  oblique  lines  unequally  distant  from  the perftm' 
dicular^  that  which  is, at  the  greater  distance  is  the  greater. 

Kg.  184.  Demonstraticn.  The  angles  APB,  APC,  APD  (Jg.  1  ?4),  being 
right  angles,  if  we  suppose  the  distances  PB^  PC^  PDj  equal  to 
each  other,  the  triangles  APB^  APC,  dPDj  have  two  sides  and 
the  included  angle  respectively ,  equal,  they  are  consequently 
equal;  therefore  the  hypothenuses  or  the  oblique  lines  AB^  AC^ 
AD^  are  equal  to  each  other.  Likewise  if  the  distance  PE  is 
greater  than  PD  or  its  equal  PB,  it  is  evident  that  the  oblique 
line  AE  will  be  greater  than  AB.ov  its  equal  AD. 

330.  Corollary.  All  the  equal  oblique  lin^s  AB^  AC^  AD^  kc^ 
terminate  in  (he  circumference  of  a  circle  BCD  described  about 
the  foot  of  the  perpendicular  P,  as  a  centre ;  therefore,  a  point 
A  without  a  plane  being  given,  to  find  the  point  P  where  the  per^ 
pendicular  A  meets  this  plane,,  take  three  points  J3,  C,  I>,  equally 
distant  from  the  point  A^  and  find  the  centre  of  the  circle  which 
passes  through  these  points,  this  centre  will  be  the  point  P  re- 
quired. 

331.  Scholium.  The  angle  ABP  is  called  the  incHnaUon  of  the 
oblique  line  AB  to  the  plane  MN.  It  is  manifest  that  this  incli- 
nation is  the  same  for  all  the  oblique  lines  AB,  AC,  AD,  &c., 
which  depart  equally  from  the  perpendicular ;  for  all  the  trian- 
gles  ABP,  A  CP,  ADP,  &c.,  are  equal. 


THEOREK. 


18S.  332.  Let  AP  (fig*  1 85)  be  a  perpendicular  to  the  plane  MN,  and 
BC  a  line  situated  in  this  plane  ;  if  from  the  foot  P  (f  the  perpen^ 
dicalar  a  line  PD  bt  drawn  perpendicular  to  BC,%n<i  AD  be  joined, 
AD  toill  be  perpendicular  to  BC. 

Demonstration.  Take  DB  i=iDC,  and  join  PB,  PC,  AB,  AC. 
Since  DB  ^  DC,  the  oblique  line  Pfi  =  PC;  and,  because 
PB  =  PC,  the  oblique  lines  AB,  AC,  considered  with  reference 
to  the  perpendicular  AP,  are  equal  (329) ;  hence  the  line  AD 
has  two  points  A  and  D  each  equally  distant  from  the  estremities 
Jff  and  C;  therefore  AD  is  perpendicular  to  BC  (66). 

333.  Corollary.  It  will  be  seen,  at  the  same  time,  that  fiC  is 
perpendicular  to  the  plane  APD,  since  J3C  is  perpendicular  at 
the  same  time  to  the  two  straight  lines  AD  and  PD. 
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934*  SduAium.  The  two  lines  JiE^  BC^  preient  an  example 
of  two  lines  which  do  not  meet,  because  they  are  not  situated  in 
the  tiime  plane.  The  least  distance  of  these  lines  is  the  straight 
line  PD^  which  is  at  the  same  time  perpendicular  to  the  line  AP 
and  to  the  line  BC.  The  distance  PD  is  the  shortest:  because, 
if  we  join  two  other  points,  as  A  and  B,  we  shall  have  AB  >>  AD, 
AD  }>  PD,  and,  for  a  still  stronger  reason,  AB  >  PD. 

The  two  lines  AE,  Cfi,  although  not  situated  in  the  same 
plane,  are  considered  as  making  a  right  angle  with  each  other, 
because  AE  and  a  line  drawn  through  any  point  in  it  parallel  to 
BC,  would  make  a  right  angle  with  each  other.  In  like  manner, 
the  line  AB  and  the  line  PD,  which  represent  two  straight  lines 
not  situated  in  the  same  plane,  are. considered  as  making  the 
same  angle  with  each  other,  as  is  made  by  AB  and  a  line  par- 
allel to  PD  drawn  through  Some  point  in  AB. 

tHEOREM. 


4 


335.  If  Ae  lint  AP  (fig.  186)  is  perpendicular  to  the  plane  MN,  Fig,  i^ 
every  line  DE  parallel  to  AP  will  be  perpendicular  to  the  same 
plane. 

Demonstration.  Let  there  be  a  plane  passing  through  the  par*- 
allels  AP,  DE,  intersecting  the  plane  MJ^  in  PD;  in  the  plane 
JltAT  draw  BC  perpendicular  to  PD,  and  join  AD. 

According  to  the  corollary  of  the  preceding  theorem  jBC  is 
perpendicular  to  the  plane  APDE ;  consequently  the  angle  BDE 
is  a  right  angle ;  but  the  angle  EDP  is  also  a  right  angle,  since 
AP  is  perpendicular  to  PD,  and  DE  is  parallel  to  AP  (65)  > 
hence  the  line  DE  is  perpendicular  to  each  of  the  lines  DP,  DB\ 
therefore  it  is  perpendicular  to  the  plane  MJ{  passing  through 
them  (335).  ^ 

336.  Corollary  i.  Conversely,  if  the  straight  lines  AP,  DE, 
are  perpendicular  to  the  same  plane  MN*,  they  will  be  parallel ; 
for,  if  they  are  not,  through  the  point  D  draw  a  line  parallel  to 
jdP;  this  parallel  will  be  perpendicular  to  the  plane  Jlf^,  conse- 
quently there  would  be  two  perpendiculars  to  the  same  plane 
drawn  through  the  same  point,  which  is  impossible  (338). 

337.  Corollary  n.  Two  lines  A  and  B,  parallel  to  a  third  C, 
are  parallel  to  each  other ;  for,  let  there  be  a  plane  perpendicu- 
lar to  the  line  C,  the  lines  A  and  B  parallel  to  this  perpcndicu- 
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lar  will  be  perpendicular  to  the  same  plane ;  therefore,  by  tbe 
above  corollary,  they  are  parallel  to  each  other. 

It  is  supposed  that  the  three  lines  are  not  in  the  same  plane, 
without  which  the  proposition  would  already  be  known  (68). 

THEOREM^ 

Fig.  187.  338.  If  the  atraight  line  AB  (fig.  187)  is  parallel  to  anothtr 
straight  Une  CD,  drawn  in  (he  plane  MN,  it  toill  be  parallel  to  Ais 
plane* 

Demonstration*  If  the  line  AB^  which  is  in  the  plane  ABCD^ 
should  meet  the  plane  JI/JV*,  this  can  take  place  only  in  some 
point  of  the  line  CD^  the  common  inlersertion  of  the  two  planes ; 
now  AB  cannot  meet  CD,  because  it  is  parallel  to  it ;  conse- 
quently it  cannot  meet  the  plane  JlfJ^T;  therefore  it  is  parallel  to 
this  plane  (314). 

THEOREM. 

Fig.  iw.  339.  Two  planes  MN,  PQ  (fig.  1 88),  perpendicular  to  the  same 
straight  tine  AB,  are  parallel  to  each  other. 

Demonstration*  If  they  can  meet,  let  O  be  one  of  the  common 
points  of  intersection,  and  join  OA^  OB ;  the  line  AB^  perpen- 
dicular to  the  plane  JlfV,  is  perpendicular  to  the  straight  line 
OA  drawn  through  its  foot  in  this  plane ;  for  the  same  reason, 
AB  is  perpendicular  to  BO ;  hence  (M,  OB,  would  be  two  per- 
pendiculars let  fall  from  the  same  point  O  upon  the  same  straight 
line,  which  is  impossible;  consequently  the  planes  JlfJV,  PQ, 
cannot  meet ;  therefore  they  are  parallel. 

THEOREM. 

Tig.  189.  340.  Tlie  intersections  EF,  GH  (fig.  189),  of  two  parallel  planes 
MN,  PQ,  by  a  third  plane  FG,  are  parallel. 

Demonstration.  If  the  lines  EF,  GH^  situated  in  tbe  same 
plane,  are  not  parallel,  being  produced  they  will  meet;  conse- 
quently the  planes  JtfJV,  PQ,  in  which  they  arc,  would  meet ; 
therefore  they  would  not  be  parallel. 

THEOREM. 

«igv  188.  341.  The  line  AB  (fig.  188),  perpendicular  to  the  plane  MN,  is 
perpendicular  te  the  plane  FQ,  parallel  to  the  plane  MN. 
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DtmKmilmtim.  In  the  plane  PQ  .draw  at  pleasure  the  Ime 
J3C,  and  through  AB^  BC^  suppose  a  plane  ABC  to  pass  inter- 
ceding the  plane  JI£Y  in  AD^  the  intersection  AD  will  be  par- 
allel to  fiC  (340);  but  the  line  AB^  perpendicular  to  the  plane 
JIfJV,  is  perpendicular  to  the  straight  line  AD ;  consequently  it 
will  be  perpendicular  to  its  parallel  EC ;  and,  since  the  line  AB 
is  perpendicular  to  every  line  BC  drawn  through  the  foot  of  it 
in  the  plane  PQ,  it  follows  that  it  is  perpendicular  to  the  plane 

THEOREM. 

S42.  Tht  paralkls  EG,  FH  (fig.  189),  amprthmded  beimen  rig.  tw. 
iwo  parallel  planes  MN,  PQ,  are  equal. 

Demonstration.  Through  the  parallels  £G,  FH,  suppose  a 
plane  EGHF  to  pass  meeting  the  parallel  planes  in  EFj  GH, 
The  intersections  EF^  OH^  are  parallel  (340)  as  well  as  EG^ 
FH;  consequently  the  figure  EOHF  is  a  parallelogram;  there- 
fore £G=FH. 

343.  Corollary.  It  follows  from  this,  that  two  parallel  planes 
are  throughout  at  the  same  distanu  from  each  other ;  for,  if  £6, 
FHj  are  perpendicular  to  the  two  planes  MJf^  PQ,  they  are 

parallel  to  each  other  (335) ;  therefore  they  are  equal. 

A 

THBOREK.  ^ 

344.  If  two  angles  CAE,  DBF  (fig.  190)  not  in  the  same  plane,  ftg.  i9a 
have  their  sides  parallel  and  directed  the  same  way,  these  angles  will 

he  equal,  and  their  planes  will  be  parallel. 

Demonstration.  Take  -40  =  BD,  AE  =  BF,  and  join  CE,  DF, 
AB,  CD,  EF.  Since  ACv&  equal  and  parallel  to  BD,  the  figure 
ABDC,  is  a  parallelogram  (87);  therefore  CD  is  equal  and 
parallel  to  AB.  For  a  similar  reason,  EF  is  equal  and  parallel 
to  AB',  consequently  CD  is  also  equal  and  parallel  to  £F; 
hence  the  figure  CEFD  is  a  parallelogram,  and  thus  the  side  CE 
is  equal  and  parallel  to  DF;  the  triangles  then  CAE,  DBF,  are 
equilateral  with  respect  to  each  other ;  therefore  the  angle 

CAE=zDBF. 

Again,  the  plane  ACE  is  parallel  to  the  plane  BDF;  for,  let 
us  suppose  the  plane  parallel  to  DBF,  drawn  through  the  point 
A,  to  meet  the  lines  CD,  EF,  in  points  different  from  C  and  E^ 
for  example,  in  O  and  H;  then,  according  to  article  342,  the 
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three  lines  AB,  OD,  FH,  will  be  equal ;  but  the  three  AB^  OD, 
EF^  are  also  equal ;  hence  we  should  have  CD  s  OD,  and 
FH=z  FE,  which  is  absurd ;  therefore  the  plane  ACE  is  parallel 
toBDF. 

345.  Corollary.  If  two  parallel  planes  JI£Y,  PQ,  are  met  hj 
two  other  planes  CABD,  EABF,  the  angles  CAE,  DBF^  formed 
by  the  intersections  in  the  parallel  planes,  are  equal ;  for  thef 
intersection  ^C  is  parallel  to  BD  (340),  and  AE  to  AF,  there- 
fore  the  angle  CAE  =  DBF. 

CP  THEOREM, 

346.  If  three  straight  lines  not  m  the  same  plane  AB,  CD,  EF 
Kg.  190.  (fig.  190),  are  equal  and  parallel^  the  triangles  ACE,  BDF,/omi- 

ed  by  joining  the  extremities  of  these  lines^  on  the  one  hand  and  on 
other^  will  be  equal  and  their  planes  will  be  parallel. 

Demonstration.  Since  AB  is  equal  and  parallel  to  CD^  the 
figure  ABDC  is  a  parallelogram ;  consequently  the  side  AC  is 
equal  and  parallel  to  BD.  For  a  similar  reason  the  sides  AE^ 
BF^  are  equal  and  parallel,  as  also  C£,  DF\  hence  the  two  tri- 
angles ACE^  BDF^  are  equal ;  it  may  be  shown  moreover,  as 
in  the  preceding  proposition,  that  their  planes  are  parallel. 

THEOREM. 

347.  Two  straight  lirus  comprehended  between  thru  parallel 
planes  are  divided  into  parts  that  are  proportional  to  each  other. 

Tig.  191.  Demonstration.  Let  us  suppose  that  the  line  AB  {fig.  191) 
meets  the  parallel  planes  JICAT,  PQ,  RS^  in  A^  £,  B^  and  that  the 
line  CD  meets  the  same  planes  in  C,  F,  D,  we  shall  have 
AE  :EB::CF:  FD. 
Draw  AD  meeting  the  plane  PQ  in  G,  and  join  wiC,  fiG,  GF, 
BD ;  the  intersections  EG,  BD,  of  the  parallel  planes  PQ,  RS,  by 
the  plane  ABD,  are  parallel  (340) ;  hence,  AE  :EB::AGi  OD; 
and,  because  the  intersections  AC,  GF,  are  parallel, 

AGiGDi:  CF.FD; 
therefore,  on  account  of  the  common  ratio,  AG  :  GJD,  we  have 
,  AEiEB::  CFiFD. 

T^  THEOREM. 

f^ig.192.      34a.  Let  ABCD  (fig.   193)  be  any  quadrilaUral  eiAer  in  the 
same  plane  or  not ;  if  tlu  opposite  sides  are  cut  proportionally  bjf 
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fmtp  sttaight  lines  EF,  GH,  so  thai  AE  :  EB  : :  DP :  PC,  and 
BG  :  GC  : :  AH  :  HD,  the  straight  lines  EP,  GH,  ttitf  cut  each 
dlAenVi  tt  point  M,  m  ^cA  a  manner  that  HM  :  MG  : :  AE  :  EB, 
EM  :  MF  : :  AH  :  HD. 

Demonstration.  Let  there  be  any  plane  AbHcD  passing 
ttrrough  AD  which  does  not  pass  through  0H\  through  the 
points  E,  B,  C,  F,  draw  Ee,Bb^Cc,  Ff,  parallel  to  GH  meet- 
ing this  plane  in  e,  &,  c,/.  On  account  of  the  parallels  B  &,  OHj  Cc^ 

bH:Hc::BG:GC::AH:HD    (196); 
ecmsequently  the  triangles  AHh^  DHc,  are  similar  (203).    Also 

Aeieh  xiAE.EB 
and  Dfzfc  ::DF:FC, 

henc^  Ae  :  eh  : :  Dfifc, 

or,  by  comporiritm        jJc  :  £>/: :  wi 6  :  Dc; 
but,  on  account  of  the  similar  triangles  AHb^  DHc^ 

Ab:Dc::AH:  HD, 
consequently  Ae  :  Df: :  AH :  HD. 

Besides,  the  triangles  AHb,  DHc,  being  similar,  the  angle 
HAe  =  HDf;  hence  the  triangles  AH*,  DHf,  are  similar 
(20&),  and  consequently  the  angle  AHe  =  DHf.  It  follows  then, 
h)  the  first  place,  that  c  ///  is  a  straight  line,  and  that  thus  the 
three  parallels  E  e,  GH,  Ff,  are  situated  in  the  same  plane  which 
contains  the  two  straight  lines  EF,  GH;  therefore  these  must  cut 
each  other  in  a  point  M.  Moreover,  on  account  of  the  parallels 
Ee,  MH,  Ff,     EM:  MF.ieHi  Hfx :  AH:  HD. 

By  a  similar  construction,  referred  to  the  side  AB,  it  may  be 
demonstrated  that  HM :  MG  ::AE:  EB. 

THEOREK.  ^  ^^ 

349,  Tlbe  angle  ctmiprehended  between  two  planes  MAN,  MAP,      '^ 
may  be  measured,  conformably  to  the  definition,  by  the  angle  PAN 
(fig.  193)  made  by  the  two  lines  AN,  AP,  drawn  one  in  one  of  these  Fig.  I9i 
planer  and  the  other  in  the  other  perpendicularly  to  the  common 
intersection  AM. 

Demonstration.  In  order  to  show  the  legitimacy  of  this  meas- 
ure it  is  necessary  to  prove,  1.  that  it  is  constant,  or  in  other 
words,  that  it  is  the  same  to  whatever  point  of  the  conunon  intei^ 
section  the  two  perpendiculars  are  drawn. 

If  we  take  another  point  M,  and  draw  MC  in  the  plane  JlfJV, 
and  MB  in  the  plane  JlfP,  perpendicular  to  the  common  intersec- 
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tion  AM;  since  JKB  and  AP  are  perpendicular  to  the  same  line 
AM^  they  are  parallel  to  each  other.  For  the  same  reason  JIfC 
is  parallel  to  jiJV;  consequently  the  angle  BJtfC=Pw3JV(344); 
therefore,  whether  the  perpendiculars  be  drawn  to  the  point  M 
or  to  the  point  J,  the  angle  is  always  the  same. 

2.  It  is  necessary  to  show  that,  if  the  angle  of  the  two  planes 
increases  or  diminishes,  the  angle  PA^  bcreases  and  diminishes 
in  the  same  ratio. 

In  the  plane  P^JV  describe,  from  the  centre  A  and  with  any 
radius,  the  arc  JVjDP,  and  from  the  centre  M  and  with  the  same 
radius,  the  arc  CEB;  draw  AD  to  any  point  D  in  the  arc  AP; 
the  two  planes  Pw^JV,  BMC^  being  perpendicular  to  the  same 
straight  line  MA  are  parallel  to  each  other  (339) ;  consequently 
the  intersections  AD,  ME,  of  the  two  planes  by  the  third  AMD^ 
are  parallel ;  therefore  the  angle  BME  is  equal  to  PAD  (344). 

Calling,  for  the  present,  the  angle  formed  by  the  two  planes 
MP,  MJ^,  a  wedge,  if  thc^  angle  DAP  were  equal  to  DAJ^,  it  \% 
evident  that  the  wedge  DAMP  would  be  equal  to  the  wedge 
DAMK\  for  the  base  PAD  might  be  applied  exactly  to  its  equal 
DAN,  and  the  altitude  AM  would  be  the  same  for  both ;  there> 
fore  the  two  wedges  would  coincide  with  each  other.  It  is  man- 
ifest, likewise,  if  the  angle  DAP  were  contained  a  certain  number 
of  times  without  a  fraction  in  the  angle  PAN^  the  wedge  DAMP 
would  be  contained  as  many  times  in  the  wedge  PAMK.  More- 
over, from  a  ratio  in  an  entire  number  to  any  ratio  whatever  the 
conclusion  is  legitimate,  and  has  been  demonstrated  in  a  case 
altogether  similar  (122);  consequently,  whatever  be  the  ratio  of 
the  angle  DAP  to  the  angle  P^^JV,  the  wedge  DAMP  will  have 
the  same  ratio  to  the  wedge  PAMN;  therefore  the  angle  NAP 
may  be  taken  for  the  measure  of  the  wedge  PAMN,  or  of  the 
angle  made  by  the  two  planes  MAP,  MAN. 

350.  Scholium.  It  is  with  angles  formed  by  two  planes,  as  it 
is  with  angles  formed  by  two  straight  lines.  Thus,  when  two 
planes  intersect  each  other,  the  angles  opposite  to  each  other  at 
the  vertex  are  equal,  and  the  adjacent  angles  are  together  equal 
to  two  right  angles ;  therefore,  when  one  plane  is  perpendicular 
to  another,  the  latter  is  perpendicular  to  the  former.  Also, 
when  two  parallel  planes  are  intersected  by  a  third  plane,  the 
same  properties  exist  with  respect  to  the  angles  thus  formed,  as 
take  place,  when  two  parallel  lines  are  met  by  a  third  line  (64). 
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THEOREM. 

351.  7%e  /me  AP  (fig.  194)  being  perpendicular  to  theplaneMNj  Fig.  19^ 
any  plane  APB,  passing  through  AP,  will  he  perpendicular  to  the 
plane  MN.  ' 

Demonstration,  Let  jBC  be  the  intersection  of  the  planes  AB, 
JIfJV*;  if,  in  the  plane  JIKAT,  the  line  DE  be  drawn  perpendicular 
to  JBP,  the  line  AP,  being  perpendicular  to  the  plane  JlfA*,  will 
be  perpendicular  to  each  of  the  two  straight  lines  JBC,  DE»  But 
the  angle  APD  formed  by  the  two  perpendiculars  PA,  PD, 
at  the  common  intersection  BP,  measures  the  angle  of  the  two 
planes  AB,  MN\  therefore,  since  this  angle  is  a  right  angle,  the 
two  planes  are  perpendicular  to  each  other  (317). 

353.  Scholium.  When  three  straight  lines,  as  AP,  BP,  DP^ 
are  perpendicular  to  each  other,  each  of  these  lines  is  perpendic- 
ular to  the  plane  of  the  two  others,  and  the  three  planes  are  per- 
pendicular to  each  other. 

THEOREM. 

353.  If  the  plane  AB  (fig.  194)  is  perpendicular  to  the  plane  MN,  ^HL*  1^ 
and  in  the  plane  AB  the  Utu  APbe  dravm  perpendicular  to  the  com' 

mon  intersection  PB,  the  line  AP  will  be  perpendicular  to  the  plane 
MN. 

Demonstration.  If,  in  the  plane  JI£Y,  the  line  PD  be  drawn 
perpendicular  to  PB,  the  angle  APD  will  be  a  right  angle,  since 
the  planes  are  perpendicular  to  each  other ;  consequently,  the 
line  AP  is  perpendicular  to  the  two  straight  lines  PB,  PD',  there- 
fore it4S  perpendicular  to  the  plane  JML/V*. 

354.  Corollary.  If  the  plane  AB  is  perpendicular  to  the  plane 
M^T,  and  if  through  a  point  P  of  the  common  intersection  a  per- 
pendicular to  the  plane  MhT  be  drawn,  this  perpendicular  will  be 
in  the  plane  AB ;  for,  if  it  is  not,  there  may  be  drawn,  in  the 
plane  AB,  a  line  AP  ^perpendicular  to  the  common  intersection 
BP,  which  would  be  at  the  same  time  perpendicular  to  the  plane 
MJf;  therefore  ther^  would  be  two  perpendiculars  to  the  plane 
Jlf«Y  at  the  same  point  P,  which  is  impossible  (325).  i 

THEOREM.  T 

355.  If  two  planes  AB,  AD  (fig.  194),  are  perpendicular  to  a  Fig.  194 
third  MN,  their  common  intersection  AP  will  be  perpendicular  to 

this  third  plane. 


i\9  Ekmenis  of  Gtonutry. 

Demonstration.  If  through  the  point  P  a  perpendicular  to  the 
plane  MIf  be  drawn,  this  perpendicular  must  be  at  the  same 
time  in  the  plane  AB  and  m  the  plane  AD  (354)  ^  therefore  it  is 
their  common  intersection  AP, 

THEOREM. 

356.  If  a  solid  angle  is  formed  by  thru  plane  angles,  the  sum  qf 
either  two  of  these  angles  will  be  greater  than  the  third. 

Demonstration.     We  need  consider  only  the  case  in  which  the 

plane  angle  to  be  compared  with  the  two  others  is  greater  than 

5-  ^^^-  either  of  them.     Let  there  be  then  the  solid  angle  S  {fg.  195) 

formed  by  the  three  plane  angles  ASB.  ASC^  BSC^  and  let  us 

suppose  that  the  angle  ASB  is  the  greatest  of  the  three ;  we  say 

ih^i  asb<:asc+bsc. 

In  the  plane  ASB  make  the  angle  J5SD  =  J5SC,  draw  at 
pleasure  the  straight  line  ADB ;  and,  having  taken  SC  =  SD, 
join  AC,  BC. 

The  two  sides  BS,  5D,  ai:e  equal  to  the  two  jBS,  SC,  and  the 
angle  BSD=^BSC\  hence  the  two  triangles  BSD^  BSC,  are 
equal ;  consequently  BZ)  5=  BC.  But  AB^^AC-^BC-,  if  we 
take  from  the  one  fijD,  and  from  the  other  its  equal  BC,  there  will 
remain  AD <^AC.  The  two  sides  AS^  SD,  are  equal  to  the  two 
AS^  SC^  and  the  third  AD  is  less  than  the  third  AC;  therefore 
the  angle  ASD  <  ASC  (42).  Adding  BSD  =  BSC,  we  shall  have 
ASD  + BSD  or  ASB  <:ASC  +  BSC. 

THEOREM. 

357.  The  sttm  of  the  plane  angles  which  form  a  solid  angle  is 
always  less  than  four  right  armies. 
'»8*  19^      Demonstration.    Suppose  the  solid  angle  S  {Jig.  196)  to  be  cut 
by  a  plane  ABCDE;  from  a  point  O  taken  in  this  plane  draw  to 
the  several  angles  the  lines  OA,  OB,  OC,  OD,  OE. 

The  sum  of  the  angles  of  the  triangles  ASB,  BSC,  &c.,  formed 
about  the  vertex  S,  is  equal  to  the  sum  of  the  angles  of  an  equal 
number  of  triangles  AOB,  BOC,  &c.,  formed  about  the  vertex  O. 
But,  at  the  point  B,  the  angles  ABO^  OBC,  taken  together,  make 
the  angle  ABC  less  than  the  sum  of  the  angles  ABS,  SBC  (356) ; 
likewise,  at  the  point  C,BCO  +  OCD  <  BCS  +  SCD,  and  so  on 
through  all  the  angles  of  the  polygon  ABODE.  It  follows  then, 
that  of  the  triangles  whose  vertex  is  in  O  the  sum  of  the  angles 
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at  the  bases  is  less  than  the  sum  of  the  angles  at  the  bases  of 
the  triangles  whose  vertex  is  in  5.  Hence,  the  sum  of  the  angles 
about  the  point  O  is  greater  than  the  sum  of  the  angles  about  the 
point  &  9ut  the  sum  of  the  angles  about  the  point  O  is  equal 
to  four  r%ht  angles  (34);  therefore  the  sum  of  the  plane  angles, 
which  form  a  solid  angle  5,  is  less  than  four  right  angles. 

358.  Scholium.  It  is  supposed,  in  this  demonstration,  that  the 
solid  angle  is  convex,  or  that  the  plane  of  neither  of  the  faces 
would,  by  being  produced,  cut  the  solid  angle;  if  it  were  other- 
wise, the  sum  of  the  plane  angles  would  no  longer  be  limited, 
and  might  be  of  anj  magnitude  whatever. 

THEOREM. 

859.  If  two  solid  armies  are  respectively  contained  by  thru  plane 
angles  which  are  equals  each  to  each,  the  planes  of  any  two  of  these 
angles  in  the  one  will  have  the  same  inclination  to  each  other  as  the 
planes  of  the  homologous  armies  in  the  other. 

Demonstration.     Let  the  angle  ASC^DTF  {Jig.  197),  the  Fig.  197. 
angle  d  B^DTE,  and  the  angle  BSC=:ETF;  we  say  that 
the  two  planes  ASC,  ASB,  will  have,  with  respect  to  each  other, 
an  inclination  equal  to  that  of  the  planes  DTF^  DTE. 

Take  SB  of  any  magnitude,  and  draw  BO  perpendicular  to 
the  plane  ASC,  from  the  point,  0,  where  this  perpendicular 
meets  the  plane,  draw  OA^  OC,  perpendicular  respectively  to 
SA.SC]  join  jJjB,  EC.  Take  also  TE  =  SB',  and  draw  EP 
perpendicular  to  the  plane  DTP]  from  the  point  P  draw  PD^ 
PiV  perpendicular  respectively  to  TD,  TF;  and  johi  ED,  £F. 

The  triangle  SAB  is  right-angled  at  A^  and  the  triangle  TDE 
at  D  (332);  and,  since  the  angle  ASB  =  DTE,  we  hav?  also 
SEA  =  TED.  Moreover,  SB  =:  TE -,  therefore  the  triangle 
SAB  =  TDE ;  consequently  SA  =  ZD,  and  AE  =  DE.  It  may 
be  shown,  in  a  similar  manner,  that  iSC=  TF,  and  EC  =  EF. 
This  being  supposed,  the  quadrilateral  SAOC  is  equal  to  the 
quadrilateral  TDPF\  for,  if  we  apply  the  angle  ASC  to  its 
equal  DTP,  because  SA  =  TD,  and  5C  =  TF,  the  point  A  will 
fall  upon  D,  and  the  point  C  upon  F.  At  the  same  time  AO,  per- 
pendicular to  SA,  will  fall  upon  DP,  perpendicular  to  TD;  and, 
in  like  manner,  OC  upon  PF ;  therefore  the  point  O  will  fall  upon 
the  point  P,  and  we  shall  have  AO  =  DP.  But  the  triangles  AOE, 
J)PE,  are  right-angled  at  O,  and  P,  the  hypothcnuse  AB=zDE 
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and  the  side  AO  =  DP ;  consequentlj  the  triangles  are  eqaal 
{56),  hence  OAB^PDE.  But  the  angle  OAB  is  the  inclination 
of  the  two  planes  ASB^  ASC ;  and  the  angle  PDE  is  the  inclina- 
tion of  the  two  planes  DTE^  DTP;  therefore  these  two  inclina- 
tions are  equal  to  each  other. 

w  It  should  be  observed,  however,  that  the  angle  A  of  the  right- 

0  angled  triangle  OAB  is  not  properly  the  inclination  of  the  two 
planes  ASB,  ASC,  except  when  the  perpendicular  BO  falls, 
with  respect  to  SA,  on  the  same  side  as  SC;  if  it  should  fail  on 
the  other  side,  the  angle  of  the  two  planes  would  be  obtuse,  and, 
added  to  the  angle  A  of  the  triangle  OAB,  it  would  make  two 
right  angles.  But,  in  the  same  case,  the  angle  of  the  two  planes 
TDE,  TDF,  would  be  likewise  obtuse,  and,  added  to  the  angle 
D  of  the  triangle  DPE,  it  would  make  two  right  angles;  there- 
fore, as  the  angle  A  would  be  always  equal  to  D,  we  infer,  in 
like  manner,  that  the  inclination  of  the  two  planes  ASB,  ASC,  is 

y //  equal  to  that  of  the  two  planes  TDE,  TDF. 

jj^-  360.  Scholium.  If  two  solid  angles  are  respectively  containfnl 
/'  by  three  plane  angles  which  are  equal,  each  to  each,  and  if,  at 
the  sam^  time,  the  angles  of  the  one  are  disposed  in  the  same  man' 
ner  as  the  homologous  angles  of  the  other,  these  solid  angles 
will  be  equal,  and,  being  applied  the  one  to  the  other,  will  coin- 
cide. Indeed,  we  have  already  seen  that  the  quadrilateral 
SAOC  may  be  placed  upon  its  equal  TDPF\  thus,  by  placing 
SA  upon  775,  SC  would  fall  upon  TF,  and  the  point  O  upon  the 
point  P.  But,  on  account  of  the  equality  of  the  triangles  AOB, 
DPE,  the  line  OB  perpendicular  to  the  plane  ASC  is  equil  to 
P£  perpendicular  to  the  plane  TDF\  moreover  the  perpendic- 
ulars are  directed  the  same  way;  therefore  the  point  B  w^ill  fall 
upon  the  point  £,  the  line  SB  upon  T£,  and  the  two  solid  angles 
will  coincide  entirely  with  each  other* 

This  coincidence,  however,  does  not  take  place  except  by 
supposing  that  the  plane  angles  are  disposed  in  the  same  manner 
in  each  of  the  two  solid  angles ;  for  if  the  plane  angles  w^ere 
disposed  in  a  contrary  order  in  the  one  from  what  they  are  in 
the  other ;  or,  which  comes  to  the  same  thing,  if  the  perpendic- 
ulars OB,  PE,  instead  of  being  directed  the  same  way  with  res- 
pect lo  the*planes  ASC,  DTP,  were  directed  contrary  ways, 
it  would  be  impossible  to  make  the  solid  angles  coincide  with 
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each  other*  Still  it  would  not  be  the  less  true,  that,  agi-eeably 
to  the  theorem,  the  planes  of  the  homologous  angles  would  be 
equally  inclined  to  each  other;  so  that  the  two  solid  angles 
would  be  equal  in  all  their  constituent  parts,  without  the  pro- 
perty however  of  coinciding,  when  applied  the  one  to  the  other. 
This  kind  of  equality,  which  is  not  absolute,  or  does  not  admit 
of  superposition,  deserves  to  be  distinguished  by  a  particular  de- 
nomination ;  we  shall  call  it  equality  by  symmetry. 

Thus  the  two  solid  angles  under  consideration,  which  are  res- 
pectively contained  by  thr^  plane  angles  equal,  each  to  each, 
but  disposed  in  a  contrary  order  in  the  one  from  what  they  are 
in  the  other,  we  shall  call  angles  equal  by  symmetry^  or  simply 
symmetrical  angles. 

The  same  remark  is  applicable  to  solid  angles  contained  by 
more  than  three  plane  angles ;  thus  a  solid  angle  contained  by 
the  plane  angles  .^,  JB,  C,  D,  E,  and  another  solid  angle  con- 
tained by  the  same  angles  in  the  inverse  order  A^  £,  Z),  C,  5, 
may  be  such  that  the  planes  of  the  homologous  angles  shall  be 
equally  inclined  to  each  other.  These  two  solid  angles,  which 
would  be  equal  without  admitting  of  superposition,  we  shall  call 
solid  angles  equal  by  symmetry^  or  symmetrical  solid  armies. 

There  is  not  properly  an  equality  by  symmetry  among  plane 
figures  ;  all  those  to  which  we  might  give  this  name,  have  the 
property  of  absolute  equality,  or  equality  by  superposition.  The 
reason  is,  that  a  plane  figure  may  be  reversed,  and  the  upper 
side  be  taken  for  the  under.  It  is  not  so  with  respect  to  solids, 
in  which  the  third  dimension  may  be  taken  in  two  different  ways. 

problem; 


'T 


361.  TTiree  plane  angles  forming  a  solid  angle  being  given^  to^ 
Jind^  by  a  plane  construction^  the  angle  which  two  of  these  planes 
make  with  each  other. 

Solution.    Let  S  {fig.  1 98)  be  the  proposed  solid  angle  in  Pig.  198. 
which  the  three  plane  angles  ASB^  ASC^  J5SC,  are  known ;  the 
angle  made  by  two  of  these  planes  with  each  other,  ASB,  ASCj 
for  Sample,  is  required. 

The  same  construction  being  supposed  as  in  the  preceding 
theorem,  the  angle  OAB  would  be  the  angle  sought.  It  is  pro- 
posed to  find  the  same  angle  by  a  plane  construction,  or  by  lines 
traced  upon  a  plane. 


c- 
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In  order  to  this,  make  upon  a  plane  the  angles  B'SA^  ASC^ 
B'SC^  equal  to  the  angles  BSA,  ASC,  BSC,  in  the  solid  figure; 
take  B'S^  B"S^  each  equal  to  BS  in  the  solid  figure ;  from  the 
points  B'  and  Bf'  let  fall  B'A  and  Bf'C  perpendicularly  upon 
SA  and  5C,  which  will  meet  in  a  point  O.  Prom  the  point  jf, 
as  a  centre,  and  with  the  radius  AB  describe  the  semicircamfer- 
ence  B'hE\  at  the  point  O  erect  upon  B'E  the  perpendiciilar 
Oh  meeting  the  circumference  in  6 ;  join  A  fc,  and  th^  angle  ddf  ft 
will  be  the  inclination  sought  of  the  two  planes  ASC^  ASB,  in 
the  solid  angle. 

Vie  have  onljr  to  show  that  the  triangle  AOb  of  the  plane 
figure  is  equal  to  the  triangle  AOB  of  the  solid  figure.  Now 
the  two  triangles  B^SA^  BSA^  are  right-angled  at  A,  and  the  an- 
gles at  S  are  equal,  consequently  the  angles  at  B  and  B^  are 
also  equal.  But  the  hypothenuse  SB'  is  equal  to  the  hypothe- 
nuse  SB ;  therefore  the  triangles  are  equal ;  hence  SA  in  the 
plane  figtire  is  equal  to  SA  in  the  solid  figure,  also  AB'  or  its 
equal  Ab  in  the  plane  figure,  is  equal  to  AB  in  the  solid  figure. 
It  may  be  shown,  in  the  same  manner,  that  SC  in  one  figure  is 
equal  to  SC  in*  the  other;  whence  it  follows  that  the  quadrilat- 
eral SAOC  in  one  figure  is  equal  to  SAOC  in  the  other,  and  that 
thus  AO  in  the  plane  figure  is  equal  to  AO  in  the  solid  figure; 
consequently  the  right-angled  triangles  AO  6,  AOB,  have  their 
hypoihenuses  equal  and  one  side  of  the  one  equal  to  one  side  of 
the  other;  they  are  therefore  equal,  and  the  angle  EAb^  found 
by  the  plane  construction,  is  equal  to  the  inclination  of  the  planes 
SAB,  &5C,*m  the  solid  ang'e. 

When  the  point  O  falls  between  A  and  B'  in  the  plane  figure, 
the  angle  EA  b  becomes  obtuse,  and  always  measures  the  true 
inclination  of  the  planes.  It  is  on  this,  account  that  we  have 
designated  the  required  inclination  by  £L4  6,  and  not  by  OA  b,  in 
order  that  the  same  solution  may  be  adapted  to  every  case  with- 
out exception. 

362.  Scholium.  It  may  be  asked,  if,  any  three  plane  angles, 
taken  at  pleasure,  can  be  made  to  form  a  solid  angle. 

In  the  first  place,  it  is  necessary  that  the  sum  of  the  tRree 
given  angles  should  be  less  than  four  right  angles,  otherwise  the 
solid  angle  could  not  be  formed  (357) ;  it  is  necessary,  moreover, 
that,  after  having  taken  two  of  the  angles  at  pleasure  B'SAy 
ASC,  the  third  CSB''  should  be  such  that  the  perpendicular 
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B"0  tQ  the  side  SC  shall  meft  the  diameter  ^'JB  between  its 
extremities  Bf  and  £•  Thus  the  limits  of  the  magnitude  of  th^ 
^ngle  CSBf'  are  such  as  require  tlie  perpendicular  B"  C  to  ter- 
minate at  the  points  B'  and  E»  From  th.es.e  points  let  fall  upon 
CS  the  perpendiculars  B'l,  EKt  meetipg  in  /  and  K  the  circum- 
ference described  upon  the  radius  SB"^  and  the  limits  of  the 
angle  CSB'  will  be  CSI  and  CSK. 

But,  in  the  isosceles  triangle  B'SI^  the  line  CS  produced  being 
perpendicular  to  the  base  £^/, 

the  angle  CSI  =  CSB'  =  ASC  +  ASB\ 
And,  in  the  isosceles  triangle  ESK  the  line  SC  being  perpendic- 
jular  to  JSAT,  the  angle  CSK  =5  CSJ5.     Moreover,  on  account  of 
the  equal  triangles  ASE,  4SB'^  the  angle  ASE  =?  ASB'  \  there- 
fore CSEoT  CSK^ASC—ASB. 

Hence  we  infer  that  the  prpb^em  will  be  possible,  while  the 
third  angle  is  less  than  the  sum  of  the  two  others  ASC^  ASB'j 
and  greater  than  their  difference,  a  condition  which  accords 
with  the  theorem  art.  356 ;  for,,  bj  this  theorem,  we  must  have 
fiSB''  <  ASC  +  ASB\  also  ASC  <  CSB''  +  ASB',  or 
CSB'^ASC'-'ASB'. 

?A06LPI. 

363.  Two  of  the  three  plane  angles^  which  form  a  solid  angle, 
being  given  together  zoith  the  angle  which  their  planes  make  toi^h  each 
other,  to  find  the  third  plane  angle. 

Solution.  Let  ASC,  ASB'  {fig.  198),  be  the  two  given  plane  pig.  19a 
angles,  and  let  us  suppose,  for  the  present,  that  CSB"  is  the  third 
angle  sought ;  then,  by  constructing  the  figure  as  in  the  preced- 
ing problem,  the  angle  contained  by  the  planes  of  the  two  first 
would  be  EA  6.  Now,  as  we  determine  the  angle  EA  b  by  means 
of  CSB",  the  two  others  being  given ;  so  we  can  determine  CSB" 
by  means  of  EA  6,  and  thus  solve  the  proposed  problem. 

Having  taken  SB'  of  any  magnitude  at  pleasure,  let  fall  upon 
SA  the  indefinite  perpendicular  B'E,  make  the  angle  EA  b  equal 
to  the  angle  of  the  two  given  planes ;  from  the  point  b,  where  the 
side  A  b  meets  the  circumference  described  with  the  centre  A  and 
the  radius  AB',  let  fall  upon  AE  the  perpendicular  6  O,  and  from 
the  point  O  let  fall  upon  SC  the  indefinite  perpendicular  OCB",  . 

Geom.  16 
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which  terminate  in  B^'  making  SB''  =  SB' ;  the  angle  CSB"  will 
be  the  third  plane  required. 

For,  il'  a  solid  angle  be  formed  of  the  three  planes  B'S.-J^  ASC^ 
CSB",  the  inclination  of  the  planes  containing  the  given  angles 
/    JlSB',  ASC^  will  be  equal  to  the  given  angle  EA  6. 

364.  Scholium.  If  a  solid  angle  is  quadruple^  or  fornaed  bj 
Fig.  199.  four  plane  angles  ASB,  BSC,  CSD,  DSA  {fig.  199),  we  cannot, 
bj  knowing  these  angles,  determine  the  mutual  inclination  of 
their  planes;  for  with  the  same  plane  angles  anj  number  of 
solid  angles  maj  be  formed.  But,  if  a  condition  be  added,  if, 
for  example,  the  inclination  of  the  two  planes  ASB^  BSC,  be 
given,  then  the  solid  angle  is  entirely  determinate,  and  the  incli- 
nation of  any  two  of  the  planes  maj  be  found.  Suppose  a  triple 
solid  angle  formed  hj  the  plane  angles  ASB^  BSC^  ASC-,  the 
two  first  angles  are  given  as  well  as  the  inclination  of  their 
planes ;  we  can  then,  by  the  problem  just  resolved,  determine 
the  third  angle  ASC.  Afterward,  if  we  consider  the  triple  solid 
angle  formed  by  the  plane  angles  ASC^  ASD^DSQ  these  three 
angles  are  known ;  thus  the  solid  angle  is  entirely  determinate* 
But  the  quadruple  solid  angle  is  formed  by  the  union  of  the  two 
triple  solid  angles  of  which  we  have  been  speaking ;  therefore, 
since  these  partial  angles  are  known  and  determinate,  the  whole 
angle  will  be  known  and  determinate* 

The  angle  of  the  two  planes  ASD,  DSCj  may  be  found  imme- 
diately by  means  of  the  second  partial  solid  angle.  As  to  the 
angle  of  the  two  planes  JffSC,  CSD^  it  is  necessary  in  one  of  the 
partial  solid  angles  to  find  the  angle  comprehended  between  the 
two  planes  ASC^  DSC^  and  in  the  other  the  angle  comprehended 
between  the  two  planes  ASC^  BSC;  the  sum  of  these  angles  will 
be  the  angle  comprehended  between  the  two  planes  BSC,  DSC. 

It  will  be  found,  in  the  same  manner,  that,  in  order  to  deter- 
mine a  quintuple  solid  angle,  it  is  necessary  to  know,  beside  the 
five  plane  angles  which  compose  it,  two  of  the  mutual  inclinations 
of  their  planes ;  in  a  sextuple  solid  angle  it  is  necessary  to  know 
three  of  these  inclinations,  and  so  on. 
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SECTION  SECOND. 
Of  Polyedrons* 
DEFIJNITIOUS. 

365.  Every  solid  terminated  by  planes  or  plane  faces  is  called 
a  solid  polyedron,  or  simpljr  a  polyedron.  These  planes  are  them- 
selves necessarily  terminated  by  straight  lines. 

A  solid  of  four  feces  is  called  a  tetraedron^  one  of  six  a  hex- 
(udranj  one  of  eight  an  octaedron^  one  of  twelve  a  dodtcatdron^  one 
of  twenty  an  icosaedron^  &c.  I 

The  tetraedron  is  the  most  simple  of  polyedrons ;  for  it  requires 
at  least  three  planes  to  form  a  solid  angle,  and  these  three  planes 
would  leave  an  opening,  to  close  which  a  fourth  plane  is  neces- 
sary. 

366.  The  common  intersection  of  two  adjacent  faces  of  a  poly- 
edron  is  called  a  side  or  e(2ge  of  the  polyedron. 

367.  A  regular  polyedron  is  one,  all  whose  faces  are  equal 
regular  polygons,  and  all  whose  solid  angles  are  equal  to  each 
other.    There  are  five  polyedrons  of  this  kind. 

368.  A  prism  is  a  solid  comprehended  under  several  parallelo- 
grams terminated  by  two  equal  and  parallel  polygons. 

To  construct  this  solid  let  ABODE  (fig.  200)  be  any  polygon,  Fig.  200. 
if,  in  a  plane  parallel  to  ABC  we  draw  the  lines  FGf,  Gf//,  Hly 
&c..  equal  and  parallel  to  the  sides  AB^  BC^  CD^  &c.,  we  shall 
form  the  polygon  FGfllK  equal  to  ABODE ;  if  now  we  connect 
the  vertices  of  the  homologpus  angles  by  the  straight  lines  AF^ 
BG,  OH,  &c.,  the  faces  A6GF,  BOHG,  &c.,  will  be  parallelo- 
grams, and  the  solid  thus  formed  ABCDEFGHIK  will  be  a 
prism. 

369.  The  equal  and  parallel  polygons  ABODE,  FGHIK,  arc 
called  the  hases  of  the  prism.  The  other  planes  taken  together, 
constitute  the  lateral  or  convex  surface  of  the  prism.  The  equal 
straight  lines  AF,  BG,  OH,  &c.,  are  called  the  sides  of  the  prism. 

370.  The  altUude  of  a  prism  is  the  distance  between  its  bases, 
or  the  perpendicular  let  fall  from  a  point  in  the  superior  base 
upon  the  plane  of  the  inferior. 

371.  A  right  prism  is  one  whose  sides  AF,  BG,  &c.,  are  per- 
pendicular to  the  planes  of  the  bases ;  in  this  case,  each  of  the 
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sides  is  equal  to  the  altitude  of  the  prism.     In  every  other  case 
the  prism  is  oblique^  and  the  altitude  is  less  than  the  side. 

372.  A  prism  is  triarif^lar^  quadrangular,  pentagonal,  hexago^ 
nal,  &LC.,  according  as  the  base  is  a  triangle,  a  quadrilateral,  a 
pentagon,  a  hexagon,  &;c. 
rig.  206.      373.  A  prism  whose  base  is  a  parallelogram  {fig.  206),  has  all 
its  faces  parallelograms,  and  is  called  a  paraUtlopiped* 

A  pixralltlopiptd  is  rectangular,  when  ajl  its  faces  are  rect- 
angles. 

374.  Among  rectangular  parallelopipeds  is  distingliished  the 

cube  or  regular  hexaedron  comprehended  under  six  equal  squares. 

-  *  .     375.  A  pyramid  is  a  solid  formed  by  several  triangular  plane* 

proceeding  from  the  same  point  and  terminating  in  the  sides  of  a 

ig.  196.  polygon  ABODE  {fig.  196). 

The  polygon  ABODE  is  called  the  base  of  the  pyramid,  the 
point  S  its  vertex,  and  the  triangles  ASB,  BSO,  &c.,  compose 
the  lateral  or  convex  mrface  of  the  pyramid. 

376.  The  altitude  of  a  pyriimid  is  the  perpendicular  let  fall 
from  the  vertex  upon  the  plane  of  the  base,  produced  if  necessary. 

377.  A  pyramid  is  triangular^  quadrangdlar,  &c.,  according  as 
the  base  is  a  triangle,  a  quadrilateral,  &c. 

.378.  A  pyramid  is  tegular,  when  the  base  is  a  regular  poly- 
gon, and  the  perpendicular,  let  fall  from  the  vertex  to  the  plane 
of  the  base,  passes  throiigh  the  centre  of  this  base.  This  line  is 
called  the  axis  of  the  pyramid. 

379.  The  diagonal  of  a  polyedron  is  a  straight  line  which 
joins  tLfe  vertices  of  two  solid  angles  not  adjacent. 

380.  I  shall  call  symmetrital  polyedrons  two  pblyedrons  Which, 
having  a  common  base,  are  ^iriiilarly  constructed,  the  one  above 
the  plane  of  this  base  and  other  below  it,  with  this  condition,  that 
the  vertices  of  the  homologous  solid  angles  be  situated  at  equal 
distances  from  the  plane  of  the  base,  in  the  same  straight  line 
perpendicular  to  this  plahie. 

ng.  ao2.  If  the  straight  line  ST  {fig.  902),  for  example,  is  perpendicu- 
lar to  the  plane  ABO,  and  is  bisected  at  the  point  O,  where  it 
meets  this  plane,  the  two  pyramids  SABO,  TABO,  which  have 
the  cohimon  base  ABO,  are  tWo  Symmetrical  polyedrons. 

'381.  Two  triangular  pyramids  are  similar  when  they  ha^e  two 
faces  similar,  each  to  each,  shnifei^ly  placed,  and  equally  inclined 
to  each  otUer. 
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Thusi  if  we  suppose  the  angle  jIBCzsDEFj  BAC-EDF, 
ABS^DET,  BAS^EDT,  (fig.  203),  if  also  the  inclination  of  Fig.2os. 
the  planes  ABS,  ABCj  is  equal  to  that  of  their  homologous  planes 
DTE^  DEFj  the  pyramids  SABC,  TDEF,  are  similar.   ' 

382.  Having  formed  a  triangle  with  the  vertices  of  three  an- 
gles, taken  in  the  same  face  or  base  of  a  poljedron,  we  can 
imagine  the  vertices  of  the  different  solid  angles  of  the  polye- 
drons,  situated  out  of  the  plane  of  this  base,  to  be  the  vertices  of 
as  many  triangular  pyramids,  which  have  for  their  common  base 
the  above  triart^le ;  and  these  several  pyramids  will  determine 
the  positions  of  the  several  solid  angles  of  the  polyedron  with 
respect  to  the  base.    This  being  supposed ; 

Two  polyedrons  are  simiiar^  when,  the  bases  being  similar,  the 
vertices  of  the  homologous  solid  angles  are  determined  by  trian- 
gular pyramids  similar  each  to  eaMi. 

383.  I  shall  call  vertices  of  a  polyedron  the  points  situated  at 
the  vertices  of  the  different  solid  angles. 

N«  B.  We  shall  consider  only  those  polyedrons,  which  have  saliant 
angles,  or  convex  polyedrons.  We  thus  denominate  those,  the  sur- 
face of  which  cannot  be  met  by  a  straight  line  in  more  than  two 
points.  In  polyedrons  of  this  description  the  plane  of  neither  of  the 
faces  can,  by  being  produced,  cut  the  solid ;  it  is  impossible  then, 
that  the  polyedron  should  be  in  part  above  the  plane  of  one  of  the 
faces  and  in  part  below  it ;  it  is  wholly  on  one  side  of  this  plane. 

THEOREM. 

384.  Two  polyedrons  cannot  have  the  same  verticesj  the  number 
also  being  the  same^  without  coinciding  the  one  with  the  other. 

Demonstration.  Let  us  suppose  one  of  the  polyedrons  already 
constructed,  if  we  would  construct  another  having  the  same  ver- 
tices, the  number  also  being  the  same,  it  is  necessary  that  the 
planes  of  this  last  should  not  all  pass  through  the  same  points  as 
in  the  first;  if  they  did,  they  would  not  differ  the  one  from  the 
other;  but  then  it  is  evident  that  any  new  planes  would  cut  the 
first  polyedron ;  there  would  then  be  vertices  above  these  planes 
and  vertices  below  them,  which  does  not  consist  with  a  convex 
polyedron ;  therefore,  if  two  polyedrons  have  the  same  vertices, 
the  number  also  being  the  same,  they  must  necessarily  coincide 
the  one  with  the  other. 


126  Eknunts  of  Geofneiry, 

Fig  204.  385.  Scholium.  The  points  wJ,  B,  C,  IT,  &c.  {fig.  204),  being 
given  in  position  to  be  used  as  the  vertices  of  a  polyedron,  it  is 
easy  to  describe  the  polyedron. 

Take,  in  the  first  place,  three  neighbouring  points  D,  £,  H, 
such  that  the  plane  DEH  shall  pass,  if  there  is  occasion  for  it, 
through  other  points  K,  C,  but  leaving  all  the  rest  on  the  same 
side,  all  above  the  plane,  or  all  below  it ;  the  plane  DEH  or 
DEHKC^  thus  determined,  will  be  a  face  of  the  solid.  Through 
one  of  the  sides  EH  of  this  face,  suppose  a  plane  to  pass,  and  to 
turn  upon  this  line  until  it  meets  a  new  vertex  P,  or  several  at 
the  same  time  F,  / ;  we  shall  thus  have  a  second  face  FEH  or 
FEHL  Proceed  in  this  manner,  by  making  planes  to  pass 
through  the  sides  of  the  faces,  until  the  solid  is  terminated  in  all 
directions ;  this  solid  will  be  the  polyedron  required,  for  there 
are  not  two  which  can  have  ihii  same  vertices. 


THEOREM. 


''A.  ■ 


386.  In  two  symmetrical  polyedrons  the  homolt^otu  faces  are 
equal,  each  to  each,  and  the  inclination  of  two  adjacent  faces  in  cnu 
of  the  solids  is  eqvuil  to  the  inclination  of  the  homologous  faces  in  At 
other. 
Fig.  205.  Demonstration.  Let  ABODE  (fig.  205)  be  the  common  base 
of  the  two  polyedrons,  M  and  .AT  the  vertices  of  any  two  solid 
angles  of  one  of  the  polyedrons,  M'  and  JV^  the  homologous  ver- 
tices of  the  other  polyedron ;  the  straight  lines  MM\  .ATJV*,  must 
be  perpendicular  to  the  plane  ABC,  and  be  bisected  at  the  points 
m  and  n  (380),  where  they  meet  this  plane.  This  being  sup- 
posed, we  say  that  the  distance  MJ^  is  equal  to  MJ^'. 

For,  if  the  trapezoid  mMJf'n  be  made  to  revolve  about  mw, 
until  its  plane  comes  into  the  position  of  the  plane  mMKn^<^ 
account  of  the  right  angles  at  m  and  n,  the  side  mM'  will  fall 
upon  its  equal  mM,  and  n  JV^  upon  nN-,  therefore  the  two  tra- 
pezoids will  coincide,  and  we  shall  have  MN^M'N'. 

Let  P  be  a  third  vertex  in  the  superior  polyedron,  and  P  the 
homologous  vertex  in  the  other,  we  shall  have,  in  like  maDoer, 
MP^M'P',  and  J^P^N'P;  consequently  the  triangle  MNP, 
formed  by  joining  any  thru  vertices  of  the  superior  polyeiroii  w 
equal  to  the  triangle  M^NT^,  formed  by  joining  the  homoli^ous  ver- 
tices of  the  other  polyedron. 
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If,  among  these  triangles  we  consider  only  those  which  are 
formed  at  the  surface  of  the  polyedrons,  we  can  conclude  already 
that  the  surfaces  of  the  two  polyedrons  are  composed  of  the 
same  number  of  triangles  equal,  each  to  each* 

We  say  now  thnt,  if  some  of  these  triangles  are  in  the  same 
plane  upon  one  surface  and  form  the  same  polygonal  face,  the 
homologous  triangles  will  be  in  the  same  plane  upon  the  other 
surface  and  will  form  an  equal  polygonal  face. 

Let  JIfPJV,  -ATPQ,  be  two  adjacent  triangles,  which  we  suppose 
in  the  same  plane,  and  let  M'P^N'^  N'P'Qf^  be  the  homologous 
triangles.  We  have  the  angle  MNP  =  MN*F^  the  angle 
PNQ  =  FJST'Q' ;  and,  if  we  were  to  join  MQ  and  MQf,  the 
triangle  MNQ  would  be  equal  to  MN'Q^  thus  we  should  have 
the  angle  MKQ=iM*K'Qf.  But,  since  MPNQ  is  one  plane,  we 
have  the  angle  MXQ  =  MXP  +  PNQ ;  we  have  also 

M'N*(^  =  MN'P*  +  P'N'i^. 
Now,  if  the  three  planes  M'N'F,  P'JV'Q',  M'N'Qf,  are  not  con- 
founded  in  one,  they  will  form  a  solid  angle,  and  wc  shall  have 
the  angle  MN'Q!  <  MN'P'  +P'N'Qf  (356) ;  therefore,  as  this 
condition  does  not  exist,  the  two  triangles  M'K'F^  P'N'Qf^  are 
in  the  same  plane. 

We  hence  infer  that  each  face,  whether  triangular,  or  polygo- 
nal, in  one  polyedron,  corresponds  to  an  equal  face  m  the  other, 
and  that  thus  the  two  polyedrons  are  comprehended  under  the' 
same  number  of  planes  equal,  each  to  each. 

It  remains  to  show  that  the  inclination  of  any  two  adjacent 
faces  in  one  of  the  polyedrons  is  equal  to  the  inclination  of  the 
two  homologous  faces  in  the  other. 

Let  MPK^  NPQ^  be  two  triangles  formed  upon  the  common 
edge  JiP  in  the  planes  of  two  adjacent  faces;  let  M'P^N^g 
N'P'Qf^  be  the  homologous  triangles.  We  can  conceive  at  .AT  a 
solid  angle  formed  by  the  three  plane  angles  MNQ^MNP^  PNQ^ 
and  at  JV'  a  solid  angle  formed  by  the  three  M'N'Qf,  MK'P\ 
P'X'Q!.  Now  it  has  already  been  proved  that  these  plane  an- 
gles are  equal,  each  to  each  ;  consequently  the  inclination  of  the 
two  planes  MNP,  PNQ,  is  equal  to  that  of  their  homologous 
planes  MN'P\  P'N'Qf  (359). 

Therefore  in  symmetrical  polyedrons  the  faces  are  equal,  each 
to  each,  and  the  planes  of  any  two  adjacent  faces  of  one  of  the 
solids  have  the  same  inclination  to  each  other  as  the  planes  of 
the  two  homologous  faces  of  the  other  solid. 
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387.  Scholium.  It  may  be  remarked  that  the  solid  a»gU9  <^ 
Ae  onepolyedron  art  symmetrical  Tviih  the  solid  angles  of  ike  olher; 
for,  if  the  solid  angle  Jf  is  formed  by  the  planes  MXP^  PJ^Q% 
QKR^  &c.,  its  homologous  angle  X'  is  formed  by  the  planes 
M'N'P%  P'K'^,  QN'R,  &LC.  These  last  seem  to  be  disposed 
in  the  same  order  as  the  others ;  but,  as  one  of  the  solid  angles 
is  inverted  with  respect  to  the  other,  it  follows  that  the  actual 
disposition  of  the  planes,  which  form  the  solid  angle  X'  is  the 
reverse  of  that  which  exists  with  respect  to  the  homologous  an- 
gle X.  Moreover  the  inclinations  of  the  successive  planes  in  tbe 
one  are  equal  respectively  to  those  in  the  other ;  therefore  these 
solid  angles  are  symmetrical  with  respect  to  each  other.  See 
arU  360. 

It  will  be  perceived,  from  what  has  been  said,  tliat  any  pofyer 
dron  whatever  can  have  only  one  polytdrou  symmetrical  zDith  it. 
For,  if  there  were  constructed,  upon  another  base,  a  new  poly- 
«dron  symmetrical  with  the  given  polyedron,  (he  solid  angles 
of  this  last  would  always  be  symmetrical  with  the  angles  o£  the 
given  polyedron  ;  consequently  they  would  be  equal  to  those  of 
the  symmetrical  polyedron  constructed  upon  the  first  base. 
Moreover,  the  homologous  faces  would  always  be  equal ;  whence 
these  two  symmetrical  polyedi*ons,  constructed  upon  the  one 
base  and  upon  the  other,  would  have  their  faces  equal  and  their 
solid  angles  equal ;  therefore  they  would  coincide  by  superpooi- 
tion,  and  would  make  one  and  the  same  polyedron. 

^  THEOREM. 

388.  Two  prisms  are  equals  when  three  planes  containing  a  solid 
angle  of  the  one  are  equal  to  three  planes  containing  a  solid  angle  of 
the  other^  each  to  each^  and  are  similarly  placed. 

Tig.  200.  Demonstration.  Let  the  base  ABODE  {Jig.  200),  be  equal  to 
the  base  abcde^  the  parallelogram  ABGF  equtd  to  the  paral- 
lelogram ahgf  and  the  parallelogram  BCHG  equal  to  the  par- 
allelogram hchg;  we  say  that  the  prism  4BCI  will  be  equal  to 
the  prism  ahci* 

For,  let  the  base  ABODE  be  placed  upon  the  base  ahcde^  the 
two  bases  will  coincide.  But  the  three  plane  angles,  which  form 
the  solid  angle  B,  are  equal  to  the  three  plane  angles,  which  from 
the  solid  angle  6,  each  to  each,  namely  j?J?C  =  a  6  c,  ABG = a  bgj 
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GBC^gbc;  also  these  angles  are  siinilarlj  placed;  therefore 
the  solid  angles  B  and  b  are  equal  (360),  and  consequently  the 
side  JBG  will  fall  upon  its  equal  bg.  We  see  also  that,  on  ac- 
count of  the  equal  parallelograms  ABGF^  <^bgf^  the  side  GF 
y9\\\  fall  upon  its  equal  ^  /*,  and  likewise  GH  upon  g  h ;  therefore 
the  superior  base  FGHIK  will  coincide  entirely  with  its  equal 
fghik^  and  the  two  solids  will  form  one  and  the  same  solid,  since 
they  have  the  same  vertices  (384). 

369.  CoroUaiy.  Ttoo  right  prisms^  which  have  equal  bases  an4 
equal  altitudes^  are  equaU  For,  since  the  side  AB=:ab,  and  the 
altitude  BG  =  6^,  the  rectangle  ABGF  =  abgf\  the  same  may 
be  proved  with  respect  to  the  rectangles  BGHC,  bghc]  thus 
the  three  planes,  which  form  the  solid  angle  B,  are  equal  to  the 
three  which  form  the  solid  angle  6,  therefore  the  two  prisms  are 
equal. 

THEOREM. 

390.  In  every  parallelop^ed  the  opposite  planes  are  equal  and 
paralkL 

Demonstration.  According  to  the  definition  of  this  solid,  the 
bases  ABCD^  EFGH  (Jig.  206),  are  equal  parallelograms,  and  Fig.  acw, 
their  sides  are  parallel  (373),  It  remains  then  to  demonstrate 
that  the  same  is  true  with  respect  to  two  opposite  lateral  faces,  as 
AEHD,  BFGC.  Now  AD  is  equal  and  parallel  to  BC,  since  the 
figure .AiSCjD  is  a  parallelogram ;  for  a  similar  reason  AE  is  equal 
and  parallel  to  BF]  consequently  the  angle  DAE  is  equal  to  the 
angle  CBF  (344),  and  the  plane  DAE  parallel  to  CJSf ;  there- 
fore also  the  parallelogram  DAEH  is  equal  to  the  parallelogram 
CBFG,  lo  like  manner  it  may  be  demonstrated  that  the  oppo- 
site parallelograms  ABFE^  DCGH^  are  equal  and  parallel. 

391.  Corollary,  Since  a  parallelopiped  is  a  solid  compre- 
hended under  six  planes  of  which  the  opposite  ones  are  equal 
and  parallel,  it  follows  that  either  of  the  faces  and  its  opposite 
may  be  taken  for  the  bases  of  the  parallelopiped. 

392.  Scliolium.  There  being  given  three  straight  lines  AB, 
AE,  AD,  passing  through  the  same  point  A,  and  making  given 
angles  with  each  other ;  upon  these  three  straight  lines,  a  par- 
allelopiped may  be  constructed ;  in  order  to  this,  a  plane  is  to  be 
made  to  pass  through  the  extremity  of  each  straight  line  parallel 
.    Geom.  17 
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to  the  plane  of  the  two  others ;  namely,  through  the  point  B  a 
plane  parallel  to  /X3£,  through  the  point  D  a  plane  parallel  to 
BAE,  and  through  the  point  E  a  plane  parallel  to  BAD.  The 
mutual  meeting  of  these  planes  will  form  the  parallelopiped 
required. 

THEOREM. 

393.  In  every  parallelopiped  the  opposite  solid  angles  are  symmet- 
rical^ and  the  diagonals  dramn  through  the  vertices  of  these  angles 
bisect  each  other. 

Demonstration.  Let  us  compare,  for  example,  the  solid  angle 
•  Jl  (Jig.  206)  with  the  solid  angle  G;  the  angle  £jJ5,  equal  to 
EFB,  is  also  equal  to  HGC,  the  angle  DAE  =  DHE  =  CGF, 
and  the  angle  DAB  =  DCB  =  HGF ;  consequently  the  three 
plane  angles  which  form  the  solid  angle  A^  are  equal  to  the 
three,  which  form  the  solid  angle  6,  each  to  each;  besides,  it  is 
evident  that  their  disposition  in  the  one  is  diflerent  from  that  in 
the  other ;  therefore  the  two  solid  angles  A  and  G  are  symmet- 
rical (359). 

Again,  let  us  suppose  the  two  diagonals  EC,  AG^  to  be 
drawn  each  through  opposite  vertices ;  since  AE  is  equal  and 
parallel  to  CG^  the  figure  AEGC  is  a  parallelogram;  conse- 
quently the  diagonals  JEC,  AG^  bisect  each  other.  It  may  be 
demonstrated,  in  the  same  manner,  that  the  diagonal  EC  and 
another  DF  also  bisect  each  other ;  therefore  the  four  diagonals 
bisect  each  other  in  a  point  which  may  be  regarded  as  the  centre 
of  the  parallelopiped. 

THEOREM. 

394.  The  plane  BDHF  (fig.  207),  rvhich  passes  through  tot 
opposite  parallel  edges  BF,  DH,  of  a  paralltltypiped  AG  divides  it 
into  two  triangular  prisms  ABD-HEF,  GHF-BCD,  symmetrical 
tcith  each  other* 

Demonstration,  Fn  the  first  place  the  solids  are  prisms ;  for 
the  triangles  ABD^  EFH^  having  the  sides  of  the  one  equal  and 
parallel  to  those  of  the  other,  are  eqii  A  :  and,  at  the  same  time, 
the  lateral  faces  ABFR,  ADHE.  BDHF,  are  parallelograms; 
therefore  the  solid  ABD-HEF  is  a  [>rism.  The  same  may  be 
proved  with  respect  to  the  solid  GH'BCD.  We  say  now  that 
these  two  prisms,  are  symmetrical  with  each  other. 


Of  Polyadrons.  131 

Upon  the  base  ABD  make  the  prism  ABD-E'PH'  symmetrical 
with  the  prism  ABD-EfH.  According  to  what  has  been  demon- 
strated (386),  the  plane  ABPE'  is  equal  to  ABFE,  and  the  plane 
JIDH'E'  is  equal  to  ADHE\  but,  if  we  compare  the  prism 
GHF'BCD  with  the  prism  ABD-H'E'P,  the  base  GHF  is  equal 
to  ABD\  the  parallelogram  GHDC,  which  is  equal  lo  ABFE, 
is  also  equal  to  ABF'E'^  and  the  parallelogram  GFBC^  which  is 
equal  to  ADHE^  is  also  equal  to  ADHE' ;  therefore  the  three 
planes,  which  form  the  solid  angle  G  in  the  prism  GHF-BCD^ 
are  equal  to  the  three  planes,  which  form  the  solid  angle  A  in 
the  prism  ABD-H'E'F'^  each  to  each ;  they  are  moreover  simi- 
larly disposed  in  the  two  cases ;  therefore  these  two  prisms  are 
equal,  and  being  applied  the  one  to  the  other  would  coincide.  But 
oiie  of  them  is  symmetrical  with  the  prism  ABD-HEF;  there- 
fore the  other  GHF-BCD  is  also  symmeirical  with  ABD-HEF. 

LEMMA. 

395.  In  every  prism  ABCI  the  sections  NOPQR,  STVXY 
(fig.  201),  made  by  parallel  planes  are  equal  polygons.  Fig.  2( 

Demonstration.  The  sides  ^O,  ST^  are  parallel,  being  inter- 
sections of  two  parallel  planes  by  a  third  plane  ABGF;  these 
same  sides  ^O,  ST^  are  comprehended  between  the  parallels 
A*S,  or,  which  are  sides  of  the  prism ;  consequently  XO  is 
equal  to  ST.  For  a  similar  reason,  the  sides  OP,  PQ,  QR^  &c., 
of  the  section  JVOPQR  are  equal  respectively  to  the  sides  TF, 
VX^  XY^  &c.,  of  the  section  STVXY.  Besides,  the  equal  sides 
being  also  parallel,  it  follows  that  the  angles  ^TOP^  OPQ^  &c.,  of 
the  first  section  are  equal  respectively  to  the  angles  STF^  TVX^ 
&c.,  of  the  second  (344).  Therefore  the  two  sections  NOPQR^ 
STVXYj  are  equal  polygons. 

396.  Corollary.  Every  section  made  in  a  prism  parallel  to  its 
base  is  equal  to  this  base. 

THEOREM. 

397.  T%e    two    symmetrical    triangular  prisms    ABD-HEF, 
BCD-HFG  (fig.  208),  which  compose  the  parallelopiped  AG,  are  Fig.  201 
equivalent. 

Demonstration.  Through  the  vertices  B,  P,  perpendicular  to. 
the  side  J5P,  suppose  the  planes  Badc^  Fehg  to  pass,  meeting 
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the  three  other  sides,  AE,  DH,  CG^  of  the  parallelepiped,  the 
one  in  0,  d,  c,  the  other  in  e,  h^g;  the  sections  Bade,  ^^^fi 
will  be  equal  parallelograms.  They  are  equal,  because  they  are 
made  by  planes,  which  are  perpendicular  to  the  same  straight 
line,  and  consequently  parallel  (397) ;  they  are  parallelograms, 
because  the  two  opposite  sides  of  the  same  section  a  B^  dc^  are 
the  intersections  of  two  parallel  planes  ABFE^  DCGH,  by  iht 
same  plane. 

For  a  simikf  reaison,  the  figure  S  a  e  1^  is  a  parallelograoL,  as 
also  the  other  lateral  faces  BFgc^  cdhf(,  adhe^  of  the  solid 
Badc-Fehg'j  therefore  this  solid  is  a  prism  (368);  and  this 
prism  is  a  right  prism^  since  the  side  BF  is  perpendicular  to  the 
plane  of  the  base. 

This  being  premised,  if  the  right  prism  Bhhe  divided  by  the 
the  plane  BFHD  into  two  right  triangular  prisms'a  JScf-^eF, 
Bdc'gFh^  we  say  that  the  oblique  triangular  prism  ABD-HEF 
will  be  equivalent  to  the  right  triangular  prism  aBd-ke  F. 

Indeed,  as  the  two  prisms  have  the  part  .^JSD/ieF  common,  it 
is  necessary  only  to  prove  that  the  two  remaining  parts,  namely, 
the  solids  BaADd,  FeEHh^  are  equivalent  to  each  other. 

Now,  on  account  of  the  parallelograms  ABFE^  aBFe^  the 
sides  AE,  ae,  being  each  equal  to  its  parallel  BF,  are  equal  to 
each  other ;  if  then  we  take  away  the  common  part  w3  e,  we  shall 
have  Aa:=Ee*    It  may  be  shown,  in  like  manner,  that  D  d  =s  Hh. 

Now,  in  order  to  apply  the  two  solids  BaADd,  FeEHh^  one 
to  the  other,  let  the  base  Feh  he  placed  upon  its  equal  Bad\ 
the  point  e  falling  upon  a,  and  the  point  h  upon  d,  the  sides  e  £, 
kH,  will  fall  upon  aA,dD,  each  upon  its  equal,  since  they  are 
perpendicular  to  the  same  plane  Bad\  consequently  the  two 
solids  under  consideration  will  coincide  entirely,  the  one  with  the 
other ;  therefore  the  oblique  prism  BAD-HFE  is  equivalent  to 
the  right  prism  Bad^iFe. 

It  may  be  demonstrated,  in  like  manner,  that  the  oblique  prism 
BDC-GFH  is  equivalent  to  the  right  prism  Bdc-gFh.  But  the 
the  two  right  prisms  B  a  d-Fch,  B  dp-gFh,  are  equal  to  each 
other,  since  they  have  the  same  altitude  BF,  and  their  bases 
Bad,  Bdc,  are  each  half  of  the  same  parallelogram  (389). 
Therefore  the  two  triangular  prisms  BAD-HFE,  BDCrGFH, 
equivalent  to  equal  prisms,  are  equivalent  to  each  other. 
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3M«  C^roHary.  Every  triangular  prism  ABD-HFE  is  half 
of  the  parallelepiped  AG^  constructed  upon  the  same  solid  angle 
A  with  the  same  edges  AB^  AD,  AE. 

THEOREM. 

S9^.  If  two  paralhlcpipeds  AG,  AL  (fig.  ^9),  have  a  cwnmon  Fig-  ^ot. 
hast  A  BCD,  and  have  also  their  superior  bases  comprehended  in  the 
same  plane  and  between  the  same  parallels  EK,  HL,  these  two  par- 
allelopipeds  will  be  equivalentm 

Demonstration*  The  proposition  admits  of  three  cases,  accord- 
ing as  EI  is  greater  than  EF,  less,  or  equal  to  it;  but  the 
demonstration  is  the  same  for  each ;  and,  in  the  first  place,  we 
say  that  the  triangular  prism  AEI^MDH  is  equal  to  the  triangu- 
lar prism  BFK'LCG. 

Indeed,  since  AE  is  parallel  to  BF^  and  HE  to  GF,  the  angle 
AEl  =  BFK,  HEI=  GFK,  HEA  =  QFB.  Of  these  six  angles 
the  three  first  form  the  solid  angle  £,  and  the  three  last  the  solid 
angle  P;  consequently,  since  these  plane  angles  are  equal,  each 
to  each,  and  similarly  disposed,  it  follows  that  the  solid  angles 
£,  F,  are  equal.  Now,  if  the  prism  AEM  be  applied  to  the 
prism  BFLf  the  base  AEI  being  placed  upon  the  base  BFK^ 
these  two  bases,  being  equal,  will  coincide  ;  and,  since  the  solid 
angle  E  is  equal  to  the  solid  angle  F,  the  side  EH  will  fall  upon 
its  equal  FG.  Nothing  further  is  necessary  in  order  to  show 
that  the  two  prisms  will  coincide  throughout;  for  the  base  AEI 
and  its  edge  EH  determine  the  prism  AEM,  as  the  base  BFK 
and  its  edge  FG  determine  the  prism  BFL,  388) ;  therefore 
these  prisms  are  equal. 

But,  if  from  the  solid  AL  we  take  the  prism  AEM,  there  will 
remain  the  parallelopiped  AIL ;  and,  if  from  the  same  solid  AL 
we  take  the  prism  BFL,  there  will  remain  the  parallelopiped 
AEG  5  therefore  the  two  parallelopipeds  AIL,  AEG,  are  equiv- 
alent. 

THEOREM. 

400.  Two  parallelopipeds  which  have  the  same  base  and  the  same 
altitude^  are  equivalent* 

Demonstration*    Let  ABCD  {fig*  210)  be  the  common  base  of  Fjgp  3i§. 
two  parallelopipeds  AQ,  AL ;  since  they  have  the  same  altitude, 
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their  superior  bases  EFGH,  IKLM^  will  be  ia  the  same  plane* 
Moreover  the  sides  £F,  AB^  are  equal  and  parallel,  as  also  IKy 
AB\  consequently  £F is  equal  and  parallel  io  IK;  for  a  similar 
reason,  GF  is  equal  and  parallel  to  LK.  Produce  the  sides  EF^ 
HG^  also  LK^  MI^  till  thcj  shall,  bjr  their  intersections,  form  the 
parallelogram  JSTOPQ ;  it  is  evident  that  this  parallelogram  will 
be  equal  to  each  of  the  bases  EFGH^  IKLM.  Now,  if  a  third 
parallelopiped  be  supposed,  which,  with  the  same  inferior  base 
ABCD^  has  for  its  superior  base  JVOPQ,  this  third  parallelopiped 
will  be  equivalent  to  the  parallelopiped  AG  (399);  since,  the 
inferior  base  being  the  same,  the  superior  bases  are  compre- 
hended in  the  same  plane  and  between  the  same  parallels  GQ. 
JW.  For  the  same  reason,  this  third  parallelopiped  will  be 
equivalent  to  the  parallelopiped  AL^  therefore  the  two  parallclo- 
pipeds  AGy  AL^  which  have  the  same  base  and  the  same  altitude, 
are  equivalent. 

THEOREM. 

401.  Every  parallelopiped  may  he  changed  into  an  equivalent 
reciansV'lar  parallelopiped  having  the  same  altitude  and  an  equiva- 
lent base. 
Fig.  210.      Demonstration*    hoi  AG  {fig*  210)  be  the  proposed  parallelo- 
piped 5  from  the  points  A^  JS,  C,  D,  draw  AI^  BK,  CL^  DM, 
perpendicular  to  the  plane  of  the  base,  and  we  shall  thus  have 
the  parallelopiped  AL  equivalent  to  the  parallelopiped  AG,  and 
of  which  the  latdral  faces  AK,  BL,  &c.,  will  be  rectangles.     If 
then  the  base  ABCD  is  a  rectangle,  AL  will  be  the  rectangular 
parallelopiped  equivalent  to  the  proposed  parallelopiped  AG. 
Fig.  211.      But,  if  ABCD  {fig.  211)  is  not  a  rectangle,  draw  AO,  BJ^, 
each  perpendicular  to  CD,  also  OQ,  J^P^  each  perpendicular  to 
the  base,  and  we  shall  have  the  solid  ABNO-IKPQ,  which  will 
be  a  rectangular  parallelopiped.     Indeed  the  base  ABJfO  and 
the  opposite  base  IKPQ  are,  by  construction,  rectangles ;  the 
lateral  faces  are  also  rectangles,  since  the  edges  AI,  OQ,  fee,  are 
each  perpendicular  to  the  plane  of  the  base ;  therefore  the  solid 
AP  is  a  rectangular  parallelopiped.    But  the  two  parallelopipeds 
AP,  AL,  may  be  considered  as  having  the  same  base  ABKI,  and 
the  same  altitude  AO ;  consequently  they  are  equivalent ;  there- 
Fig.  210.  fore  the  parallelopiped  AG  {fig.  210,  211),  which  was  first 
'  changed  into  an  equivalent  parallelopiped  AL^  is  now  changed 
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into  an  equivalent  rectangular  parallelepiped  w2P,  which  has  the 
same  altitude  AI\,  and  of  which  the  base  ABNO  is  equivalent  to 
the  base  j^B CD.  .na 

THEOREM.  Ij  ^ 

402.  Two  rectangular  paralhlopiptds  AG,  AL  (fig.  212),  which  Fig.  212. 
havt  the  same  base  ABCD,  are  to  each  other  as  their  altitudes,  AE, 
AI. 

Demonstration.  Let  us  suppose,  in  ihe  first  place,  that  the 
altitudes  AE,  AI,  are  to  each  other  as  two  entire  numbers,  as  15 
to  8,  for  example,  AE  may  be  divided  into  15  equal  parts  of 
which  AI  will  contain  8,  and  through  the  points  of  division  x,  y, 
r,  &c.,  planes  may  be  drawn  parallel  to  the  base.  These  planes 
will  divide  the  solid  AG  into  15  partial  parallelopipeds,  which 
will  be  equal  to  each  other,  having  equal  bases  and  equal  alti- 
tudes ;  we  say  equal  bases,  because  every  section  of  a  prism 
MIKL,  parallel  to  the  base,  is  equal  to  this  base  (395),  and  equal 
altitudes,  because  the  altitudes  are  the  divisions  themselves  A  Xj 
xy,yz,  &c.  Now,  of  these  15  equal  parallelopipeds  8  are  con- 
tained in  AL ;  therefore  the  solid  AG  is  to  the  solid  AL  as  15  is 
to  8,  or  in  general  as  the  altitude  AE  is  to  the  altitude  AL 

Again,  if  the  ratio  of  AE  to  AI  cannot  be  expressed  in  num- 
bers, we  say  still,  that  the  propoition  is  not  the  less  true,  namely, 

solid  AG  :  solid  AL  ::AE:  AL 
For,  if  this  proportion  does  not  bold,  let  us  suppose  that 

solid  AG  :  solid  ALiiAE:  AO. 
Divide  AE  into  equal  parts,  each  of  which  shall  be  less  than  70; 
there  will  be  at  least  one  p>int  of  division  m  between  /  and  O. 
Let  P  be  the  parallelopiped  which  has  for  its  base  ABCD  and 
for  its  altitude  A  m ;  since  the  altitudes  AE,  A  m,  are  to  each 
other  as  two  entire  numbers,  we  shall  have 

solid  AG:  P::AE:Am. 
But,  by  hypothesis, 

solid  AG  :  solid  AL  ::AE:  AO, 
whence  solid  AL  :  P  : :  AO  :  A  m. 

But  AO  is  greater  than  Am ;  it  is  necessary  then,  in  order  that 
this  proportion  may  take  place,  that  the  solid  AL  should  be 
greater  than  P ;  on  the  contrary  it  is  less ;  consequently  it  is 
impossible  that  the  fourth  term  of  the  proportion 
solid  AG  :  solid  AL  : :  AE  :  a> 
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should  be  a  line  greater  than  AL  By  similar  reasoning  it  may 
be  shown  that  the  fourth  term  cannot  be  less  than  AI\  it  is  then 
equal  to  AI-^  therefore  rectangular  parallelopipeds  of  tbe  same 
base  are  to  each  other  as  their  altitudes. 

THEOREM. 

Fig.  213.  403.  Two  rectangular  paratldopipeds  AG,  AK  (fig.  213),  which 
have  the  same  altitude  AE,  are  to  each  other  as  their  banes  ABCD, 
AMNO. 

Demonstration*  Having  placed  the  two  solids  the  one  by  the 
side  of  the  other,  as  represented  in  the  figure,  produce  the  plane 
OJVKL,  till  it  meet  the  plane  DCGII  in  PQ,  and  a  third  paral- 
leloptpcd  AQ  will  be  obtained,  which  may  be  compared  with 
each  of  the  parallelopipods  wJ6r,  AK.  The  two  solids  AG,  AQ^ 
having  the  same  base  AEHD  are  to  each  other  as  their  altitudes 
AB^AO\  also  the  two  solids  AQ^AK^  having  the  same  base 
AOLE^  are  to  each  other  as  their  altitudes  AD^  AM.  Thus  we 
have  the  two  proportions 

solid  AG  :  solid  AQiiAB:  AO, 
solid  AQ  :  solid  AK  ::AD:  AM. 
Multiplying  the  two  proportions  in  order  and  omitting  in  the 
result  the  common  multiplier  solid  AQ  we  shall  have 

solid  AG  :  solid  AK::ABxAD:AO  x  AM. 
But  AB  X  AD  represc*nts  the  base  ABCD  and  AO  x  AM  repre- 
sents the  base  AMJVO :  therefore  two  rectangular  parallelopi* 
peds  of  the  same  altitude  are  to  each  other  as  their  bases. 

THEOREM. 

404.  Any  two  recfar^tlar  paralUlt^peds  are  to  each  other  as  the 
products  of  their  bases  by  tlicir  (lUiitudes^  or  as  the  products  of  their 
three  dimensions. 
rig.  213.  Demonstration.  Having  placed  the  two  solids  AG^  AZ  {Jig.  213), 
in  such  a  manner  that  their  surfaces  may  have  a  common  angle 
J3L4£,  produce  the  planes  necessary  to  form  the  third  parallelo* 
piped  AK  of  the  same  altitude  with  the  parallelopiped  AG^  we 
shall  have,  by  the  preceding  proposition, 

solid  AG  :  solid  AK : :  ABCD  :  AMJW. 
But  the  two  parallelopipeds  AK^  AZ,  which  have  the  same  base 
AMM'O,  are  to  each  other  as  their  altitudes  AE,  AX;  thus  wc 

I 
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hav9  solid  JOC :  solid!  AZwAE  :  AX. 

Multiplying  these  two  proportions  in  order  and  omitting  in  the 

r^ult  the  common  multiplier  sQlxi  AKy  we  obtain 

99^  AG  ;  solid  AZ  : :  ABCD  x  AE  :  AMNO  x  AX. 
Id  the  place  of  the  bases  ABCDs  AMDTO^  we  can  substitute 
.W  X  AD,  AO  X  AM,  which  will  give 

solid  AG  :  solid  AZ  ::  AB  x  AD  x  AE  :  AO  X  AMx  AX. 
Therefore  any  two  rectangular  parallelopipeds  are  to  each  other 
as  the  products  of  their  ba^^es  by  their  altitudes,  or  as  the  pro- 
ducts of  their  three  dimensions. 

405*  Scholium.  Hence  we  may  take  for  the  measure  of  a 
rectangular  parallelepiped  the  product  of  its  base  by  its  altitude, 
01*  the  product  of  its  three  diipeusions.  It  is  on  this  principle  that 
we  estimate  all  other  solids. 

In  order  to  understand  this  measure  it  is  necessary  to  recollect 
that  by  the  product  of  two  or  several  lines  is  meant  the  product 
of  the  numbers  which  represent  these  lines,  and  these  numbers 
depend  upon  the  linear  unit,  which  may  be  taken  at  pleasure ; 
the  product  therefore  of  the  three  dimensions  of  a  parallelepiped 
is  a  number  which  of  itself  has  no  meaning,  and  which  would  be 
different  according  as  one  or  another  linear  unit  is  used.  But  if, 
in  like  manner,  the  three  dimensions  of  another  parallelopiped 
are  multiplied  together,  by  estimating  them  according  to  the 
same  linear  unit,  the  two  products  wo^Id  be  to  each  other  as  the 
two  parallelopipeds  and  would  give  an  idea  of  their  relative 
magnitude. 

The  magnitude  of  a  solid,  its  volume,  or  its  extension,  consti- 
tutes what  is  called  its  solidity ;  and  the  word  solidity]  is  employed 
particularly  to  denote  the  measure  of  a  solid ;  thus  wc  say  that 
the  solidity  of  a  rectangular  parallelopiped  is  equal  to  the  pro- 
duct of  its  base  by  its  altitude,  or  the  product  of  its  three  dimen- 
sions. 

The  three  dimensions  of  a  cube  being  equal  to  each  other,  if 
the  side  is  1,  the  solidity  will  be  1  x  1  X  1,  or  1 ;  if  the  side  is 

t  CofUeni  is  often  employed  by  English  writers  to  denote  both  solid 
and  superficial  measures.  The  word  solidity,  though  most  commonly 
used,  is  exceptionable,  as  it  is  likely  to  suggest  to  the  mind  of  the 
student  the  idea  of  resistance.  The  term  volwnt  has  been  adopted 
by  some  as  preferable  to  solidity. 

Gtonu  18 
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3,  the  solidity  will  be  2  x  2  X  2,  or  B ;  if  the  side  is  3,  the 
solidity  will  be  3  x  3  x  3,  or  27,  and  so  on  ;  thus,  the  sides  of 
cubes  being  as  the  numbers  1,  3,  3,  &c.,  the  cubes  themselves, 
or  their  solidities,  are  as  the  numbers  1,  8,  37,  &c.  Hence  the 
origin  of  what  in  arithmetic  is  called  the  cube  of  a  number ;  it  is 
the  product  arising  from  three  factors,  which  are  each  equal  to 
this  number. 

If  it  were  proposed  to  make  a  cube  double  of  a  given  cube,  it 
would  be  necessary  that. the  side  of  the  cube  sought  should  be  to 
the  side  of  the  given  cube  as  the  cube  root  of  3  is  to  1.  Now  it  is 
easy  to  find,  by  a  geometrical  construction,  the  square  root  of  2 ; 
but  we  cannot,  in  this  way,  find  the  cube  root  of  this  number,  at 
least  by  the  simple  operations  of  elementary  geometry,  which 
consist  in  employing  only  straight  lines,  two  points  of  which  are 
known,  and  circles  whose  centres  and  radii  are  determined. 

On  account  of  this  diflSculty,  the  problem  of  the  duplication  of 
the  cube  was  celebrated  among  the  ancient  geometers,  as  also 
that  of  the  triseclion  of  an  angle^  which  is  nearly  of  the  same 
character.  But  the  solutions,  of  which  problems  of  this  kind  are 
susceptible,  have  long  been  known ;  and,  although  less  simple 
than  the  constructions  of  elementary  geometry,  they  are  not  less 
exact  or  less  rigorous. 

THEOREM. 

406.  The  solidity  of  a  parallelepiped^  and  in  general  of  any 
prism  whatever,  is  equal  to  the  product  of  its  base  by  its  altitude* 

Demonstration,  1.  A  parallelopiped  of  whatever  kind  is  equiv- 
alent to  a  rectangular  parallelopiped  having  the  same  altitude 
and  an  equivalent  base  (401).  But  the  solidity  of  this  last  is 
equal  to  the  product  of  its  base  by  its  altitude  (405)  ;  therefore 
the  solidity  of  the  first  is  also  equal  to  the  product  of  its  base 
by  its  altitude. 

2.  Every  triangular  prism  is  half  of  a  parallelopiped,  so  con- 
structed as  to  have  the  same  altitude  and  a  base  twice  as  great 
(397).  Now  the  solidity  of  this  last  is  equal  to  the  product  of 
its  base  by  its  altitude  (405) ;  therefore  the  solidity  of  the  trian- 
gular prism  is  equal  to  the  product  of  its  base,  half  of  that  of  the 
parallelopiped,  by  its  altitude. 
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3.  A  prism  of  whatever  kind  may  be  divided  into  as  many 
triangular  prisms  of  the  same  altitude,  as  there  are  triangles  in 
the  polygon  taken  for  a  base.  But  the  solidity  of  each  triangular 
prism  is  equal  to  the  product  of  its  base  by  its  altitude ;  and, 
since  the  altitude  is  the  same  in  each,  it  follows  that  the  sum  of 
all  the  partial  prisms  is  equal  to  the  sum  of  all  the  triangles, 
taken  for  bases,  multiplied  by  the  common  altitude.  Therefore 
the  solidity  of  a  prism  of  whatever  kind  is  equal  to  the  product 
of  its  base  by  its  altitude. 

407.  Cnrollary.  If  we  compare  two  prisms,  which  have  the 
same  altitude,  the  products  of  the  bases  by  the  altitudes  will  be 
as  the  bases ;  therefore  two  prisms  of  the  same  altitude  are  to  each 
other  as  their  bases  ^  for  a  similar  reason,  two  prisms  of  the  same 
base  are  to  each  other  as  their  altitudes* 

LEMMA. 

« 

408.  If  a  pyramid  S-ABCDE  (fig.  214)  is  cut  by  a  plane  a  b  d,  n|.  21 
parallel  to  the  base^ 

1.  The  sides  SA,  SB,  SC, and  the  altitude  SO,  mil  be 

divided  proportionally  in  a,  b,  c, and  o ; 

2.  The  section  a  b  c  d  e  tboHI  be  a  polygon  similar  to  the  base 
ABCDE. 

Demonstration.  The  planes  ABCy  abc^  being  parallel,  their 
intersections  ./SB,  a  6,  by  a  third  plane  SAB^  will  be  parallel 
(340) ;  consequently  the  triangles  SAB^  Sab,  are  similar,  and 

SA:Sa::SB:Sb*, 
in  like  manner  SBiSb  : :  SCiSc, 

and  so  on  ;  therefore  the  sides  &4,  SB,  SC,  &c.,  are  cut  propor- 
tionally at  a,  6,  c,  &c.     The  altitude  SO  is  cut  in  the  same  pro- 
portion at  the  point  0,  for  BO  and  6  o  are  parallel  (340),  and     O 
consequently 

SO:Soi:SB:Sb    (196).  r 

2.  Since  a 6  is  parallel  to  AB,  be  to  BC,  cd  to  CD,  &c.,  the 
angle  a  6  c  =  ABC,  the  angle  6  c  d  =  BCD,  and  so  on.  Moreover, 
on  account  of  the  similar  triangles  SAB,  Sab, 

ABiabiiSBiSb] 
and,  on  account  of  the  similar  triangles  SBC,  Sbc, 

SBiSbi:  BCibci 
whence  4B :  abii  BC  ibc] 
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in  like  manner,  BC  ibc:^  CD  :  c <f, 

and  so  on.  Therefore  the  polygons  ABCDE^  abcde^  have  their 
angles  equal,  each  to  each,  and  their  homologous  sides  propor- 
tional ;  that  is,  they  are  similar. 

409.  Corollary.  Let  &ABCDE,  S-XYZ,  be  two  pyramids 
that  have  a  comoion  vertex,  and  whose  altitudes  fire  the  same, 
or  whose  bases  are  situated  in  the  same  plane ;  if  these  pyramids 
be  cut  by  a  plane  parallel  to  their  bases,  iht  seciions  abode, 
xy  z,  thus  formed,  will  be  to  each  other  09  Ae  bases  ABCDE,  XYZ. 

For,  (he  polygons  ABCDE,  abcde,  being  similar,  their  sur- 
faces are  as  this  squares  of  their  hotnologous  sides  AB,  a  b ;  bat 
AB:ab:;SA:Sa, 

consequently  AB CDE  :  abcde  ::  SA  :  Sa^ 

For  the  same  reason, 

XYZ  :  xyz  : :  SX  :  Sx. 
^ut,  since  abcde^xyz,  are  in  the  same  plane, 

SAiSai:  SX  :  Sx, 
whence  ABCDE  :  abode  ::  XYZ  :  xyz; 

therefore  the  sections  abcde,  xyz,  are  to  each  other  as  their 
h2ises  ABCDE,  XYZ. 

LEMMA. 

«.  215.  410.  Let  S-ABC  (fig.  215),  be  a  triangular  pyramid,  of  which  S 
is  the  vertex  and  ABC  the  base  ;  if  the  sides  SA,  SB,  SC,  AB,  AC, 
BC,  be  bisected  at  the  points  D,  £,  F,  G,  H,  I,  and  through  these 
points  the  straight  lines  DE,  EF,  DF,  EG,  FH,  EI,  GI,  GH,  6e 
draron  ;  we  say  that  the  pyramid  S-ABC  may  be  considered  as  com- 
posed of  two  prisms  AGH-FDE,  EGl-CFH,  equivalent  to  each 
other,  and  two  equal  pyramids  S-DEF,  E-GBI. 

Demonstration.  It  follows  from  the  construction,  that  ED  is 
parallel  to  BA,  and  GE  to  AS  (19a);  hence  the  figure  ADEG 
is  a  parallelogram.  For  the  same  reason,  the  figure  ADFH  is 
also  a  parallelogram;  consequently  the  straight  lines  AD,  GE, 
HF.  are  equal  and  parallel ;  therefore  the  solid  AGH-FDE  is  a 
prism  (346). 

It  may  be  shown,  in  like  manner,  that  the  two  figures  EFCI, 
CIGH,  are  parallelograms,  and  that  thus  the  straight  lines  EF, 
IC,  GH,  are  equal  and  parallel ;  therefore  the  solid  EGI-CFU  is 
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also  a  prism.    New  we  say  that  these  two  triangular  prisms  are 
equivalent  to  each  other. 

Indeed,  if  upon  the  edges  G/,  G£,  GJff,  the  parallelopiped 
GX  be  formed,  the  triangular  prism  EGI-CFH  will  be  half  of 
this  parallelopiped  (397) ;  on  the  other  hand,  the  prism  AGH-FDE 
is  also  equal  to  half  of  the  parallelopiped  GX  (406),  since  they 
have  the  same  altitude,  and  the  triangle  AGH^  the  base  of  the 
prism,  is  half  of  the  parallelogram  Cr/CH(168),  the  base  of  the 
parallelopiped.  Therefore  the  two  prisms  EGUCFH^AGH-FDEy 
are  equivalent  to  each  other. 

These  two  prisms  being  taken  from  the  pyramid  S->dBC  there 
will  remain  only  the  two  pyramids  S-DEF,  E-GBI-,  now  we 
say  that  these  two  pyramids  are  equal  to  each  other. 

Indeed,  since  the  following  sides  are  equal,  namely,  BE=SE^ 
BGt=zAG=:  DE,  EG  =  AD=:  SD,  the  triangle  BEG  is  equal 
to  the  triangle  ESD  (43).  For  a  similar  reason,  the  triangle  BEI 
is  equal  to  the  triangle  ESF]  moreover  the  mutual  inclination  of 
the  two  planes  BEG^  BEI^  is  the  same  as  that  of  the  two  planes 
ESD,  ESFj  since  BEG,  ESD,  arc  in  the  same  plane,  and  BEI, 
ESF,  are  also  in  the  same  plane.  If  then,  in  order  to  apply  the 
one  pyramid  to  the  other,  we  place  the  triangle  EBG  upon  its 
equal  EDS,  the  plane  BEI  must  fall  upon  the  plane  ESF;  and, 
since  the  triangles  are  equal  and  similarly  disposed,  the  point  / 
will  fall  upon  F,  and  the  two  pyramids  will  coincide  throughout 
(384). 

Therefore  the  entire  pyramid  S-ABC  is  composed  of  two  tri- 
angular prisms  AGF,  GIF,  equivalent  to  each  other,  and  two 
equal  pyramids  S-DEF,  E-GBI. 

411.  Corollary  i.  From  the  vertex  S  let  fall  upon  the  plane 
ABC  the  perpendicular  SO,  and  let  P  be  the  point,  where  this 
perpendicular  meets  the  plane  DEF,  parallel  to  ABC-,  since 
SD  =  i  SA,  we  have  SP=  i  SO  (408),  and  the  triangle  DEF=i  J 
triangle  ABC  (218) ;  consequently  the  solidity  of  the  prism 

AGH'FDE^  i  ABC  x^SO', 
and  the  solidity  of  the  two  prisms  AGH-FDE,  EGI-CFH,  taken 
together,  is  equal  J  ABC  X  SO.  These  two  prisms  are  less  than 
the  pyramid  S-ABC,  since  they  are  contained  in  it ;  therefore 
the  solidity  of  a  triangular  pyramid  is  greater  thar^  the  fourth  part 
of  the  product  of  its  base  by  its  altitude* 
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412.  Corollary  ii.  If  we  join  DG,  DH^  we  shall  have  a  new 
pyramid  D-AGH  equal  to  the  pyramid  S-DEF^  for  the  base 
Dl.F  may  be  placed  upon  its  equal  AGH^  and  then,  the  angles 
SjDJS,  SDF^  being  equal  to  the  angles  DAG,  DAH,  it  is  manifest 
th  It  BS  will  fall  upon  AD  (364),  and  the  vertex  S  upon  the 
vertex  D.  Now  the  pyramid  D^AGH  is  less  than  the  prism 
AGH'FDE  since  it  is  contained  in  it;  therefore  each  of  the 
pyramids  S-DEF,  E-GBI,  is  less  than  the  prism  AGI^FDE; 
therefore  the  pyramid  S'ABC^  which  is  composed  of  two  pyra- 
mids and  two  prisms,  is  less  than  four  of  these  same  prisms. 
But  the  solidity  of  one  of  these  prisms  =  i  ABC  X  SO,  and  its 
quadruple  =  |  ABC  X  SO;  hence  the  solidity  of  any  trianf^ular 
pyramid  is  less  than  half  of  the  product  of  its  base  by  its  altUude. 

THEOREM. 

413.  TTte  solidity  of  a  triangular  pyramid  is  equal  to  a  third  of 
the  product  of  its  base  by  its  altitude. 

fig.  215.  Demonstration.  Let  S-ABC  {Jig.  215)  be  any  triangular  pyra- 
mid, ABC  its  base,  SO  its  altitude ;  we  say  ihat  the  solidity  of 
the  pyramid  S-ABC  is  equal  to  a  third  part  of  the  product  of  the 
surface  w3JBC  by  the  altitude  SO,  so  that 

S'ABC  =  i  ABC  X  SO,  or  =  SO  X  ^ABC. 

If  this  proposition  be  denied,  the  solidity  S-ABC  must  be  equal 
to  the  product  of  SO  by  a  surface  either  greater  or  less  than 
\ABC. 

\.  Let  this  quantity  be  greater,  so  that  we  shall  have 
S'ABC  =  SOx{^ABC  +  M). 
If  we  make  the  same  construction  as  in  the  preceding  proposi- 
tion, the  pyramid  S-ABC  will  be  divided  into  two  equivalent 
prisms  AGHFDE,  EGLCFH,  and  two  equal  pyramids  S-DEF, 
E-GBI.  Now  the  solidity  of  the  prism  AGH-FDE  is  DEF  x  PO, 
consequently  we  shall  have  the  solidity  of  the  two  prisms 

AGHFDE  +  EGICFH^  DEF  x  2P0,  or  =  i)£Fx  SO. 
The  two  prisms  being  taken  from  the  entire  pyramid,  the  re- 
mainder will  be  equal  to  double  of  the  pyramid  S-DEF,  so  that 
we  shall  have 

2S^DEF=  SO  X  a  ^BC+  M—DEF). 
But,  because  SA  is  double  of  SjD,  the  surface  ABC  is  quadruple 
ofDf;F(408),  and  thus 
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^\^ABC—DEF=z^  DEF—  DEP=z  j  DEF^ 
whence 

2S-2)£F=  SO  X  (i  DEF  +  M), 
or,  by  taking  the  half  of  each, 

S'DEF^SP  X  {\DEF  +M). 
It  appears  then,  that  in  order  to  obtain  the  solidity  of  the  pyra< 
mid  S-DEF^  it  is  necessary  to  add  to  a  third  of  the  base  the  same 
surface  M,  which  was  added  to  a  third  of  the  base  of  the  large 
pyramid,  and  to  multiply  the  whole  by  the  altitude  SP  of  the 
small  pyramid. 

If  iSJD  be  bisected  at  the  point  K^  and  if  through  this  point  a 
plane  KLM  be  supposed  to  pass  parallel  to  DEF  meeting  the 
perpendicular  SP  in  Q ;  according  to  what  has  just  been  demon- 
strated, S-KLM  =  SQ  X  (i  KLM^'  M). 
If  we  proceed  thus  to'  form  a  series  of  pyramids,  the  sides  of 
which  decrease  in  the  ratio  of  2  to  1,  and  the  ba^es  in  the  ratio 
4  to  1,  we  shall  soon  arrive  at  a  pyramid  S-abc^  the  base  of 
which  abc  shall  be  less  than  6.^.  Let  So  be  the  altitude  of 
this  last  pyramid ;  and  its  solidity,  deduced  from  that  of  the 
preceding  pyramids,  will  be 

Sox{\ahc  +  M). 
But  M^  i  abCy  and  consequently  }ahc  +  M^  ^abc.  It 
would  follow  then,  that  the  solidity  of  the  pyramid  S-abc  is 
greater  than  So  x  iab€;  which  is  absurd,  since  it  was  proved 
in  the  preceding  proposition,  corollary  ii,  that  the  solidity  of  a 
triangular  pyramid  is  always  less  than  half  of  the  product  of  its 
base  by  its  altitude ;  therefore  it  is  impossible  that  the  solidity 
of  the  pyramid  S-ABC  should  be  greater  than  SO  X  \ABC. 

2.  Let  S-ABC  be  equal  to  SO  x{\ABC —  M)-,  it  maybe 
shown,  as  in  the  first  case,  that  the  solidity  of  the  pyramid 
S-DEFy  the  dimensions  of  which  are  less  by  one  half,  is  equal  to 

SPx{^DEF  —  M); 
and,  by  continuing  the  series  of  pyramids,  the  sides  of  which 
decrease  in  the  ratio  of  2  to  1,  until  we  arrive  at  a  term  S-abc, 
we  shall,  in  like  manner,  have  the  solidity  of  this  last  equal  to 

Sox  (iabc  —  M).. 
But,  as  the  bases  ABC^  DEF^  KLM abc^  form  a  decreas- 
ing series,  each  term  of  which  is  a  fourth  of  the  preceding,  we 
shall  soon  arrive  at  a  term  abc  equal  to  12^,  or  which  shall 
be  comprehended  between  \^M  and  3j)f ;  then,  M  being  either 
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equal  to  or  greater  than  j\  ahe^  the  quaotity  ^abc  —  M  will 
either  be  equal  to  or  less  than  ^abcj  so  that  we  shall  have  the 
solidity  of  the  pyramid  S-abc  either  equal  to  or  less  than 

Sox  }a6c; 
which  is  absurd,  since,  according  to  corollary  i  of  the  preceding 
proposition,  the  solidity  of  a  triangular  pyramid  is  always 
greater  than  the  fourth  of  the  product  of  its  base  by  iu  altitude; 
therefore  the  solidity  of  the  pyramid  S-ABC  cannot  be  less  than 
SQx  \ABC. 

We  conclude  then,  according  to  the  enunciation  of  the  theo- 
rem, that  the  solidity  of  the  pyramid  SABC  =  SOx  iABC, 
oi=  JjJBCxSQ. 

414.  Corollary  i.  Every  triangular  pyramid  is  a  third  of  a 
triangular  prism  of  the  same  base  and  same  altitude ;  for 
ABC  X  50  is  the  solidity  of  the  prism  of  which  ^iBC  is  the  base 
and  SO  the  altitude. 

415.  Corollary  ii«  Two  triangular  pyramids  ef  the  same 
altitude  are  to  each  other  as  their  bases,  and  two  triangular  py- 
ramids of  the  same  base  are  to  each  other  as  their  altitudes. 

THEOREM. 

Tig.  «U      416.  Every  pyramid  S-ABCDE  (fig.  21 4)  has  for  Us  measure  a 
third  of  the  product  of  its  base  by  its  altitude. 

Demonstration.  If  the  planes  SEBy  SEC^  be  made  to  pass 
through  the  diagonals  EB,  £C,  the  polygonal  pyramid  S-ABCDE 
will  be  divided  into  several  triangular  pyramids,  which  have  all 
the  same  altitude  SO.  But,  by  the  preceding  theorem,  these  are 
measured  by  multiplying  their  bases  ABE^  BCEy  CDE,  each 
by  a  third  of  its  altitude  50;  consequently  the  sum  of  the  trian- 
gular pyramids,  or  the  polygonal  pyramid  S-ABCDE  will  have 
for  its  measure  the  sum  of  the  triangles  ABE^  BCE,  CDE,  or 
the  polygon  ABCDE,  multiplied  by  |^ SO;  therefore  every  py- 
ramid has  for  its  measure  a  third  of  the  product  of  its  base  by 
its  altitude. 

417.  Corollary  u  Every  pyramid  is  a  third  of  a  prism  of  the 
same  base  and  same  altitude. 

418.  Corollary  ii.  Two  pyramids  of  the  same  altitude  are  to 
leach  other  as  their  bases,  and  two  pyramids  of  the  same  base 
are  to  each  other  as  their  altitudes. 
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419.  Scholium.  The  solidity  of  any  polyedron  mdy  be  esti- 
mated by  decomposing  it  into  pyramids,  and  this  decomposition 
may  be  effected  in  several  ways ;  one  of  the  most  simple  is  by 
means  of  planes  of  division  passing  through  the  vertex  of  the 
same  solid  angle ;  then  we  shall  have  as  many  partial  pyramids, 
as  there  are  faces  in  the  polyedron  excepting  those  which  con- 
tain the  solid  angle  from  which  the  planes  of  division  proceed. 

THEOREM. 

430.  Tim  symmetrual  polyedrons  art  equivalent  to  each  other  or 
equal  in  solidity. 

Demonstration,  1.    Two  symmetrical  triangular  pyramids,  as 
S-ABC,  T'ABC  (fi^.  202),  have  each  for  its  measure  the  pro- Tig.  202. 
duct  of  the  base  ABC  by  a  third  of  its  altitude  SO  or  TO ;  there- 
fore these  pyramids  are  equivalent. 

2.  If  we  divide,  in  any  manner,  one  of  the  symmetrical  poly- 
edrons in  question  into  triangular  pyramids,  we  can  divide  the 
other  polyedron,  in  the  same  manner  into  triangular  pyramids 
symmetrical  with  the  former  (382) ;  but  the  triangular  pyramids 
in  the  one  case  and  the  other  being  symipetrical,  are  equivalent, 
each  to  each ;  therefore  the  entire  polyedrons  are  equivalent  to 
each  other  or  equal  in  solidity. 

421.  Scholium.  This  proposition  seems  to  result  immediately 
from  a  former  (386),  in  which  it  was  shown  that,  with  respect  to 
two  symmetrical  polyedrons,  all  the  constituent  parts  of  the  one 
are  equal  respectively  to  those  of  the  other ;  still  it  was  neces- 
sary to  demonstrate  it  in  a  rigorous  manner. 

THEOREM. 

422.  If  a  pyramid  is  cut  by  a  plane  parallel  to  its  base,  the  frus-       % 
twn  which  remains^  after  taking  away  the  smaller  pyramid,  is  eqiuil 

io  the  sum  of  three  pyramids,  which  have  for  their  common  altitude 
the  altitude  of  the  frustum,  and  whose  bases  are  the  inferior  base  of 
the  frustum.  Us  superior  base,  and  a  mean  proportional  between  these 
bases. 

Demonstration.    Let  S^BCDE  {fig.  217)  be  a  pyramid  cut  Fig.  217. 
by  the  plane  abd  parallel  to  the  base ;  let  T-FGH  be  a  trian- 
gular pyramid,  whose  base  and  altitude  are  equal  or  equivalent 
to  the  base  and  altitude  of  the  pyramid  S-ABCDE.    The  two 

nieam.  19 
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bases  may  be  supposed  to  be  siluated  in  the  same  plane ;  and 
then  the  plane  ahd  produced,  will  determine  in  the  triangular 
pyramid  a  section  fg  h  situated  at  the  same  altitude  above  the 
common  plane  of  the  bases ;  whence  it  follows  that  the  section 
fgh  is  to  the  section  a 6 d,  as  the  base  FOH is  to  the  base  ABD 
(408) ;  and,  since  the  bases  are  equivalent,  the  sections  will  be 
equivalent  also.  Consequently  the  pyramids  S-a  bed e,  T^fgh^ 
are  equivalent,  since  they  have  the  same  altitude  and  equivalent 
bases.  The  entire  pyramids  S-ABCDE^  T^FGH^  are  equiva- 
lent, for  the  same  reason;  therefore  the  frustums  ABIMabj 
FGH'hfg^  are  equivalent ;  and  consequently  it  will  be  sufficient 
to  demonstrate  the  proposition  enunciated,  with  reference  merely 
to  the  case  of  the  frustum  of  a  triangular  pyramid. 
Fig.  ti8.  Let  FGH'hfg  {fig.  21 8),  be  the  frustum  of  a  triangular  pyra- 
mid ;  through  the  points  F,  g,  H,  suppose  a  plane  Fg  H,  to  pass 
cutting  off  from  the  frustum  the  triangular  pyramid  g-FGH. 
This  pyramid  has  for  its  base  the  inferior  base  FGH  of  the  frus- 
tum, it  has  also  for  its  altitude  the  altitude  of  the  frustum,  since 
the  vertex  g  is  in  the  plane  of  the  superior  base /g  A. 

This  pyramid  being  cut  off,  there  will  remain  the  quadrangu- 
lar pyramid  g-fhHF^  the  vertex  of  which  is  g  and  the  base 
fh  HF.  Through  the  three  points/,  g,  f/,  suppose  a  plane/g  H 
to  pass  dividing  the  quadrangular  pyramid  into  two  triangular 
pyramids  g-FfH^  g-fh  H.  This  last  pyramid  may  be  considered 
as  having  for  its  base  the  superior  base  gfh  of  the  frustum,  and 
for  its  altitude  the  altitude  of  the  frustum,  since  the  vertex  H  is 
in  the  inferior  base.  Thus  we  have  two  of  the  three  pyramids 
which  compose  the  frustum. 

It  remains  to  consider  the  third  pyramid  g-F/H.  Now  if  we 
draw  gK  parallel  to/F,  and  suppose  a  new  pyramid  K-FfH^ 
the  vertex  of  which  is  jST,  and  the  base  FfH\  these  two  pyra- 
mids will  have  the  same  base  FfH\  they  will  have  also  the 
same  altitude,  since  the  vertices  g,  K^  are  situated  in  a  line  g  K 
parallel  to  Ff  and  consequently  parallel  to  the  plane  of  the 
base  ;  therefore  these  pyramids  arc  equivalent.  But  the  pyra- 
mid K'Ffli  may  be  considered  as  having  its  vertex  in/  and 
thus  it  will  have  the  same  altitude  as  the  frustum ;  as  to  its  base 
FHK^  we  say  that  it  is  a  mean  proportional  between  the  two 
bas^s  FHG^fhg.  Indeed  the  triangles  FHKjfhg^  have  the 
angle  F=/,  and  the  side  FJC=fg, 
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hence 

FHK:fhgi:FKxFH:f^xfh::FH:fh    (216). 
Also  FIIG  :  FtlK  iiFG:  FK  or  fg. 

But  the  similar  triangles  FHG^fhg^  give 

FG:fg::FH:fh', 
consequently  FUG  :  FHK  : :  FHK  ifhg; 
and  thus  the  base  FHK  is  a  mean  proportional  between  the  two 
bases  FHG^fhg^  therefore  the  frustum  of  a  triangular  pyramid 
is  equal  (o  three  pyramids,  which  have  for  their  common  altitude 
the  altitude  of  the  frustum,  and  whose  bases  are  the  inferior  base 
of  the  frustum,  its  superior  base,  and  a  mean  proportional  be- 
tween these  bases. 

THEOREM. 

423.  If  a  triangular  prism^  whose  bast  is  ABC  (fig,  216),  6e  Rg.  216. 
cut  by  a  plane  DEF  inclined  to  this  base,  the  solid  ABC-DEF  thus 
formed^  will  be  equal  to  the  sum  of  the  three  pyramids  whose  vertices 
are  D,  E,  F,  and  the  common  base  ABC. 

Demonstration.  Through  the  three  points  F,  A^  C,  suppose  a 
plane  FAC  to  pass  cutting  off  from  the  truncated  prism 

ABC'DEF 
the  triangular  pyramid  F'ABC\  this  pyramid  will  have  for  its 
base  ABC  and  for  its  vertex  the  point  F. 

This  pyramid  being  cut  off,  there  will  remain  the  quadrangu- 
lar pyramid  F-ACDE,  of  which  F  is  the  vertex,  and  ACDE 
the  base.  Through  the  points  F,  £,  C,  suppose  a  plane  FEC 
to  pass  dividing  the  quadrangular  pyramid  into  two  triangular 
pyramids  FAEC,  F- CDE. 

The  pyramid  F-AEC,  which  has  for  its  base  the  triangle 
AEC  and  for  its  vertex  the  point  F,  is  equivalent  to  a  pyramid 
B'AEC,  which  has  for  its  base  AEC,  and  for  its  vertex  the  point 
J9.  For  these  two  pyramids  have  the  samcv  base ;  they  have 
also  the  same  altitude,  since  the  line  BF,  being  parallel  to  each 
of  the  lines  AE,  CD,  is  parallel  to  their  plane  AEC ;  therefore 
the  pyramid  F-AEC  is  equivalent  to  the  pyramid  B-AEC,  which 
may  be  considered  as  having  for  its  base  ABC,  and  for  its  ver- 
tex the  point  £. 

The  third  pyramid  F-CDE,  or  E-FCD,  may  be  changed  in 
the  first  place  into  A-FCD ;  for  the  two  pyramids  have  the  same 
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base  FCD ;  they  have  also  the  same  altitude,  since  AE  is  par- 
allel to  the  plane  FCD ;  consequently  the  pyramid  E-FCD  is 
equivalent  to  A-FCD.  Again,  the  pyramid  A-FCD,  or  F-ACD^ 
may  be  changed  into  B-ACD^  for  these  two  pyramids  have  the 
common  h^^ACD ;  they  have  also  the  same  altitude,  since  their 
vertices  F  and  B  are  in  a  parallel  to  the  plane  of  the  base. 
Therefore  the  pyramid  E-FCD^  equivalent  to  A-FCD^  is  also 
equivalent  to  B-ACD.  Now  this  last  may  be  regarded  as  hav- 
ing for  its  base  ABC^  and  for  its  vertex  the  point  D. 

We  conclude  then,  that  the  truncated  prism  ABC-DEF  is 
equal  to  the  sum  of  three  pyramids  which  have  for  their  com- 
mon base  ABC  and  whose  vertices  are  respectively  the  points 

434.  Corollary.  If  the  edges  are  perpendicular  to  the  plane 
of  the  base,  they  will  be  at  the  same  time  the  altitudes  of  the 
three  pyramids,  which  compose  the  truncated  prism ;  so  that  the 
solidity  of  the  truncated  prism  will  be  expressed  by 

\ABCxAE'^\ABC x BF+\ABC x  CD, 
or  \ABCx  (AE  +BF+  CD). 

THEOREH. 

425.  Two  similar  triangular  pyramids  have  their  homologous 
faces  similar,  and  their  homologous  solid  angles  equal. 

Demonstration.  The  two  triangular  pyramids  S-ABC,  T-DEF 
Fig.;ao8.  (Jig,  203),  are  similar,  if  the  two  triangles  SAB,  ABC,  are  simi- 
lar to  the  two  TDE,  DEF,  and  are  similarly  placed  (381) ;  that 
is,  if  the  angle  ABS^DET,  BAS  =:  EDT,  ABC  =  DEF, 
BAC  =  EDF,  and  if  furthermore  the  inclination  of  the  planes 
SAB,  ABC,  is  equal  to  that  of  the  planes  TDE,  DEF.  This 
being  supposed,  we  say  that  the  pyramids  have  all  their  faces 
similar,  each  to  each,  and  their  homologous  solid  angles  equal. 

Take  BG  =  ED,  BH  =  EF,  BI=:ET,  and  join  GH,  GI,  IH. 
The  pyramid  T-DEF  is  equal  to  the  pyramid  I-GBH-,  for  the 
sides  GB,  BH,  being  equal,  by  construction,  to  the  sides  DE, 
JEJP,  and  the  an^le  GBH  being,  by  hypothesis,  equal  to  the  angle 
DEF,  the  triangle  GBH  is  equal  to  DEF  (36) ;  therefore,  in  order 
to  apply  one  of  these  pyramids  to  the  other,  we  can  evidently 
place  the  base  DEF  upon  its  equal  GBH\  then,  since  the  plane 
TDE  has  the  same  inclination  to  DEF,  as  the  plane  SAB  has  to 
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ABC,  it  is  manifest  that  the  plane  TDE  will  fall  indefinitely  upon 
the  plane  SAB.  But,  by  hypothesis,  the  angle  DET^  GBI, 
consequently  ET  will  fall  upon  its  equal  BI\  and  since  the  four 
points  D,  JS,  F,  T,  coincide  with  the  four  G,  J9,  JET,  /,  it  follows 
that  the  pyramid  T-DEF  will  coincide  with  the  pyramid  I-GBH 
(384). 

Now,  on  account  of  the  equal  triangles  DEF^  GBH^  the  angle 
BGH=2EDF=BAC;  consequently  GH  is  parallel  to  AC. 
For  a  similar  reason  GI  is  parallel  to  AS ;  therefore  the  plane 
/GH  is  parallel  to  SAC  (344).  Whence  it  follows  that  the 
triangle  IGH^  or  its  equal  TDF,  is  similar  to  SAC  (347),  and 
that  the  triangle  /Bfl,  or  its  equal  TEF,  is  similar  to  SBC; 
therefore  the  two  similar  triangular  pyramids  S-ABC,  T^DEF 
have  their  four  faces  similar,  each  to  each.  Moreover  the  ho- 
mologous solid  angles  are  equal. 

For,  we  have  already  placed  the  solid  angle  E  upon  its  homo* 
logous  angle  J3,  and  the  same  may  be  done  with  respect  to  the 
two  other  homologous  solid  angles ;  but  it  will  be  readily  per- 
ceived that  two  homologous  solid  angles  are  equal,  for  example 
the  angles  T  and  5,  because  they  are  formed  by  three  plane 
angles  which  are  equal,  each  to  each,  and  similarly  placed. 

Therefore  two  similar  triangular  pyramids  have  their  homo- 
logous faces  similar  and  the  homologous  solid  angles  equal. 

426.  Corollary  i.  The  similar  triangles  in  the  two  pyramids 
furnish  the  proportions 

AB:DE:.BC:EF::AC:DF::AS:DT:SB:TE::SC:TF', 
therefore  in  similar  triangular  pyramids  the  homologous  sides  are 
proportional. 

AT!.  Corollary  ii.  Since  the  homologous  solid  angles  are 
equal,  it  follows  that  the  inclination  of  any  two  faces  of  one  pyra- 
mid is  equal  to  the  inclination  of  the  two  homologous  faces  of  a  simi- 
lar pyramid  (359). 

428.  Corollary  in.  If  a  triangular  pyramid  SABC  be  cut  by 
a  plane  G/H  parallel  to  one  of  the  faces  SAC,  the  partial  pyra- 
mid IGBH  will  be  similar  to  the  entire  pyramid  SABC.  For  the 
triangles  J9G/,  BGH,  are  similar  to  the  triangles  BAS,  BAC, 
each  to  each,  and  similarly  placed ;  also  the  inclination  of  the 
two  planes  is  the  same  in  each ;  therefore  the  two  pyramids  are 
similar. 

429.  Corollary  iv.  If  any  pyramid  whatever  S ABCDE  (fig.  214)  Fig.  214. 
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becutby  a  plane  a  b  c  d  e  parallel  to  the  base,  the  partial  pjframd 
S-a  b  c  d  e  will  be  similar  to  the  entire  pyramid  S-ABCDE.  For 
the  bases  ABODE,  abode,  are  similar,  and  AC,  ac,  being  join- 
ed, it  has  just  been  proved  that  the  triangular  pyramid  S-ABC 
is  similar  to  the  pyramid  S-a  be;  therefore  the  point  S  is  deter- 
mined with  respect  to  the  base  ABC,  as  the  point  S  is  determioed 
with  respect  to  the  base  abc  (382) ;  therefore  the  two  pyranuds 
S^BCDE,  S-a  b  c  de,  are  similar. 

430,  Scholium.  Instead  of  the  five  given  things^  required  bj 
the  definition  in  order  that  two  triangular  pyramids  may  be  sim- 
ilar, we  can  substitute  five  others,  according  to  different  combi- 
nations ;  and  there  will  result  as  many  theorems,  among  which 
may  be  distinguished  the  following ;  two  triangular  pyramids  an 
similar,  when  they  have  their  homologous  sides  proportional* 

For,  if  we  have  the  proportions 
AB:DE::BC:EF::AC:DF::AS:DT::SB:TE::SC:TF 
fig.  303.  {fig.  203),  which  contain  five  conditions,  the  triangles  ABS, 
ABC,  will  be  similar  to  DET,  DEF,  and  the  disposition  of  ihc 
former  will  be  similar  to  that  of  the  latter.  We  have  also  the 
triangle  SBC  similar  to  TEF ;  therefore  the  three  plane  angles, 
which  form  the  solid  angle  B,  are  equal  to  the  three  plane  an- 
gles which  form  the  solid  angle  E,  each  to  e-^ch;  whence  it 
follows  that  the  inclination  of  the  planes  SAB,  ABC,  is  equal  to 
that  of  the  homologous  planes  TDE,  DEF,  and  that  thus  the 
two  pyramids  are  similar. 

THEOREM. 

431.  Two  similar  polyedrons  have  iheir  homologous  faces  simUfir^ 
and  their  homologous  solid  angles  equal. 

Tig.  219.  Demonstration.  Let  ABODE  {fig.  219)  be  the  base  of  one 
polyedron ;  let  M,  .AT,  be  the  vertices  of  two  solid  angles,  with- 
out this  base,  determined  by  the  triangular  pyramids  M-ABC^ 
J>t-ABO,  whose  common  base  is  ABO\  let  there  be,  in  the  other 
polyedron,  the  base  abcde  homologous  or  similar  to  ABCDE, 
m,  n,  the  vertices  homologous  to  jtf,  .AT,  determined  by  the  pyra- 
mids mra  b  c,  n^a  b  c,  similar  to  the  pyramids  M-ABO,  N-ABCi 
we  say,  in  the  first  place,  that  the  distances  JtfJV,  m  n,  are  pro- 
portional to  the  homologous  sides  AB,  a  b. 

Indeed,  the  pyramids  M-ABO,  m<ibc,  being  similar,  the  incli- 
nation of  the  planes  MAC,  BAC,  is  equal  to  that  of  the  planes 
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mac^hac;  in  like  manner,  the  pyramids  N-^ABC^  n-<i  b  c,  bebg 
similar,  the  inclination  of  the  planes  NAC^  BAC^  is  equal  to  that 
of  the  planes  nac^  6  a  c ;  consequently,  if  we  subtract  the  first 
inclinations  respectively  from  the  second,  there  will  remain  the 
inclination  of  the  planes  KACs  MAC,  equal  to  that  of  the  planes 
nac^mac.  But,  because  the  pyramids  are  similar,  the  triangle 
MAC  is  similar  to  mac,  and  the  triangle  JiAC  is  similar  to  nac ; 
therefore  the  triangular  pyramids  MNAC,  mnac,  have  two 
faces  similar  each  to  each,  similarly  placed,  and  equally  inclined 
to  each  other ;  consequently  the  two  pyramids  are  similar  (436); 
and  their  homologous  sides  give  the  proportion 

JtfJV  :  mn::  AM :  a m. 
Moreover  AM :  am::  AB  :  a  6 ; 

therefore,  •  MX  :mni:  AB  :  a  h. 

Let  P  and  p  be  two  other  homologous  vertices  of  the  same 
polyedrons,  and  we  have,  in  like  manner, 
PJV :  pn::AB:ab, 
PM  :  pm::  AB :  o  6 ; 
whence  JtfJV :  mn  ::  PN  :  pn  ::  PM : p m. 

Therefore  the  tnangle  PNM,  formed  by  joining^  any  three  vertices 
of  one  polyedron,  is  similar  to  the  triangle  p  n  m,  formed  by  joining 
the  three  homologous  vertices  of  the  other  polytdron. 

Furthermore,  let  Q,  5,  be  two  homologous  vertices,  and  the 
triangle  PQN  will  be  similar  to  pqn.  We  say  also,  that  the 
inclination  of  the  planes  PQX,  PMK,  is  equal  to  that  of  the 
planes pqn,  pmn. 

For,  if  we  join  QM  and  q  m,  we  shall  always  have  the  triangle 
QXM  similar  to  9  n  m,  and  consequently  the  angle  QNM  equal 
to  qnm.  Suppose  at  ^  a  solid  angle  formed  by  the  three  plane 
angles  QKM,  QKP,  PKM,  and  at  n  a  solid  angle  formed  by  the 
plane  angles  qnm,  qnp^  pnm',  since  these  plane  angles  are 
equal,  each  to  each,  it  follows  that  the  solid  angles  are  equal. 
Whence  the  inclination  of  the  two  planes  PXQ,  PNM,  is  equal 
to  that  of  the  homologous  planes  pnq,pnm  (359) ;  therefore,  if 
the  two  triangles  PXQ,  PNM,  be  in  the  same  plane,  in  which 
case  we  should  have  the  angle  QNM  =  QNP  -f-  PNM,  we  should 
have,  in  like  manner,  the  angle  qnm^qnp  -^pnm,  and  the  two 
triangles  q  np,  pnm,  would  also  be  in  the  same  plane. 

All  that  has  now  been  demonstrated  takes  place,  whatever  be 


^ 
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the  angles  Jlf,  A*,  F,  Q,  compared  with  the  homologous  angles  m, 

Let  us  suppose  now  that  the  surface  of  one  of  the  polyedroos 
is  divided  into  triangles  ABC^  ACD^  MJfP^  J^PQ^  &c*,  we  see 
that  the  surface  of  the  other  polyedron  will  contain  an  equal 
number  of  triangles,  ahc^  acd,  innp,  npq^  &c»,  similar  to  the 
former  and  similarly  placed ;  and  if  several  triangles,  as  MPXj 
J^PQy  &c.  belong  to  the  same  face,  and  are  in  the  same  plane, 
the  homologous  triangles  mp  n^ripq^  &c*,  will  likewise  be  in  the 
same  plane.  Therefore  each  polygonal  face  in  the  one  polye- 
dron will  correspond  to  a  similar  polygonal  face  in  the  other; 
and  consequently  the  two  polyedrons  will  be  comprehended 
under  the  same  number  of  similar  and  similarly  disposed  planes. 
We  say  moreover,  that  the  solid  angles  will  be  equal. 

For,  if  the  solid  angle  .AT,  for  example,  is  formed  by  the  plane 
angles  QJ^P^  PNM^  MJ^R^  QNR^  the  homologous  solid  angle  n 
will  be  formed  by  the  plane  angles  q  n p,  pn  m,  m  n  r^  q  u  r.  Now 
the  former  plane  angles  are  equal  to  the  latter,  each  to  each,  and 
the  inclination  of  any  two  adjacent  planes,  is  equal  to  that  of 
their  homologous  planes ;  therefore  the  two  solid  angles  are 
equal,  since  they  would  coincide  upon  being  applied. 

We  conclude  then,  that  two  similar  polyedrons  have  their 
homologous  faces  similar,  and  their  homologous  solid  angles 
equal. 

432.  Corollary.  It  follows^  from  the  preceding  demonstration, 
that  if  with  four  vertices  of  a  polyedron  we  form  a  triangular 
pyramid,  and  also  another  with  the  four  homologous  vertices  of 
a  similar  polyedron,  these  two  pyramids  will  be  similar;  for 
they  will  have  their  homologous  sides  proportional  (430). 

It  will  be  perceived,  at  the  same  time,  that  the  homologous 
diagonals  (157),  AJ>r^  an^  for  example,  are  to  each  other  as  two 
homologous  sides  AB^  a  6. 

THEOREM. 

433.  Two  similar  polyedrons  may  be  divided  into  the  same 
number  of  triangular  pyramids  similar^  each  to  each,  and  similarly 
placed. 

Demonstration.  We  have  seen  that  the  surfaces  of  two  similar 
polyedrons  may  be  divided  into  the  same  number  of  triangles, 
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that  are  similar,  each  to  each,  and  similarly  placed.    Let  m  j 

consider  all  the  triangles  of  one  of  the  polyedrons,  except  those 
which  form  the  solid  angle  A^  as  the  bases  of  so  many  triangular 
pyramids  having  their  vertices  in  A\  these  pyramids  taken 
together  will  compose  the  polyedron.    Let  us  divide  likewise  the  j 

other  polyedron  into  pyramids  having  for  their  common  vertex 
that  of  the  angle  a,  homologous  to  ^ ;  it  is  evident  that  the  pyra- 
mid, which  connects  four  vertices  of  one  polyedron,  will  be  sim- 
ilar to  the  pyramid  which  connects  the  four  homologous  vertices 
'of  the  other  polyedron  \  therefore  two  similar  polyedrons,  &c« 

THEOREM. 

434.  Two  similar  pyramids  art  to  each  other  as  the  cubes  ofAeir 
homologous  sides.' 

Demnnstration.    Two  pyramids  being  similar,  the  less  may  be 
placed  in  the  greater  so  that  they  shall  have  the  angle  S  (fig.  214)  Fig.  tu 
common.    Then  the  bases  ABCDE^  a  6c  de,  will  be  parallel; 
for,  since  the  homologous  faces  are  similar  (423),  the  angle 

Sal-SAB, 
as  also  Sb  c  =:  SBC ;  therefore  the  plane  ahcis  parallel  to  the 
plane  ABC  (344).  This  being  premised,  let  fall  the  perpen- 
dicular SO  from  the  vertex  S  upon  the  plane  ABC^  and  let  o  be 
the  point,  where  this  perpendicular  meets  the  plane  abc\  we 
shall  have,  according  to  what  has  already  been  demonstrated 
(406),  SO:So::SA:Sa::AB:al, 

land  consequently 

^SOi^SoizABiab. 
But  the  bases  ABCDE^  abcde^  being  similar  figures, 

JlBCDE  labcdeii  AB:  7b    (221). 
Multiplying  the  two  proportions  in  order  we  shall  have 

ABODE  X^SOidbcdex^So::  AB.i  7b; 
but  ABCDE  X  i  SO  is  the  solidity  of  the  pyramid  SABCDE 
(413),  and  abcde  x\  Soisihe  solidity  of  the  pyramid  Sabcde-, 
therefore  two  similar  pyramids  are  to  each  other  as  the  cubes  of 
their  homologous  sides.  ^  ^ 

Geom.  20 


1 54  Ekmmii  of  Oeometry. 


TBkOBBM. 

435.<  Ttoo  rimilar  polytdrcns  an  to  each  oAer  its  Ae  euba  of 
their  homoU^oui  sides* 

Demanstration.  Two  similar  polyedrons  may  be  divided  into 
tbe  same  number  of  triangular  pyramids  that  are  similar,  each 
to  each  (433).  Now  the  two  similar  pyramids  APJfMj  apnmj 
%  Sia  {Jig»  219)i  are  to  each  other  as  the  cubes  of  their  homologous 
sides  AM^  am,  or  as  the  cubes  of  the  homologoas  aides  AB^  aij 
(434).  The  same  ratio  may  be  shown  to  exist  between  any  two 
other  homologous  pyramids ;  therefore  the  sum  of  all  the  pyra- 
mids, which  compose  the  one  polyedron,  or  the  polyedron  itself, 
is  to  the  other  polyedron,  as  the  cube  of  any  one  of  the  sides  of , 
the  first,  is  to.  the  cube  of  the  homologous  side  of  the  second. 

Oeneral  Scholiumm 

436.  We  can  express  in  algebraic  language,  that  is,  in  a 
manner  the  most  con^^ise,  a  recapitulation  of  the  principal  pro- 
positions of  this  section  relating  to  the  soUdky  or  content  of 
polyedrons* 

Let  fi  be  the  base  of  a  prism,  H  its  altitude ;  the  solidity  at 
the  prism  will  he  B  x  H^ov  BH. 

Let  B  be  the  base  of  a  pyramid,  H  its  altitude;  the  solidity 
of  the  pyramid  will  be  B  x  i  fi^  or  Sx  \B^  or  \  BH. 

Let  H  be  the  altitude  of  the  frustum  of  a  pyramid  and  let  A^ 
B,  be  the  bases ;  then  \^AB  will  be  the  mean  proportion  between 
them,  and  the  solidity  of  the  frustum  will  be 
\Hx{A  +  B  +  s/:Sb). 

Let  B  be  the  base  of  a  truncated  triangular  prism,  H,  IP,  ff^ 
the  altitudes  of  the  three  superior  vertices,  the  solidky  of  the 
truncated  prism  will  be  ^  5     {H+  H'+H''). 

•Lastly,  let  jP,  />,  be  the  solidities  of  two  similar  polyedrons,  A 
and  a,  two  homologous  sides,  or  diagonals  of  the  polyedrons,  we 
shall  have 

P:p::A^  :  a^ 


SECTION  THIRD. 
Of  ihe  Inhere. 

DEFimTiojfa. 

437.  A  ^htre  is  a  solid  termiDated  by  a  curved  surface  all  the 
points  of  which  are  equally  distant  from  a  point  within  called  the 
centre,  ) 

The  sphere  may  be  conceived  to  be  generated  by  the  revo- 
lution of  a  seniicircle  DAE  {fig.  220)  about  its  diameter  DE;^9S0. 
for  the  surface  thus  described  by  the  curve  DAE  will  have  all 
its  points  equally  distant  from  the  centre  C* 

438.  The  radms  of  a  sphere  is  a  straight  line  drawn  from  the 
centre  to  a  point  in  the  surface ;  the  diameter  or  axis  is  a  line 
passing  through  the  dentre  and  terminated  each  way  by  the 
surface. 

All  radii  of  the  same  sphere  are  equal ;  the  diameters  also  are 
equal,  and  each  double  of  the  radius. 

439.  It  will  be  demonstrated  art.  452,  that  every  section  of  a 
sphere  made  by  a  plane  is  a  circle.  This  being  supposed,  we 
call  a  great  drck  the  section  made  by  a  plane  which  passes 
through  the  centre,  and  a  small  circle  the  section  made  by  a 
plane  which  does  not  pass  through  the  centre. 

440.  A  plane  is  a  tar^ent  to  a  sphere,  when  it  has  one  point 
only  in  common  with  the  surface  of  the  sphere. 

441.  The  pole  of  a  circle  of  the  sphere  is  a  point  in  the  surface 
of  the  sphere  equally  distant  from  every  point  in  the  circumfer- 
ence of  the  circle.  It  will  be  shown  art  464,  that  every  ciccle 
great  or  small  has  two  poles. 

442.  A  spherical  triangle  is  a  part  of  the  surface  of  a  sphere 
comprehended  by  three  arcs  of  great  circles. 

These  arcs,  which  are  called  the  sides  of  the  triangle,  are 
always  supposed  to  be  smaller  each  than  a  semicircumference. 
The  angles  which  their  planes  make  with  each  other  are  the 
angles  of  the  triangle. 

443.  A  spherical  triangle  takes  the  name  of  right'^ngled,  isos" 
celes  and  equilateral^  like  a  plane  triangle,  and  under  the  same 
circumstances. 
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444.  A  spherical  polygon  is  a  part  of  the  surface  of  a  sphere 
terminated  by  several  arcs  of  great  circles. 

455.  A  lunary  surface  is  the  part  of  the  surface  of  a  sphere 
comprehended  between  two  semicircumferences  of  great  circles, 
which  terminate  in  a  common  diameter. 

446.  We  shall  call  a  spherical  wedge  the  part  of  a  sphere  com- 
prehended between  the  halves  of  two  great  circles,  and  to  which 
the  lunary  surface  answers  as  a  base. 

447.  A  spherical  pyramid  is  the  part  of  a  sphere  comprehended 
between  the  planes  of  a  solid  angle  whose  vertex  is  at  the  centre. 
The  base  of  the  pyramid  is  the  spherical  polygon  intercepted  by 
these  planes. 

448.  A  zone  is  the  part  of  the  surface  of  a  sphere  compre* 
hended  between  two  parallel  planes,  which  are  its  bases.  One  of 
these  planes  may  be  a  tangent  to  the  sphere,  in  which  case  the 
zone  has  only  one  base. 

449.  A  spherical  segment  is  the  portion  of  a  sphere  compre- 
hended between  two  parallel  planes  which  are  its  bases.  One 
of  these  planes  may  be  a  tangent  to  the  sphere,  in  which  case 
the  spherical  segment  has  only  one  base. 

450.  The  altitude  of  a  zone  or  of  a  segment  is  the  distance 
between  the  parallel  planes  which  are  the  bases  of  the  zone  or 
segment. 

"i^aao.  451.  While  the  semicircle  DAE  {fig,  220),  turning  about  the 
diameter  D£,  describes  a  sphere,  every  circular  sector  as  DCFj 
or  FCHj  describes  a  solid  which  is  called  a  spherical  sector. 

THEOREM. 

452.  Every  section  of  a  sphere  made  by  a  plane  is  a  circle. 
ij.  »i.  Demonstration.  Let  AMB  {fig.  221)  be  a  section,  made  by  a 
plane,  of  the  sphere  of  which  C  is  the  centre.  From  the  point 
C  draw  CO  perpendicular  to  the  plane  AMB^  and  different  ob- 
lique lines  Cjtf,  CM^  to  different  points  of  the  curve  AMB  which 
terminates  the  section. 

The  oblique  lines  CJIf,  CM,  CB^  are  equal,  since  they  are 
radii  of  the  sphere ;  consequently  they  are  at  equal  distances 
from  the  perpendicular  CO  (329);  whence  all  the  lines  OJIf, 
Ojlf,  OB,  arc  equal ;  therefore  the  section  AMB  is  a  circle  of 
which  the  point  0  is  the  centre. 
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453.  Corollary  i.  If  the  cutting  plane  pass  through  the  centre 
<f{  the  sphere,  the  radius  of  the  section  will  be  the  radius  of  the 
sphe^^e ;  therefore  all  great  circles  are  equal  to  each  other. 

454.  Corollary  lu  Two  great  circles  always  bisect  each 
other ;  for  the  common  intersection,  passing  through  the  centre, 
is  a  diameter. 

455.  Corollary  in.  Every  great  circle  bisects  the  sphere  and 
its  surface;  for,  if  having  separated  the  two  hemispheres  from 
each  other,  we  apply  the  base  of  the  one  to  that  of  the  other, 
turning  the  convexities  the  same  way,  the  two  surfaces  will  coin- 
cide with  each  other ;  if  they  did  not,  there  would  be  points  in 
these  surfaces  unequally  distant  from  the  centre. 

456.  Corollary  iv.  The  centre  of  a  small  circle  and  that  of 
the  sphere  are  in  the  same  straight  line  perpendicular  to  the 
plane  of  the  small  circle. 

457.  Corollary  v.  Small  circles  are  less  according  to  their 
distance  from  the  centre  of  the  sphere ;  for,  the  greater  the  dis- 
tance CO,  the  smaller  the  chord  AB^  the  diameter  of  the  small 
circle  AMB. 

458.  Corollary  vi.  Through  two  given  points  on  the  surface 
of  a  sphere  an  arc  of  a  great  circle  may  be  described ;  for  the 
two  given  points  and  the  centre  of  the  sphere  determine  the 
position  of  a  plane.  If,  however,  the  two  given  points  be  the 
extremities  of  a  diameter,  these  two  points  and  the  centre  would 
be  in  a  straight  line,  and  any  number  of  great  circles  might  be 
made  to  pass  through  the  two  given  points. 

THEOREM. 

459.  In  any  spherical  triangle  ABC  (fig.  332)  either  side  is  less  FSg.s«Zs 
ihan  the  sum  of  the  other  two. 

Demonstration.  Let  O  be  the  centre  of  the  sphere,  and  let  the 
radii  OA,  OB,  OC,  be  drawn.  If  the  planes  AOB,  AOC,  COB, 
be  supposed,  these  planes  will  form  at  the  point  O  a  solid  angle, 
and  the  angles  AOB,  AOC,  COB,  will  have  for  their  measure 
the  sides  AB,  AC,BC,  of  the  spherical  triangle  ABC  (123). 
But  each  of  the  three  plane  angles,  which  form  the  solid  angle,  is 
less  than  the  sum  of  the  two  others  (356) ;  therefore  either  side 
of  the  triangle  ABC  is  less  than  the  sum  of  the  other  two. 
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THEOREM* 

460.  The  nhortcst  zoay  from  one  point  to  €MoOur  on  the  twfitu 
of  a  sphere  is  the  arc  of  a  great  circle  whidi  joins  the  iwo  giiKn 
points. 

Fi^3S3.  Demonstration*  Let  A^B  (Jig.  333)  be  the  arc  of  a  great 
circle  which  joins  the  two  given  points  A  and  B^  and  let  there 
be  without  this  arc,  if  it  be  possible,  a  point  M  of  the  shortest 
line  between  A  and  B*  Through  the  point  M  draw  the  arcs  of 
great  circles  JfcM,  MB^  and  take  BN:=zMB* 

According  to  the  preceding  theorem  the  arc  ANB  is  less  than 
AM  +  MB  I  taking  from  one  BJ^^  and  from  the  other  its  equal 
BM^  we  shall  have  AX{<^AM.  Now  the  distance  from  JS  to^ 
whether  it  be  the  same  as  the  arc  BM^  or  any  other  line,  is  equal 
to  the  distance  from  B  to  ^;  for,  by  supposing  the  plane  of  the 
great  circle  BM  to  turn  about  the  diameter  passing  through  B^ 
the  point  M  may  be  reduced  to  the  point  JV,  and  then  the  shortest 
line  from  M\x>  B^  whatever  it  m9y  be,  is  the  same  as  that  from 
^  to  J3 ;  consequently  the  two  ways  from  A  to  jff,  the  one 
through  M  and  the  other  through  JV,  have  the  part  from  M  to  B 
equal  to  that  from  JV  to  B.  But  the  first  way  is,  by  hypothesis, 
the  shortest ;  consequently  the  distance  from  .^  to.Af  is  less  than 
the  distance  from  A  to  JV*,  which  is  absurd,  since  the  arc  AM  is 
greater  than  AJ^;  whence  no  point  of  the  shortest  line  between 
A  and  B  can  be  without  the  arc  ANB\  therefore  this  line  is 
itself  the  shortest  that  can  be  drawn  between  its  extremities. 

THEOREM* 

461.  The  sum  of  the  three  sides  of  a  spherical  triangle  is  less  than 
the  circumfirence  of  a  great  circle. 

Fig.  m.  Demonstration.  Let  ABC  {Jig.  334]  be  any  spherical  triangle ; 
produce  the  sides  AB^  AC,  till  they  meet  again  in  D.  The  arcs 
ABD,  ACDj  will  be  the  semicircumfcrences  of  great  circles, 
since  two  great  circles  always  bisect  each  other  (454) ;  but  in  the 
triangle  BCD  the  side  BC<iBD  ^  CD  (459) ;  adding  to  each 
AB  +  AC  vfe  shM  have  AB  +  AC +BC <:iABD  +  ACDj\h9i 
is,  less  than  the  circumference  of  a  great  circle. 
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THEORSM. 

463*  TTu  jum  of  the  sides  of  any  spherical  polygon  is  less  than 
Ae  circumference  of  a  great  circle^  9 

Demonstration*  Let  there  be,  for  example,  the  pentagon 
ABCDE  {fig.  925) ;  produce  the  sides  AB,  DC,  till  they  meet  F«.  m. 
in  F;  since  BC  is  less  than  BF+  CF,  the  perimeter  of  the  pen- 
tagon ABODE  is  less  than  that  of  the  quadrilateral  AEDF, 
Again  produce  the  sides  AE,  FD,  till  they  meet  in  6,  and  we 
shall  have  ED  <  EO  +  OD ;  consequently  the  perimeter  of  the 
quacbiiateral  AEDF  is  less  than  that  of  the  triangle  AFO ;  but 
this  last  is  less  than  the  circumference  of  a  great  circle  (461)  ; 
therefore  for  a  still  stronger  reason  the  perimeter  of  the  polygon 
ABODE  is  less  than  this  same  circumference.   . 

463*  Scksiiam.  This  proposition  is  essentially  the  same  as 
that  of  art.  357 ;  for  if  O  be  the  centre  of  the  sphere,  we  can 
suppose  at  the  point  O  a  solid  angle  formed  by  the  plane  angles 
AOB,  BOO,  COD,  tauc,  and  the  sum  of  these  angles  must  be 
less  than  four  right  angles,  which  does  not  differ  from  the  propo- 
sition enunciated  above;  but  the  demonstration  just  given  is 
different  fram  that  of  art.  357 ;  it  is  supposed  in  each  that  the 
polygon  ABODE  is  convex,  or  that  no  one  of  the  sides  produced 
would  cut  the  figure. 

THEOREM.  * 

464.  If  the  diameter  DE  (fig.  230)  he  drawn  perpendicular  toT^.'m. 
the  plane  of  the  gnat  circle  AMB,  the  extremities  D  and  E  of  this 
diameter  vnll  be  the  poles  of  the  circle  AMB,  and  of  every  small 
circle  FNG  which  is  parallel  to  it. 

Demonstration.  DC,  being  perpendicular  to  the  plane  AMB^  is 
perpendicular  to  all  the  straight  lines  OA,  CM,  OB,  &c.,  drawn 
through  its  foot  in  this  plane  (335) ;  consequently  all  the  arcs 
DA,  DM,  DB,  &c.,  are  quarters  of  a  circumference.  The  same 
may  be  shown  with  respect  to  the  arcs  EA,  EM,  EB,  &c., 
whence  the  pomts  D,  E,  are  each  equally  distant  from  all  the 
pomts  in  the  circumference  of  the  circle  AMB ;  therefore  they 
are  the  poles  of  this  circle  (441). 

Again,  the  radius  DO,  perpendicular  to  the  plane  AMB,  is 
perpendicular  to  its   parallel  FHQ;    consequently  it  passes 


1 60  EUnunU  of  Geomtity. 

through  the  centre  O  of  the  circle  FM'G  (456) ;  whence,  if  DF^ 
D^,  ZXr,  be  drawn,  these  oblique  lines  will  be  equallj  distant 
from  the  perpendicular  ZX),  and  will  be  equal  (329).  But,  the 
chords  being  equal,  the  arcs  are  equal ;  consequently  all  the 
arcs  DF,  ZW,  DO^  &x.,  are  equal ;  therefo^e  the  point  X>  is  the 
pole  of  the  small  circle,  jPJVG,  and  for  the  same  reason  the  pomt 
E  is  the  other  pole. 

465.  Corollary  u  Every  arc  DJtf,  drawn  from  a  point  in  the 
arc  of  a  great  circle  AMB  to  its  pole,  is  the  fourth  part  of  the 
circumference,  which  for  the  sake  of  conciseness  we  shall  call  a 
quadrant;  and  this  quadrant  at  the  same  time  makes  a  right 
angle  with  the  arc  AM.  For  the  line  DC  being  perpendicular 
to  the  plane  AMC^  every  plane  DMC,  which  passes  through  the 
line  DC^  is  perpendicular  to  the  plane  AMC  (351);  therefore 
the  angle  of  these  planes,  or,  according  to  the  definition  art.  442, 
the  angle  AMD  is  a  right  angle. 

466.  Corollary  ii.  In  order  to  find  the  pole  of  a  given  arc 
AM^  draw  the  indefinite  arc  MD  pierpendicular  to  AM^  take  MD 
equal  to  a  quadrant,  and  the  point  D  will  be  one  of  the  poles  of 
the  arc  Jtf/>;  or  rather,  draw  to  the  two  points  A^  JIf,  the  arcs 
AD^  MDy  perpendicular  each  to  AM^  the  point  of  meeting  D  of 
these  two  arcs  will  be  the  pole  required. 

467.  Corollary  iii.  Conversely,  if  the  distance  of  the  point  D 
from  each  of  the  points  A^  M.  is  equal  to  a  quadrant,  we  say 
that  the  point  D  will  be  the  pole  of  the  arc  AM^  and  that,  at  the 
same  time,  the  angles  DAM^  AMD,  will  be  right  angles* 

For,  let  C  be  the  centre  of  tlie  sphere,  and  let  the  radii  CA^ 
CD^  CM^  be  drawn.  Since  the  angles  ACD,  MCD,  are  right 
angles,  the  line  CD  is  perpendicular  to  the  two  straight  lines 
CA^  CM ;  whence  it  is  perpendicular  to  their  plane  (335) ;  there- 
fore the  point  D  is  the  pole  of  the  arc  AMi  and  consequently 
the  angles  DAM,  AMD.  are  right  angles. 

468.  Scholium.  By  means  of  poles,  arcs  may  be  traced  upon 
the  surface  of  a  sphere  as  easily  as  upon  a  plane  surface.  We 
see,  for  example,  that  by  turning  the  arc  DF,  or  any  other  line 
of  the  same  extent  about  the  point  D,  the  extremity  F  will  des- 
cribe the  small  circle  JP^Gf ;  and,  by  turning  the  quadrant  DFA 
about  the  point  D,  the  extremity  A  will  describe  the  arc  of  a 
great  circle  AM. 
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If  the  arc  AM  is  to  be  produced,  or  if  only  the  points  A^  JJf, 
are  given,  through  which  this  arc  is  to  pass,  we  determine,  in  the 
first  place,  the  pole  D  by  the  intersection  of  two  arcs  described 
from  the  points  A^  J#,  as  centres,  with  an  extent  equal  to  a  quad- 
rant. The  pole  D  being  found,  we  describe  from  the  point  1>, 
as  a  centre,  and  with  the  same  extent,  the  arc  AM  or  the  contin- 
uation of  iu 

If  it  is  required  to  let  fall  a  perpendicular  from  a  given  point 
P  upon  a  given  arc  AM^  we  produce  this  arc  to  S,  so  that  the 
distance  PS  shall  be  equal  to  a  quadrant ;  then  from  the  pole  S 
and  with  the  distance  PS  we  describe  the  arc  /W,  which  will 
be  the  perpendicular  arc  required. 

THEOREM. 

469.  Every  plane  perpendicular  to  the  radius  at  its  extremity  is  a 
tangent  to  the  sphere, 

DemansiraHon.  Let  FAG  {Jig.  226)  be  a  plane  perpendicular  Tig.  226. 
to  the  radius  AO  at  its  extremity ;  if  we  take  any  point  JIf  in  this 
plane  and  join  OAf,  AM^  the  angle  0AM  will  be  a  right  angle, 
and  thus  the  distance  OM  will  be  greater  than  OA ;  consequently 
the  point  JIf  is  without  the  sphere ;  and,  as  the  same  might  be 
shown  with  respect  to  every  other  point  of  the  plane  FAG^  it 
follows  that  this  plane  has  only  the  point  A  in  common  with  the 
surface  of  the  sphere  ^  therefore  it  is  a  tangent  to  this  surface 
(440). 

470.  Scholium.  It  may  be  shown,  in  like  manner,  that  two 
spheres  have  only  one  point  common,  and  are  consequently  tan- 
gents lo  each  other,  when  the  distance  of  their  centres  is  equal  to 
the  sum  or  the  difference  of  their  radii ;  in  this  case,  the  cen- 
tres and  the  point  of  contact  are  in  the  same  straight  line. 

THEOREM. 

471.  The  angle  BAG  (fig.  226),  which  two  arcs  of  great  circles  Tig.  ttS. 
make  with  each  olher^  is  equal  to  the  ar^le  FAG  formed  by  the 
tangents  of  these  arcs  at  the  point  A  ;  it  has  also  for  its  measure  the 

arc  DE,  described  from  the  point  A  as  a  pole,  and  con^rehended 
between  the  sides  AB,  AC,  produced  if  necessary. 

Demonstration.  For  the  tangent  AF,  drawn  in  the  plane  of 
the  arc  AB,  is  perpendicular  to  the  radius  AO  (110) ;  and  the 
tangent  AG,  drawn  in  the  plane  of  the  arc  AC,  is  perpendicular 
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to  the  samB  radius  AO;  therefore  the  angk  FMr  is  equal  to  the 
angle  of  the  planes  OdB,  OAC  (349),  which  is  that  of  the  arcs 
AB^  AC  J  and  which  is  designated  bjr  BAC. 

In  like  manner,  if  the  arc  AD  is  equal  to  a  quadrant,  and  abo 
ME,  the  lines  OD,  0£,  will  be  peipendicular  to  AO,  and  the 
angle  DOE  will  be  equal  to  the  angle  of  the  planes  AOD^  AOE\ 
therefore  the  arc  DE  is  the  measure  of  the  angle  of  theae  j^nes, 
or  the  measure  of  the  angle  CAB. 

472.  CaroUary.  The  angles  of  spherical  triangles  maj  be 
compared  with  each  other  by  means  of  the  arcs  of  great  circlesi 
described  from  their  vertices  as  poles  and  conqsrehended  between 
their  sides ;  thus  it  is  easy  to  make  an  angle  equal  to  a  gives 
angle. 

473.'  Scholium.  The  angles  opposite  to  each  other  at  the 
r?g, 238. yeptex,  as  ACO,  BCJi  (yfe.  938),  are  equals  for  each  is  equal 
to  the  angle  formed  by  the  two  planes  ACB,  OCX  (350). 

It  will  be  perceived  also  that  in  the  meeting  of  two  arcs  ACE, 
OCN^  the  two  adjacent  angles  ACO^  OCB,  taken  together,  are 
equal  to  two  right  angles. 

THEOREM. 

Fig.  22t.  474.  The  tricmgk  ABC  (£g.  327)  hdng  gwen,  if,  from  the  pamU 
A,  B,  C,  as  poles,  (he  arcs  £F,  FD,  DE,  be  described,  forming  Ac 
triangle  DEF,  reciprocally  (he  points  D,  E,  F^  trill  be  the  poles  of 
the  sides  BC,  AC,  AB. 

DtnwnHratim.  The  point  A  h&ug  the  pole  of  the  arc  £F,  the 
distance  AE  is  a  quadrant ;  the  point  C  being  the  pole  of  the 
arc  DE,  the  distance  C£  is  likewise  a  quadrant;  consequently 
the  point  E  is  distant  a  quadrant  from  each  of  the  'points  A,  C; 
therefore  it  is  the  pole  of  the  arc  AC  (467).  It  may  be  ahown, 
in  the  same  manner,  that  D  is  the  pole  of  the  arc  jBC,#and  F 
that  of  the  arc  jJB. 

475.  Corollary.  Hence  the  triangle  ABC  may  be  described 
by  means  of  DEF,  as  DEF  is  described  by  means  of  ABC. 

k 

/J  THEOaUf. 

476.  Tht  samt  things  being  supposed  as  m  ^preceding  Aeoresn^ 
Fig.  ni.  each  angle  of  <one  of  the  triangles  ABC,  DEF  (fig.  227),  wiH  have 

for  its  measure  a  semidreumfermce  minus  ihe  side  opposite  m  the 
other  triangle. 
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Dmonstratimu  Let  the  sides  AB^  AC^he  produced,  if  neces- 
sary, till  they  meet  EF  in  6  and  H;  since  the  point  A  is  the 
pate  of  the  arc  OH,  the  angle  A  will  have  for  its  measure  the 
arc  OH.  But  the  arc  EH  is  a  quadrant,  as  also  GF,  since  £  is 
tbe  pole  of  AH,  and  F  the  pole  of  A6  (465) ;  consequently 
EH+  OF  is  equal  to  a  semicircumference.  But  EH+GFis 
the  same  as  EF  +  OH\  therefore  the  arc  GA,  which  measures 
the  angle  A,  is  equal  to  a  semicircumference  minus  the  side  EF^ 
likewise  the  angle  B  has  for  its  measure  |  drc.  —  DF,  and  the 
angle  C^circ.  —  DE. 

This  property  must  be  reciprocal  between  the  two  triangles, 
since  they  are  described  in  the  same  manner,  the  one  by  means 
of  the  other*  Thus  we  shall  find  that  the  angles  D,  jE7,  F,  of  the 
triangle  DEF  have  for  tNkir  measure  respectively  \  drc.  —  JBC, 
i  drc.  —  AC,  i  drc.  —  AB.  Indeed,  the  angle  D,  for  examplCf 
has  for  its  measure  the  arc  MI;  but 

Jlf/  + BC  =  JtfC +  ^/=  i  circ. ; 
dierefore  the  arc  MI,  the  measure  of  the  angle  A  =  i  cite,  —  BC, 
and  so  of  the  others. 

477.  SchoUuM.  It  may  be  remarked  that,  beside  the  triangle 
DEF,  three  others  may  be  formed  by  the  intersection  of  the 
three  arcs  DE,  EF,  DF.  But  the  proposition  applies  only  to 
the  central  triangle,  which  is  distinguished  from  the  three  others 
by  this,  that  the  two  angles  A,  D,  are  situated  on  the  same  side 
of  BC,  the  two  B,  E,  on  the  same  side  of  AC,  and  the  two  C,  F, 
on  the  same  side  of  AB. 

Different  ndmes  are  given  to  the  triangles  ABC,  DEF*,  we 
shall  call  ihem  polar  triangles. 

LEMHA. 

• 

478.  The  triangle  ABC  (fig.  229)  being  given,  if,  from  the  pole  Fig.  229 
A  and  with  the  distance  AC,  an  arc  of  a  small  circle  DEC  be  des' 
cribed,  if,  also  from  the  pole  B  and  with  the  distance  BC,  the  arc 
DFC  be  described,  and  from  the  point  D  where  the  arcs  DEC,  DFC, 

cut  each  other,  the  arcs  of  great  circles  AD,  DB,  be  drawn ;  we  say 
that  of  the  triangle  ADB  thus  formed  the  parts  will  be  equal  to  those 
of  the  triangle  ACB. 

Demonstration.  For,  by  construction  the  side  AD  =:AC, 
DB  =  BC,  and  AB  is  common  ;  therefore  the  two  triangles  will 
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have  the  sides  equal,  each  to  each.    We  say,  moreover,  that  the 
angles  opposite  to  the  equal  sides  are  equal. 

Indeed,  if  the  centre  of  the  sphere  be  supposed  in  O,  we  can 
suppose  a  solid  angle  formed  at  the  point  O  bj  the  three  plane 
angles  AOB,  JlOC^  BOC ;  we  can  suppose  likewise  a  second 
solid  angle  formed  by  the  three  plane  angles  AOB^  AOD,  BODm 
And  since  the  sides  of  the  triangle  ABC  are  equal  to  those  of  the 
triangle  ADB,  it  follows  that  the  plane  angles,  which  form  one 
of  the  solid  angles,  are  equal  to  the  plane  angles  which  form  the 
other  solid  angle,  each  to  each.  But  the  planes  of  any  two  an- 
gles in  the  one  solid  have  the  same  inclination  to  each  other  as 
the  planes  of  the  homologous  angles  in  the  other  (359) ;  coDse> 
quently  the  angles  of  the  spherical  triangle  DAB  are  equal  to 
those  of  the  triangle  CAB,  namely,  DAB  =  BAC,  DBA  =  C£jf , 
and  ADB^ACB;  therefore  the  sides  and  the  angles  of  the 
triangle  ADB  are  equal  to  the  sides  and  angles  of  the  triangle 
ACB. 

479.  Scholium.  The  equality  of  these  triangles  does  not  de- 
pend upon  an  absolute  equality,  or  equality  by  superposition,  for 
it  would  be  impossible  to  make  them  coincide  by  applying  the 
one  to  the  other,  at  least  except  they  should  happen  to  be  isos- 
celes. The  equality  then  under  consideration  is  that  which  we 
have  already  called  equality  by  symmetry,  and  for  this  reason, 
we  shall  call  the  triangles  ACB,  ADB,  symmetrical  triangles.. 

THEOREM. 

480.  T\do  triangles  situated  on  the  same  sphere,  or  on  equal 
spheres,  are  equal  in  all  their  parts,  when  two  sides  and  the  it^luded 
ar^le  of  the  one  are  equal  to  two  sides  and  the  included  angle  of  the 
other,  each  to  each. 

ri£.23a  Demonstration.  Let  the  side  AB-EF  {fig.  230),  the 'side 
^C  =  EG,  and  the  angle  BAC:=^  FEG,  the  triangle  EFG  can  be 
placed  upon  the  triangle  ABC,  or  upon  the  triangle  symmetrical 
with  it  ABD,  in  the  same  manner  as  two  plane  triangles  are 
applied,  when  they  have  two  sides  and  the  included  angle  of  the 
one  respectively  equal  to  two  sides  and  the  included  angle  of  the 
other  (36).  Therefore  all  the  parts  of  the  triangle  EFG  will  be 
equal  to  those  of  the  triangle  ABC,  that  is,  beside  the  three  parts 
which  were  supposed  equal  we  shall  have  the  side  BC:::zFG,  the 
angle  ABC=iEFG,  and  the  angle  ACB^EGF. 
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481.  Ttdo  triangles  sitttated  on  the  fiume  sphere,  or  on  equal 
spheres,  are  equal  m  all  their  parts,  when  a  side  and  the  two  adja- 
cent angles  ofthetne  are  equal  to  a  side  and  the  two  adjacent  angles 
of  the  other,  each  to  each. 

Demonstration.  For  one  of  these  triangles  may  be  applied  to 
the  other  as  has  been  done  in  the  analogous  case  of  plane  trian- 
gles (38). 

THEOREM. 

482.  If  two  triangles  situattd  on  the  same  sphere,  or  on  equal 
spheres,  are  equilateral  zoith  respect  to  each  other,  they  will  also  be 
equiangular  vjith  respect  to  each  other,  and  the  equal  armies  will  be 
opposite  to  equal  sides* 

Demonstration.  This  proposition  is  manifest  from  the  reason- 
ing pursued  in  art.  478,  by  which  it  is  shown  that  with  three 
given  sides  AB,  AC,  BC,  only  two  triangles  can  be  constructed, 
differing  as  to  the  position  of  their  parts,  but  equal  as  to  the 
magnitude  of  these  parts.  Therefore  two  triangles,  which  are 
equilateral  with  respect  to  each  other,  are  either  absolutely 
equal,  or  at  least  equal  by  symmetry ;  in  either  case  they  are 
equiangular  with  respect  to  each  other  and  the  equal  angles  are 
opposite  to  equal  sides. 

THEOREM. 

483.  In  every  isosceles  spherical  triangle  the  angles  opposite  to  the 
equal  sides  are  equal ;  and  conversely,  if  two  angles  of  a  spherical 
triangle  are  equal,  the  triangle  is  isosceles* 

Demonstration*  1.  Let  AB  be  equal  to  ^C  (Jig*  231) ;  we  say  pig.  231. 
that  the  angle  C  will  be  equal  to  the  angle  B.  For,  if  from  the 
vertex  A  the  arc  AD  be  drawn  to  the  middle  of  the  base,  the 
two  triangles  ABD,  ADC,  will  have  the  three  sides  of  the  one 
equal  to  the  three  sides  of  the  other,  each  to  each,  namely,  AD 
common,  BDs=  DC,  AB^AC ;  consequently,  by  the  preceding 
theorem,  the  two  triangles  will  have  their  homologous  angles 
equal,  therefore  B^C* 

3.  Let  the  angle  B  be  equal  to  C ;  we  say  that  AB  will  be 
equal  to  AC*    For,  if  the  side  AB  is  not  equal  to  AC,  let  AB  be 
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the  greater ;  take  BOz:=AC,  and  join  OC  The  two  sides  BO, 
BCy  are  equal  to  the  two  AC^  BC^  and  the  angle  OBC  coaim- 
ed  bj  the  first  is  equal  to  the  angle  ACB  contabed  by  the 
second.  Consequently  the  two  triangles  have  their  other  parts 
equal  (480),  namely  OCB:=:ABC',  but  the  ^gle  ABC\s,hy 
hypothesis,  equal  to  ACB ;  whence  OCB  is  equal  to  ACB,  which 
is  impossible;  AB  then  cannot  be  supposed  unequal  to  AC; 
therefore  the  sides  AB^  AC,  opposite  to  the  equal  angles  £,  C, 
are  equal. 

48 '1.  Scholium*  It  is  evident,  from  the  same  demonstration, 
that  the  angle  BAD  =  DAC,  and  the  angle  BDA  =  ADC.  Cod- 
ftequently  the  two  last  are  right  angles ;  therefore,  iht  arc  dram 
from  the  vertex  of  an  isosceles  spherkcU  triangle  to  the  middle  of  ik% 
base,  is  perpendicular  to  this  base,  and  divides  the  angle  €fposiU  into 
two  equal  parts. 

THEOREM. 

fi|.332.  485.  In  any  spherical  triangle  ABC  (fig.  233),  if  the  angle  A  is 
greater  than  the  angle  B,  the  side  BC  opposite  to  the  angle  AwUlU 
greater  than  the  side  AC  opposite  to  the  angle  B  ;  conversely,  if  the 
side  BC  15  greater  than  AC,  the  angle  A  will  be  greater  than  tk 
angle  B. 

Demonstration.  1.  Let  the  angle  A^  B\  make  the  angle 
BAD  =  B,  and  we  shall  have  AD  =  DB  (483)  ;  but 

AD  +  DC>AC', 
in  the  place  oiAD  substitute  DB,  and  we  shall  have  DB  +  DC 
or  BC^  AC. 

2.  If  we  suppose  BC  >  AC,  we  say  that  the  angle  BAC  wfll 
be  greater  than  ABC.  For,  if  BAC  were  equal  to  ABC^  we 
should  have  BC  =^AC',  and  if  BAC  were  less  than  ABC,  it 
would  follow,  according  to  what  has  just  been  demonstrated,  that 
BC<^AC,  which  is  contrary  to  the  supposition,  therefore  the 
angle  BAC  is  greater  than  ABC. 

^'      y  THEOKEM. 

Fig.  933.  486.  If  the  two  sides  AB,  AC  (fig.  233),  of  the  spherical  triangU 
ABC  are  equal  to  the  two  sides  DE,  DF,  of  the  triangle  DEF  da- 
cribed  upon  an  equal  sphere,  if  at  the  same  time  the  ar^le  A  is 
greater  than  the  angle  D,  we  say  that  the  third  side  BC  of  the  fiff^ 
triangle  will  be  greater  than  the  Uiird  side  EF  of  the  second. 
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The  demoDStratioD  of  this  proposttion  is  entirely  usiilar  to  that 
of  art.  42. 

THSOREM* 

487.  If  two  triangles  described  upon  the  same  sphere  or  upon 
equal  yheres  are  equiangular  voiih  respect  to  each  other^  they  vnll 
also  he  equilateral  with  respect  to  each  others 

Demonstration*  Let  A^  B,  be  the  two  giveo  triangles,  P,  Q, 
their  polar  triangles.  Since  the  angles  are  equal  in  the  triangles 
A,  Bj  the  sides  will  be  equal  in  the  polar  triangles  P,  Q,  (476) ; 
but,  since  the  triangles  P,  Q,  are  equilateral  with  respect  to  each 
other,  thej  are  also  equiangular  with  respect  to  each  other 
(482);  and,  the  angles  being  equal  in  the  triangles  P^  Q,  it  fol- 
lows that  the  sides  are  equal  in  their  polar  triangles  A,  B. 
Therefore  the  triangles  A^  fi,  which  are  equiangular  with  respect 
to  each  other,  are  at  the  same  time  equilateral  with  respect  to 
each  other. 

This  proposition  may  be  demonstrated  without  making  use  of 
polar  triangles  in  the  following  manner. 

Let  ABC^  DEF  {Jig.  234),  be  two  triangles  equiangular  with  *%•  JM. 
respect  to  each  other,  having  •/$:=  D,  B=^E^  C^F^  we  say 
that  the  sides  will  be  equal,  namely,  AB  =  DE,  AC  =  DF^ 
BC:=EF., 

Produce  AB.  AC,  making  AG:=DE,  AH=  DF;  join  OH, 
and  produce  the  arcs  BC,  OH,  till  they  meet  in  /  and  K. 

The  two  sides  AO.  AH,  are,  by  construction,  equal  to  the  two 
DP,  BE,  the  included  angle  GAH^BAC=z  EOF,  conieqaenilj 
the  triangles  AOH,  DEF,  are  equal  in  all  their  parts  (480) ; 
therefore  the  angle  AGH=^  DEF- ABC,  and  the  angle 
AHG^DFE^zACB. 
In  the  triangles  IBG,  KBO,  the  side  BG  is  common,  and  the 
angle  IGB  =  GBK-,  and,  since  IGB  -f-  BGK  is  equal  to  two 
right  angles,  as  also  GBK  +  IBG,  it  follows  that  BGK^  IBO. 
Consequently  the  triangles  /£G,  GBK,  are  equal  (481);  there- 
fore IG^BK,  and  IB=GK. 

In  like  manner,  since  the  angle  AHG:=z  ACB,  the  triangles 
ICH,  HCK,  have  a  side  and  the  two  adjacent  angles  of  the  one 
respectively  equal  to  a  side  and  the  two  adjacent  angles  of  the 
other;  consequently  they  are  equal;  therefore  /H=  CK,  and 

HKz=:W. 
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Now,  if  from  the  equals  BK,  10^  we  take  the  equal  CK,  IB, 
the  remainders  BC^  GH^  will  be  equal.  Besides,  the  angte 
BCA = AHG,  and  the  angle  ABC  =zAGH.  Whence  the  triangles 
ABC^  AHG^  have  a  side  and  the  two  adjacent  angles  of  the  one 
respectively  equal  to  a  side  and  the  two  adjacent  angles  of  the 
other ;  consequently  they  are  equal.  But  the  triangle  DEF  in 
equal  in  all  its  parts  to  the  triangle  AHG;  therefore  it  is  also  equal 
to  the  triangle  ABC,  and  we  shall  have  AB  =  DE,  AC=  DF, 
BC  =  EF\  hence,  if  two  spherical  triangles  are  equiangular 
with  respect  to  each  other,  the  sides  opposite  to  the  equal  angles 
will  be  equal. 

488.  Scholium.  This  proposition  does  not  hold  true  with 
regard  to  plane  triangles,  in  which  from  the  equality  of  the  angle 
we  can  only  infer  the  proportionality  of  the  sides.  But  it  is 
easy  to  account  for  the  difference  in  this  respect  between  plane 
and  spherical  triangles.  In  the  present  proposition,  as  well  as 
those  of  articles  480,  481,  48^  486,  which  relate  to  a  compari- 
son of  triangles,  it  is  said  expressly  that  the  triangles  are  des- 
cribed upon  the  same  sphere  or  upon  equal  spheres.  Now  similar 
arcs  are.  proportional  to  their  radii ;  consequently  upon  equal 
spheres  two  triangles  cannot  be  similar  without  being  equal.  It 
is  not  therefore  surprising  that  equality  of  angles  should  implj 
equality  of  sides. 

It  would  be  otherwise,  if  the  triangles  were  described  upon 
unequal  spheres;  then,  the  angles  being  equal,  the  triangles 
would  be  similar,  and  the  homologous  sides  would  be  to  each 
other  as  the  radii  of  the  spheres. 

THEOREM. 

489.  7%e  sum  of  the  armies  of  every  sj^rical  triangh  is  less  Aan 
six  and  greater  than  two  right  angles. 

Demonstration.  1.  Each  an^le  of  a  spherical  triangle  is  less 
than  two  right  angles  (see  the  folUming  scholvum) ;  therefore  the 
sum  of  the  three  angles  is  less  than  six  right  angles. 

2.  The  measure  of  each  angle  of  a  spherical  triangle  is  equal 
to  the  semicircumference  minus  the  corresponding  side  of  the 
polar  triangle  (476) ;  therefore  the  sum  of  the  three  angles  has 
for  its  measure  three  semicircumferences  minus  the  sum  of  the 
sides  of  the  polar  triangle.    Now  this  last  sum  is  less  than  a 
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eircumference  (461) ;  consequently,  hj  subtracting  it  from  three 
^emicircumferenpes  th^  rema^lnder  will  be  greater  than  a  semi- 
circumference,  which  is  the  measure  of  two  right  angles ;  there- 
fore the  sum  of  the  three  angles  of  a  spherical  triangle  is  greater 
than  two  right  angles. 

490.'  Corollary  u  The  sum  of  the  angles  of  a  spherical  trian- 
gle is  not  constant  like  that  of  a  plane  triangle ;  it  varies  from 
two  right  angles  to  six,  without  the  possibility  of  being  equal  to 
either  limit.  Thus,  two  angles  being  given,  we  cannot  thence 
determine  the  third. 

491.  Corollary  ii.  A  spherical  triangle  may  have  two  or 
three  right  angles,  also  two  or  three  obtuse  angles. 

If  the  triangle  ABC  {fig.  235)  has  two  right  angles  B  and  C,  Fig*  «35. 
the  vertex  A  will  be  the  pole  of  the  base  BC  (467) ;  and  the 
sides  AB^  AC^  will  be  quadrants. 

If  the  angle  A  also  is  a  right  angle,  the  triangle  ABC  will  have 
all  its  angles  right  angles,  and  all  its  sides  quadrants.  The  tri- 
angle having  three  right  angles  is  contained  eight  times  in  the 
surface  of  the  sphere ;  this  is  evident  from  figure  236,  if  we  sup- 
pose the  arc  MJf  equal  to  a  quadrant. 

492.  Scholium.  We  have  supposed  in  all  that  precedes,  con- 
formably to  the  definition  art.  442,  that  spherical  triangles 
always  have  their  sides  less  each  than  a  semicircumference ; 
then  it  follows  that  the  angles  are  always  less  than  two  right  an- 
gles. For  the  side  AB  {fig.  224)  is  less  than  a  semicircumfe-  Fig.  m, 
rence  as  also  AC;  these  arcs  must  both  be  produced  in  order  to 
meet  in  D.     Now  the  two  angles  ABC^  CBD^  taken  together, 

are  equal  to  two  right  angles ;  therefore  the  angle  ABC  is  by 
itself  less  than  two  right  angles. 

We  will  remark,  however,  that  there  are  spherical  triangles 
of  which  certain  sides  are  greater  than  a  semicircumference,  and 
certain  angle/s  greater  than  two  right  angles.  For,  "if  we  pro- 
duce the  side  AC  till  it  becomes  an  entire  circumference  ACE<^ 
what  remains,  after  taking  from  the  surface  of  the  hemisphere 
the  triangle  ABC^  is  a  new  triangle,  which  may  also  be  desig- 
nated by  ABC^  and  the  sides  of  which  are  AB^  BC,  AEDC. 
We  see  then,  that  tbe^ide  AEDC  is  greater  than  the  semicir- 
cumference AED ;  but,  at  the  same  time,  the  opposite  angle  B 
exceeds  two  right  angles  by  the  quantity  CBD. 

Gtom.  22 
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Besides,  if  we  exclude  from  the  definition  triangles,  the  side^ 
and  angles  of  which  are  so  great,  it  is  because  the  resolation  of 
them,  or  the  determination  of  their  parts,  reduces  itself  always  ta 
that  of  triangles  contained  in  the  definition.  Indeed,  it  will  be 
readily  perceived,  that  if  we  know  the  angles  and  sides  of  the 
triangle  ABC^  we  shall  know  immediately  the  angles  and  sides 
of  the  triangle  of  the  same  name,  which  is  the  remainder  of  the 
surface  of  the  hemisphere. 

THEOREM. 

Fig.  236.  493.  The  lunary  surface  AMBNA  (fig.  236)  is  to  the  surface  of 
the  sphere  as  the  angle  MAN  of  this  surface  is  to  four  right  angles, 
or  as  the  arc  MN,  which  measures  this  angle^  is  to  the  circumference. 

Demonstration.  Let  .us  suppose  in  the  first  place,  that  the  arc 
Mjy  is  to  the  circumference  MNPQ  in  the  ratio  of  two  entire 
numbers,  as  5  to  48,  for  example.  The  circumference  M^PQ 
may  be  divided  into  48  equal  parts,  of  which  Jtf.y  will  contain  5; 
then  joining  the  pole  Jl  and  the  points  of  division  by  as  many 
quadrants,  we  shall  have  48  triangles  in  the  surface  of  the  hem- 
isphere AMNPQ^  which  will  be  equal  among  themselves,  since 
they  have  all  their  parts  equal.  The  entire  sphere  then  will 
contain  96  of  these  partial  triangles,  and  the  lunary  surface 
AMBKA  will  contain  10  of  them;  therefore  the  lunary  surface 
is  to  that  of  the  sphere  as  10  is  to  96,  or  as  b  is  to  48,  that  is^  as 
the  arc  MK  is  to  the  circumference. 

If  the  arc  MN  is  not  commensurable  with  the  circumference, 
it  may  be  shown  by  a  course  of  reasoning,  of  which  we  have 
already  had  many  examples,  that  the  lunary  surface  is  always 
to  that  of  the  sphere  as  the  arc  MN  is  to  the  circumference. 

494.  Corollary  u  Two  lunary  surfaces  are  to  each  other  as 
their  respective  angles. 

495.  Corollary  ii.  We  have  already  seen  that  the  entire  sur- 
face of  the  sphere  is  equal  to  eight  triangles  having  each  three 
right  angles  (491);  consequently,  if  the  area  of  one  of  these 
triangles  be  taken  for  unity,  the  surface  of  the  sphere  will  be 
represented  by  eight.  This  being  supposed,- the  lunary  surface, 
of  which  the  angle  is  A^  will  be  expressed  by  2.^9,  the  angle  Jl 
being  estimated  by  taking  the  right  angle  for  unity ;  for  we  have 
2L^  :  8  :  :  wi  :  4*    Here  are  then  two  kinds  of  units ;   one  for 
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angles,  this  is  the  right  angle ;  the  other  for  surfaces,  this  is  the 
spherical  triangle,  of  which  all  the  angles  are  right  angles  and 
the  sides  quadrants.  ^ 

496.  Scholium.  The  spherical  wedge  comprehended  by  the  ^ 
planes  AMB^  AKB^  is  to  the  entire  sphere,  as  the  angle  A  is  to 
four  right  angles.  For  the  lunary  surfaces  being  equal,  the 
spherical  wedges  will  also  be  equal;  therefore  two  spherical 
wedges  are  to  each  other  as  the  angles  formed  by  the  planes 
which  comprehend  them. 

THEOREM. 

497.  Two  symmetrical  spherical  triangles  are  equal  in  surface.     ^'- 
Demonstration.    Let  ABC^  DEF  {fig.  237),  be  two  symraetri-  Tij.  «37. 

cal  triangles,  that  is,  two  triangles  which  have  their  sides  equal, 
namely,  AB  =  D£,  AC  =  DF,  CB  =  £F,  and  which  at  the 
same  time  do  not  admit  of  being  applied  the  one  to  the  other ; 
we  say  that  the  surface  ABC  is  equal  to  the  surface  DEF. 

Let  P  be  the  pole  of  the  small  circle  which  passes  through  the 
three  points  A^  B,  €*;  from  this  point  draw  the  equal  arcs  PAj 
PB,  PC  (464) ;  at  the  point  F  make  the  angle  DFQ  =  AGP,  the 
arc  Fg  =  CP,  and  join  DQ,  EQ. 

The  sides  DF,  FQ,  are  equal  to  the  sides  AC^  CP\  the  angle 
DFQ^ACP\  consequently  the  two  triangles  DFQ,  ACP,  are 
.  equal  in  all  their  parts  (480) ;  therefore  the  side  DQ  =  AP^  and 
the  angle  i)QF=./JPC. 

In  the  proposed  triangles  DFE.ABC^  the  angles  DFE^ACB, 
opposite  to  the  equal  sides  DE,  AB,  being  equal  (481),  if  we 
subtract  from  them  the  angles  DFQ,  ACP,  equal,  by  construc- 
tion, there  will  remain  the  angle  QFE  equal  to  PCB.  Mor^ 
over  the  sides  QF,  FE^  are  equal  to  the  sides  PC,  CB ;  conse- 
quently the  two  triangles  FQE,  CPB,  are  equal  in  all  their  parts ; 
therefore  the  side  QE  =  PB,  and  the  angle  FQE  s=  CPB.  "^ 

If  we  observe  now  that  the  triangles  DFQ,  ACP,  which  have 
the  sides  equal  each  to  each,  arc  at  the  same  time  isosceles,  we 

^  The  circle,  which  passes  through  the  three  points  A,  B,  C,  or 
which  is  circumscribed  about  the  triangle  ^BC,  can  onlj  be  a  small 
circle  of  the  sphere  ;  for,  if  it  were  a  great  one,  the  three  sides  AB, 
BC,  AC,  would  be  situated  in  the  same  plane,  and  the  triangle  ABC 
would  be  reduced  to  one  of  its  sides. 
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shall  perceive  that  they  itiay  be  applied  the  one  1^  the  oitaer  | 
for,  having  placed  PA  upon  its  equal  QF^  the  side  PC  will  &H 
upon  its  equal  QD,  and  thus  the  two  triangles  i^ill  coiocide  ; 
consequently  they  are  equal,  and  the  ^urfaCfe  DQF^APC*  For 
a  similar  reasoti  the  surface  F^£  s:  CPB^  ^d  the  surface 
DQE  sz  APB ;  We  have  accordingly 

DQF  +  FQE  —  DQE=zAPC^CPB—APB,otDEF=:ABC', 
therefore  the  two  symmetrical  triangles  ABC,  DEF,  are  equal 
in  surface. 

498.  Scholium.  The  poles  P  and  Q  may  be  situated  within 
the  triangles  ABC,  DEF\  then  it  would  be  necessary  to  add 
the  three  triatigles  DQF,  FQE,  DQE,  in  order  to  obtain  the  tri- 
angle D£J?;;^and  also  the  three  triangles  APC,  CPB,  APB,  in 
order  to  obtain  the  triangle  ABC*  In  other  respects  the  demoo* 
stration  would  always  be  the  sattie  and  the  conclusion  the  same* 

THEOREM. 

Fig.  238.  499.  If  ivoo  great  circles  AOB,  COt)  (fig.  238),  cut  eath  other 
in  any  manner  in  the  surface  of  a  hemisphere  AOCBl),  the  sum  of 
the  opposite  triangles  AOC,  BOD,  will  be  equal  to  the  lunary  sur- 
face of  which  the  angle  is  BOD. 

Demonstration,  By  producing  the  arcs  OB,  Ot>,  into  the  sur- 
face of  the  other  hemisphere  till  they  meet  in  }f,  OB^AT  will  be  si 
semicircumference  as  well  as  AOB ;  taking  from  each  OB,  we 
shall  have  BjV=zAO*  For  a  similar  reason  DJST^^  CO,  and 
BD=:AC;  consequently  the  two  triangles  AOC,  BDJsT,  have 
the  three  sides  of  the  one  equal  respectively  to  the  three  sides  of 
the  other;  moreover,  their  position  is  such  that  they  are  symmet- 
rtcal ;  therefore  they  are  equal  in  surface  (496),  and  the  sum  of 
the  triangles  AOC,  BOD,  is  equivalent  to  the  lunary  surface 
OBJSTDO,  of  which  the  angle  is  BOD. 

500.  Scholium.  It  is  evident  also  that  the  two  spherical  pyra- 
mids, which  have  for  their  bases  the  triangles  AOC,  BOD,  taken 
together,  are  equal  to  the  spherical  wedge  of  which  the  angle  is 
BOD. 

THEOREM. 

501.  The  surface  of  a  spherical  triangle  has  for  its  measure  (%e 
excess  of  ihc  sum  of  the  three  angles  over  two  right  angles. 
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DMonsiration.  Let  ABC  {Jig4  239)  be  the  UriaHgle  profmed ;  Fig.  S39. 
produce  the  sides  till  they  meet  the  great  circle  DEFO  drawn 
at  pleasure  without  the  triangle.  By  the  preceding  theorem  the  • 
two  triangles  ADEy  AOH^  taken  together^  are  equal  to  the 
lunary  surface  of  which  the  angle  is  A^  and  which  has  for  its 
measure  ^  (496) ;  thus  we  shall  have  ADE  -f  AQH  a  2./2 ;  for 
a  similar  reason  BGF  +  BID  =x  2B,  CIH  +  CFE  =  2C.  But 
the  sum  of  these  six  triangles  exceeds  the  surface  of  a  hemis- 
phere by  twice  the  triangle  ABC ;  moreover  the  surface  of  a 
hemisphere  is  represented  by  4;  consequently  the  double  of 
the  triangle  ABC  is  equal  to  2.^-f  2B*f  2C  —  4,  and  conse- 
quently ABC  =iA  +  B  +  C —  2;  therefore  every  spherical  tri- 
angle has  for  its  measure  the  sum  of  its  angles  minus  two  right 
angles, 

602»  Corollary  u  The  proposed  triangle  will  contain  as  many 
triangles  of  three  right  angles,  or  eighths  of  the  sphere  (494),  as 
there  are  right  angles  in  the  measure  of  this  triangle.  If  the 
angles,  for  example,  are  each  equal  to  f  of  a  right  angle,  then 
the  three  angles  will  be  equal  to  four  right  angles,  and  tb^  pro- 
posed triangle  will  be  represented  by  4  —  2  or  2 ;  therefore  it 
will  be  equal  to  two  triangles  of  three  right  angles,  or  to  a  fourth 
of  the  surface  of  the  sphere. 

503.  Corollary  lu    The  spherical  triangle  ABC  is  equivalent 

to  a  lunary  surface,  the  angle  of  which  is  ~ 1 ;  like- 
wise the  spherical  pyramid,  the  base  of  which  is  ABC,  is  equal 
to  the  spherical  wedge,  the  angle  of  which  is  ■  !• 

504.  Scholium.  At  the  same  time  that  we  compare  the  sphe- 
rical triangle  ABC  with  the  triangle  of  three  right  angles,  the 
spherical  pyramid,  which  has  for  its  base  ABC,  is  compared 
with  the  pyramid  which  has  a  triangle  of  three  right  angles  for 
its  base,  and  we  obtain  the  same  proportion  in  each  case*  The 
solid  angle  at  the  vertex  of  a  pyramid  is  compared  in  like  man- 
ner with  the  solid  angle  at  the  vertex  of  the  pyramid  hamg  a 
triangle  of  three  right  angles  for  its  base.  Indeed  the  compari- 
son is  established  by  the  coincidence  of  the  parts.  Now,  if  the 
bases  of  pyramids  coincide,  it  is  evident  that  the  pjrramids  them- 
selves will  coincide,  as  also  the  solid  angles  at  the  vertex. 
Whence  we  derive  several  consequences ; 
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1.  Two  spherical  triangular  pyramids  are  to  each  other  as 
their  bases ;  and,  since  a  polygonal  pyramid  may  be  divided 
into  several  triangular  pyramids,  it  follows  that  any  two  spherical 
pyramids  are  to  each  other  as  the  polygons  which  constitute 
their  bases. 

2.  The  solid  angles  at  the  vertex  of  these  same  pyramids  are 
likewise  proportional  to  the  bases ;  therefore,  in  order  to  com* 
pare  any  two  solid  angles,  the  vertices  are  to  be  placed  at  the 
centres  of  two  equal  spheres,  and  these  solid  angles  will  be  to 
each  other  as  the  spherical  polygons  intercepted  between  their 
planes  or  faces. 

The  angle  at  the  vertex  of  the  pyramid,  whose  base  is  a  trian- 
gle of  three  right  angles,  is  formed  by  three  planes  perpendicular 
to  each  other ;  this  angle,  which  may  be  called  a  solid  right  angle, 
is  very  proper  to  be  used  as  the  unit  of  measure  for  other  solid 
angles.  This  being  supposed,  the  same  number,  which  gives  the 
area  of  a  spherical  polygon,  will  give  the  measure  of  the  corres- 
ponding solid  ang^le.  If,  for  example,  the  area  of  a  spherical 
polygon  is  |,  that  is,  if  it  is  |  of  a  triangle  of  three  right  angles, 
the  corresponding  solid  angle  will  also  be  f  of  a  solid  right  angle. 

THEOREM. 

505.  The  surface  of  a  spherical  polygon  has  for  its  measure  the 
sum  of  its  angles  minus  the  product  of  two  right  angles  by  the  num-- 
ber  of  sides  in  the  polygon  minus  two. 
Fig.  24Qi  Demonstration.  From  the  same  vertex  A  (Jig.  240)  let  there 
be  drawn  to  the  other  vertices  the  diagonals  ACjAD;  the  poly- 
gon ABODE  will  be  divided  into  as  many  triangles  minus  two  as 
it  has  sides.  But  the  surface  of  each  triangle  has  for  its  meas- 
ure the  sum  of  its  angles  minus  two  right  angles,  and  it  is  evident 
that  the  sum  of  all  the  angles  of  the  triangles  is  equal  to  the  sum 
of  the  angles  of  the  polygon ;  therefore  the  surface  of  the  poly- 
gon is  equal  to  the  sum  of  its  angles  diminished  by  as  many- 
times  two  right  angles  as  there  are  sides  minus  two. 

50C.  Scholium.  Let  s  be  the  sum  of  the  angles  of  a  spherical 
polygon,  n  the  number  of  its  sides ;  the  right  angle  being  sup- 
posed unity,  the  surface  of  the  polygon  will  have  for  iis  measure 
s  —  2'n   —  2)  or  *  —  2  n  +  4. 
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SECTION  FOUTH, 
OfQu  Thru  Round  Bodia. 

DEFijarioifs. 

507.  We  call  a  cylinder  the  solid  generated  by  the  revolution 

of  a  rectangle  ABCD  {Jig.  250),  which  may  be  conceived  to  fig.  250. 
turn  about  the  side  AB  considered  as  fixed. 

During  this  revolution  the  sides  AD^  BC^  remaining  always 
perpendicular  to  jJjB,  describe  equal  circular  planes  DHP^  CGQ, 
which  are  called  the  bases  of  the  cylinder,  and  the  side  CD  des- 
cribes the  convex  surface  of  the  cylinder. 

The  fixed  line  AB  is  called  the  axis  of  the  cylinder. 

Every  section  KLM.  made  by  a  plane  perpendicular  to  the 
axis,  js  a  circle  equal  to  each  of  the  bases ;  for,  while  the  rect- 
angle ABCD  turns  about  AB^  the  line  IK^  perpendicular  to  AB^ 
describes  a  circular  plane  equal  to  the  base,  and  this  plane  is 
simply  the  section  made  perpendicular  to  the  axis  at  the  point  /• 

Every  section  PQGH^  made  by  a  plane  passing  through  the 
axis,  is  a  rectangle  double  of  the  generating  rectangle  ABCD. 

508.  We  call  a  cone  the  solid  generated  by  the  revolution  of  a 
right-angled  triangle  SAB  (Jig.  251),  which  may  be  conceived  iov\g,tSL 
turn  about  the  fixed  side  SA. 

In  this  revolution  the  side  AB  describes  a  circular  plane 
BDCE  called  the  base  of  the  cone^  and  the  hypothenuse  SB  de- 
scribes the  convex  surface  of  the  cone. 

The  point  S  is  called  the  vertex  of  the  cone,  SA  the  axis  or  alti- 
tude, and  SB  the  side. 

Every  section  HKFI,  made  perpendicularly  to  the  axis,  is  a 
circle  ;  every  section  SDE,  made  through  the  axis,  is  an  isosce- 
les triangle  double  of  the  generating  triangle  SAB. 

509.  If  fron  the  cone  SCDB  we  separate  by  a  section  parallel 
to  the  base  the  cone  SFKH,  the  remaining  solid  CBHF  is  called 
a  truncated  cone  or  sl  frustum  of  a  cone.  It  may  be  conceived  to 
be  generated  by  the  revolution  of  the  trapezoid  ABHO,  of  which 
the  angles  A  and  O  are  right  angles,  about  the  side  AG.  The 
fixed  line  AO  is  called  the  axis  or  altitude  of  the  frustum,  the 
circles  BDC,  HKF,  are  the  bases  and  BH  the  side  of  the  frustum. 
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510.  Two  cylinders  or  two  cones  are  similar,  when  their  axe» 
are  to  each  other  as  the  diameters  of  their  bases. 
Fig.  252.  511.  If,  in  the  circle  ACD  {fig.  252),  considered  as  the  base 
of  a  cylinder,  a  polygon  ABODE  be  inscribed,  and  upon  the 
base  JiBCDE  a  right  prism  be  erected  equal  in  altitude  to  the 
cylinder,  the  prism  is  said  to  be  kueribtd  in  the  cylinderj  or  the 
cylinder  to  be  circumscribed  about  the  prism. 

It  is  manifest  that  the  edges  AF,  BG^  CHj  &c.,  of  the  prism, 
being  perpendicular  to  the  plane  of  the  base,  are  comprehended 
in  the  convex  surface  of  the  cylinder;  therefore  the  prism  and 
cylinder  touch  each  other  alons:  these  lines. 
Fif.353.  512.  In  like  manner,  if  ABCD  {fig.  253)  be  a  polygon  cir- 
cumscribed about  the  base  of  a  cylinder,  and  upon  the  base 
ABCD  a  right  prism,  equal  in  altitude  to  the  cylinder,  be  con- 
structed, the  prism  is  said  to  be  circumscribed  cAout  the  cjfUnder, 
or  the  cylinder  inscribtd  in  the  prism. 

Let  Mj  JST,  &c.,  be  the  points  of  contact  of  the  sides  AB,  BC, 
jlcc.,  and  through  the  points  JIf,  .AT,  &c.,  let  the  lines  MX,  JfY, 
J{pc.,  be  drawn  perpendicular  to  the  plane  of  the  base ;  it  is  evi- 
dent that  these  perpendiculars  will  be  in  the  surface  of  the  cylin- 
der and  in  that  of  the  circumscribed  prism  at  the  same  time ; 
therefore  they  will  be  lines  of  contact. 

N.  B.  The  cylinder,  the  cone  and  the  sphere  are  the  three  rmmd 
bodies,  which  are  treated  of  in  the  elements. 

Preliminary  Lemmas  upon  Surfaces. 

Fig.  254.      513.  ,.  ^  plane  surface  OABCD  (fig.  254)  is  less  than  antf  other 
surface  PABCD  terminated  by  the  same  perimeter  ABCD. 

Demonstration.  This  proposition  is  sufficiently  evident  to  be 
ranked  among  the  number  of  axioms ;  for  we  may  consider  the 
plane  among  surfaces  what  the  straight  line  is  among  lines* 
The  straight  line  is  the  shortest  distance  between  two  giv^i 
points ;  in  like  manner  the  plane  is  the  least  surAce  among  all 
ithose  which  have  the  same  perimeter.  Still,  as  it  is  proper  to 
make  the  number  of  axioms  as  small  as  possible,  I  shall  present 
a  process  of  reasoning  which  will  leave  no  doubt  with  regard  to 
this  proposition. 

-    As  a  surface  is  extension  in  length  and  breadth,  we  cannot 
conceive  one  surface  to  be  greater  than  another,  except  the  di- 
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ttienstons  of  the  first  exceed  in  some  direction  those  of  the  second ; 
and  if  it  happens  that  the  dimensions  of  one  surface  are  in  all 
directions  less  than  the  dimensions  of  another  surface,  it  is  evi- 
dent that  the  first  surface  will  be  less  than  the  second.  Now,  in 
whatever  direction  the  plane  BPD  be  made  to  pass,  as  it  cuts  the 
plane  in  fii>,  and  the  other  surface  in  BPD,  the  straight  line  BD, 
will  always  be  less  than  BPD-,  therefore  the  plane  surface 
OABCD  is  less  than  the  surrounding  surface  PABCD.  i 

514.  II.  A  convex  sarface  OABCD  {fig.  355)  is  less  than  ar^  rig.  tss. 
oiher  surface  zohich  encloses  it  hy  resting  on  the  same  perimeter  ABCD. 

Demonstration.  We  repeat  here,  that  we  understand  by  a 
convex  surface  a  surface  that  cannot  be  met  by  a  straight  line  in 
more  than  two  points ;  still  it  is  possible  that  a  straight  line  may 
apply  itself  exactly  to  a  convex  surface  in  a  certain  direction ; 
we  have  examples  of  this  in  the  surfaces  of  the  cone  and  cylin- 
der. It  should  be  observed  moreover,  that  the  denomination  of 
convex  surface  is  not  confined  to  curved  surfaces ;  it  comprehends 
polyedral  faces,  or  surfaces  composed  of  several  planes,  also  sur- 
faces that  are  in  part  curved  and  in  part  polyedral. 

This  being  premised,  if  the  surface  OABCD  is  not  smaller 
than  any  of  those  which  enclose  it,  let  there  be  among  these  last 
PABCD  the  smallest  surface  which  shall  be  at  most  equal  to 
OABCD.  Through  any  point  O  suppose  a  plane  to  pass  touch- 
ing the  surface  OABCD  without  cutting  it;  this  plane  will  meet 
the  surface  PABCD^  and  the  part  which  it  separates  from  it  will 
be  greater  than  the  plane  terminated  by  the  same  surface  ^ 
therefore  by  preserving  the  rest  of  tlie  surface  PABCD,  we  can 
substitute  the  plane  for  the  part  taken  away,  and  we  shall  have 
a  new  surface,  which  encloses  the  surface  OABCD,  and  which 
would  be  less  than  PABCD.  But  this  last  is  the  least  of  all,  by 
hypothesis ;  consequently  this  hypothesis  cannot  be  maintained ; 
therefore  the  convex  surface  OABCD  is  less  than  any  which 
encloses  OABCD  and  which  is  terminated  by  the  same  perime- 
ter ABCD. 

515.  Scholium.  By  a  course  of  reasoning  entirely  similar  it 
may  be  shown, 

1.  That  if  a'  convex  surface  terminated  by  two  perimeters, 
ABC,  DEF  {fig.  256),  is  enclosed  by  any  other  surface  termi- rig.  fSe. 
nated  by  the  same  perimeters,  the  enclosed  surface  will  be  less 
than  the  other. 

Geonu  23 
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Fig.  257.  9.  That,  if  a  convex  surface  AB  (Jig.  967)  is  enclosed  on  aK 
sides  by  another  surface  JHY,  whether  they  have  points,  lines, 
or  planes  in  common,  or  whether  they  have  no  point  m  common, 
the  enclosed  surface  is  always  less  than  the  enclosing  surface. 

For  among  these  last  there  cannot  be  one  which  shall  be  the 
least  of  all,  since  in  all  cases  we  can  draw  the  plane  CD  a  tan* 
gent  to  the  convex  surface,  which  plane  would  be  less  than  the 
surface  CMD\  and  thus  the  surface  ClfD  would  be  smaller 
than  JICAT,  which  is  contrary  to  the  hypothesis,  that  MX  is  the 
smallest  of  alL  Therefore  the  convex  surface  AB  is  less  than 
any  which  encloses  it. 

TBKORIM. 

51 6«  Tht  solidity  of  a  cyUnJUr  is  equal  to  the  product  of  iis  bast 
by  its  altitude. 
Fig.  258.  Demonstration.  Let  CA  (Jig.  358)  be  the  radius  of  the  base 
of  the  given  cylinder,  H  its  altitude ;  and  let  surf.  CA  represent 
the  surface  of  a  circle  whose  radius  is  CA ;  we  say  that  the  solid- 
ity of  the  cylinder  will  be  surf.  CA  x  H.  For,  if  surf  CAxH 
is  not  the  measure  of  the  given  cylinder,  this  product  will  be  the 
measure  of  a  cylinder  either  greater  or  less*  In  the  first  place 
let  us  suppose  that  it  is  the  measure  of  a  less  cylbder,  of  a  cylin- 
der, for  example,  of  which  CD  is  the  radius  of  the  base  and  H 
the  altitude. 

Circumscribe  about  the  circle,  of  which  CD  is  the  radius,  a 
regular  polygon  GHIP,  the  sides  of  which  shall  not  meet  the 
circumference  of  which  CA  is  the  radius  (385) ;  then  suppose  a 
right  prism  having  for  its  base  the  polygon  GHIP,  and  for  its 
altitude  if  $  this  prism  will  be  circumscribed  about  the  cylinder 
of  which  the  radhis  of  the  base  is  CD.  This  being  premised, 
the  solidity  of  the  prism  is  equal  to  the  product  of  its  base  GHIP 
multiplied  by  the  altitude  If;  and  the  base  GHIP  is  less  than  the 
circle  whose  radius  is  CA ;  therefore  the  solidity  of  the  prism  is 
less  than  surf.  CA  x  H.  But  surf.  C^  x  if  is,  by  hypothesis, 
the  solidity  of  the  cylinder  inscribed  in  the  prism ;  consequently 
the  prism  would  be  less  than  the  cylinder ;  but  the  cylinder  on 
the  contrary  is  less  than  the  prism,  because  it  is  contained  in  it; 
therefore  it  is  impossible  that  surf  CA  xH  should  be  the  meas- 
ure of  a  cylinder  of  which  the  radius  of  the  base  is  CD  and  the 
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altitude  H;  or  in  more  general  terms  Ae  prodmet  of  the  haae  of  a 
founder  by  its  cdlitude  cannot  be  the  measure  of  a  kss  cylinder* 

We  say,  in  the  second  place,  that  this  same  product  cannot  be 
the  measure  of  a  greater  cylinder ;  for,  not  to  multiply  figures^ 
let  CD  be  the  radius  of  the  base  of  the  given  cylinder ;  and,  if  it 
be  possible,  letsurf  CD  x  If  be  the  measure  of  a  greater  cylinder, 
of  a  cylinder,  for  example,  of  which  CA  is  the  radius  of  the  base 
and  H  the  altitude. 

The  same  construction  being  supposed  as  in  the  first  case,  the 
prism  circumscribed  about  the  given  cylinder  will  have  for  its 
measure  GHIP  xH\  the  area  CHIP  is  greater  than  surf  CD\ 
consequently,  the  solidity  of  the  prism  in  question  is  greater  than 
surf  CDxH\  the  prism  then  would  be  greater  than  the  cylin- 
der of  the  same  altitude  whose  base  is  surf  CA.  But  the  prism 
pn  the  contrary  is  less  than  the  cylinder,  since  it  is  contained  in 
it;  therefore  it  is  impossible  Huit  the  product  qf  the  base  of  a  cylm* 
der  by  its  Mtude  should  be  the  measure  of  a  greater  cylinder. 

We  conclude  then,  that  the  solidity  of  a  cylinder  is  equal  to 
the  product  of  its  base  by  its  altitude. 

517.  Corollary  u    Cylinders  of  the  same  altitude  are  to  each    ^^ 
other  as  their  bases,  and  cylinders  of  the  same  base  are  to  each 
other  as  their  altitudes. 

518.  Corollary  ii.  Similar  cylinders  are  to  each  other  as  the 
cubes  of  their  altitudes,  or  as  the  cubes  of  the  diameters  of  the 
bases.  For  the  bases  are  as  the  squares  of  their  diameters; 
and,  since  the  cylinders  are  similar,  the  diameters  of  the  bases 
are  as  the  altitudes  (510) ;  consequently  the  bases  are  as  the 
squares  of  the  altitudes ;  therefore  the  bases  multiplied  by  the 
altitudes,  or  the  cylinders  themselves,  are  as  the  cubes  of  the 
aldtudes. 

519.  Scholium,  Let  R  be  the  radius  of  the  base  of  a  cylinder, 
H  its  altitude,  the  surface  of  the  base  will  be  xiZ>  (^^O?  and  the 
solidity  of  the  cylinder  will  henR^  x  H,  or  nR*H. 

L£M1CA. 

630.  The  convex  surfau  of  a  right  prism  is  equal  to  the  perim^ 
Urofits  base  multiplied  by  its  altitude* 

Demonstration*  This  surface  is  equal  to  the  sum  of  the  rect- 
angles AFGBj  BGHC,  CHID,  &c.  (Jig.  252),  which  compose  it.  jig.  tSL 
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Now  the  altitudes  AF^  BG,  CH,  &c.,  of  these  rectangles  are 
each  equal  to  the  altitude  of  the  prism.  Therefore  the«amo[ 
these  rectangles,  or  the  convex  surface  of  the  prism,  is  equal  to 
the  perimeter  of  its  base  multiplied  by  its -altitude. 

521.  Corollary.  If  two  right  prisms  have  the  same  altitude, 
the  convex  surfaces  of  these  prisms  will  be  to  each  other  as  the 
perimeters  of  the  bases. 

LEMBIA. 

5d3.  TTu  convex  surface  of  a  cylinder  is  greater  ikon  the  comes 
surface  of  any  inscribed  prism,  and  less  than  the  convex  surfau  of 
any  circumscribed  prism. 

Demonstration,  The  convex  surface  of  the  cylinder  and  that  of 
Fig  J52.  the  inscribed  prism  ABCDEF  {fg.  252)  may  be  considered  as 
having  the  same  length,  since  every  section  made  in  the  one  and 
the  other  parallel  to  AF  is  equal  to  AF-,  and  if,  in  order  to  ob- 
tain the  magnitude  of  these  surfaces,  we  suppose  them  to  be  cut 
by  planes  parallel  to  the  base,  or  perpendicular  to  the  edge  AF, 
the  sections  will  be  equal,  the  one  to  the  circumference  of  the 
base,  and  the  other  to  the  perimeter  of  the  polygon  ABCDE]e^ 
than  this  circumference ;  since  therefore,  the  lengths  being  equal, 
the  breadth  of  the  cylindric  surface  is  greater  than  that  of  the 
prismatic  surface,  it  follows  that  the  first  surface  is  greater  than 
the  second. 

By  a  course  of  reasoning  entirely  similar  it  may  be  shown 
that  the  convex  surface  of  the  cylinder  is  less  than  that  of  any 
Fig.  353.  circumscribed  prism  BCDKLH  {Jig:  253). 

THEOREM. 

523.  The  convex  surface  of  a  cylinder  is  equal  to  the  circumft' 
rence  of  its  base  multiplied  by  its  altitude. 
Rg.  358.  Demonstration.  Let  CA  (fg.  258)  be  the  radius  of  the  base  of 
the  given  cylinder,  H  its  altitude ;  and  let  circ.  CA  be  the  circum- 
ference of  a  circle  whose  radius  is  CA;  we  say  that  circ.  CAxH 
will  be  the  convex  surface  of  the  cylinder.  For,  if  this  proposi- 
tion be  denied,  circ.  CAxH  must  be  the  surface  of  a  cylinder 
either  greater  or  less ;  and,  in  the  first  place,  let  us  suppose  that 
it  is  the  surface  of  a  less  cylinder,  of  a  cylinder,  for  example,  of 
which  the  radius  of  the  base  is  CD  and  the  altitude  H. 
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Circumscribe  about  the  circle,  whose  radius  is  CDj  a  regular 
polygon  GHIP,  the  sides  of  which  shall  not  meet  the  circum- 
ference whose  radios  is  CA ;  then  suppose  a  right  prism,  whose 
altitude  is  H,  and  whose  base  is  the  polygon  GHIP.  The  con- 
vex surface  of  this  prism  will  be  equal  to  the  perimeter  of  the 
polygon  GrH/P  multiplied  by  iu  altitude  JT  (520);  this  perimeter 
is  less  than  the  circumference  of  the  circle  whose  radius  is  CA ; 
consequently  the  convex  surface  of  the  prism  is  less  than 
cite.  CA  X  H.  But  arc.  CL4  X  Jff  is,  by  hypothesis,  the  convex 
surface  of  a  cylinder  of  which  CD  is  the  radius  of  the  base, 
which  cylinder  is  inscribed  in  the  prism ;  whence  the  convex 
surface  of  the  prism  would  be  less  than  that  of  the  inscribed 
cylinder.  But  on  the  contrary  it  is  greater  (532);  accordingly 
the  hypothesis  with  which  we  set  out  iS  absurd ;  therefore,  1.  the 
circumference  of  the  base  of  a  cylinder  multiplied  by  its  altituide  can- 
not be  the  measure  oftlve  convex  surface  of  a  less  cylinder.  \J. 

We  say,  in  the  second  place,  that  this  same  product  cannot  be 
the  measure  of  the  surface  of  a  greater  cylinder.  For,  not  to 
change  the  figure,  let  CD  be  the  radius  of  the  base  of  the  given 
cylinder,  and,  if  it  be  possible,  let  circ.  CD  x  H  be  the  convex 
surface  of  a  cylinder,  which  with  the  same  altitude  has  for  its 
base  a  greater  circle,  the  circle,  for  example,  whose  radius  is 
CA.  The  same  construction  being  supposed  as  in  the  first  hy- 
pothesis, the  convex  surface  of  the  prism  will  always  be  equal 
to  the  perimeter  of  the  polygon  GH7P,  multiplied  by  the  altitude 
H.  But  this  perimeter  is  greater  than  drc.  CD ;  consequently 
the  surface  of  the  prism  would  be  greater  than  circ.  CD  X  H, 
which,  by  hypothesis,  is  the  surface  of  a  cylinder  of  the  same 
altitude  of  which  CA  is  the  radius  of  the  base.  Whence  the 
surface  of  the  prism  would  be  greater  than  that  of  the  cylinder. 
But  while  the  prism  is  inscribed  in  the  cylinder,  its  surface  will 
be  less  than  that  of  the  cylinder  (522);  for  a  still  stronger 
reason  is  it  less  when  the  prism  does  not  extend  to  the  cylinder ; 
consequently  the  second  hypothesis  cannot  be  maintained; 
therefore,  2.  the  circumference  of  the  base  of  a  cylinder  multiplied 
by  its  altitude  cannot  ^  the  measure  of  the  surface  of  a  greater 
cylinder. 

We  conclude  then  that  the  convex  surface  of  a  cylinder  is 
^qual  to  the  circumference  of  the  base  multiplied  by  its  altitude. 
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THEOREV. 

cS>         524.  7%e  solidity  of  a  com  is  egual  to  the  product  of  iubauhj 

a  third  part  of  its  altitude. 
Fig.  359.     Demonstration.    Let  SO  {Jig.  269)  be  the  altitude  of  tbegivn 
cone,  AO  the  radius  of  the  base ;  represcntiag  by  suff.  AO  the 
surface  of  the  base,  we  say  that  the  solidity  of  the  cone  is  eqoal 
to  surf.  AOx  iSO. 

1.  Let  surf  AO  X  i^  SO  be  supposed  to  be  the  solidity  of  a 
greater  cone,  of  a  cone,  for  example,  whose  altitude  is  always  SO, 
but  of  which  BO^  greater  than  w^O,  is  the  radius  of  the  base. 

About  the  circle,  whose  radius  is  AO^  circumscribe  a  regular 
polygon  MNPT^  which  shall  not  meet  the  circumference  of 
which  OB  is  the  radius  (385) ;  suppose  then  a  pyramid  having 
this  polygon  for  its  base  and  the  point  S  for  its  vertex.  The 
solidity  of  this  pyramid  is  equal  to  the  area  of  the  polygon 
MXPT  multiplied  by  a  third  of  the  altitude  SO  (416).  But  tie 
polygon  is  greater  than  the  inscribed  circle  represented  by  ttxtf. 
OA  \  consequently,  the  pyramid  is  greater  than 

surf  AOx  \S0^ 
which,  by  hypothesb,  is  the  measure  of  the  cone  of  which  5  is 
the  vertex,  and  OB  the  radius  of  the  base.  But  on  the  contra^ 
the  pyramid  is  less  than  the  cone,  since  it  is  contained  in  \^ 
therefore  it  is  impossible  that  the  base  of  the  cone  multiplied  by 
a  third  of  its  altitude  should  be  the  measure  of  a  greater  cooe. 

3.  We  say,  moreover,  that  this  same  product  cannot  be  the 
measure  of  a  smaller  cone*  For,  not  to  change  the  figure,  let 
OB  be  the  radius  of  the  base  of  the  given  cone,  and,  if  it  ^ 
possible,  let  surf  OB  x  ^  SO  be  the  solidity  of  a  cone  which 
has  for  its  altitude  SO,  and  for  its  base  the  circle  of  which  AO 
is  the  radius.  The  same  construction  being  supposed  as  above, 
the  pyramid  SMXPTvf  ill  have  for  its  measure  the  area  JlfA^W 
multiplied  by  J  SO.  But  the  area  MNPT  is  less  than  ««f/.  OB; 
consequently  the  pyramid  will  have  a  measure  less  than 

surf  OBx\SO, 
and  accordingly  it  would  be  less  than  the  cone,  of  which  iOis 
the  radius  of  the  base  and  SO  the  altitude*  But  on  the  coor 
trary  the  pyramid  is  greater  than  the  cone,  since  it  contains  it; 
therefore  it  is  impossible  that  the  base  of  a  cone  multiplied  by  < 
third  of  its  altitude  should  be  the  measure  of  a  less  cone. 
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We  conclude  then,  that  the  solidity  of  a  cone  is  equal  to  the 
product  of  its  base  by  a  third  of  its  altitude. 

536.  Corollary.  A  cone  is  a  third  of  a  cylbder  of  the  same 
base  and  same  altitude ;  whence  it  follows, 

1.  That  cones  of  equal  altitudes  are  to  each  other  as  their 
bases; 

3.  That  cones  of  equal  bases  are  to  each  other  as  their  alti- 
tudes ; 

3.  That  similar  cones  are  as  the  cubes  of  the  diameters  of 
their  bases,  or  as  the  cubes  of  their  altitudes. 

536.  Schtdiwn.  Let  R  be  the  radius  of  the  base  of  a  cone,  H 
its  altitude;  the  solidity  of  the  cone  will  he  xR»  x^H^  or 
i^R^H. 

THEOREM. 

527.  The  frustum  of  a  cone  ADEB  (fig.  260)  of  which  OA,  DP,  RfrMO. 
are  the  radii  of  the  hoses,  and  PO  the  altitude^  has  for  its  measure, 

|;rxOPx(AO  +  D?+AOxDP). 

Demonstratimu  Let  TFOH  be  a  triangular  pyramid  of  the 
same  altitude  as  the  cone  SAB,  and  of  which  the  base  FOH  is 
equivalent  to  the  base  of  the  cone.  The  two  bases  may  be  sup- 
posed  to  be  placed  upon  the  same  plane ;  then  the  vertices  5,  T^ 
will  be  at  equal  distances  from  the  plane  of  the  bases ;  and  the 
plane  EPD  produced  will  be  in  the  pyramid  the  section  IKL. 
We  say  now,  that  this  section  IKL  is  equivalent  to  the  base  DE^ 
for  the  bases  AB,  DE,  are  to  each  other  as  the  squares  of  the 
radii  AO,  DP  (287),  or  as  the  squares  of  the  altitudes  50,  SP ; 
the  triangles  FOH,  IKL,  are  to  each  other  as  the  squares  of 
these  same  altitudes  (407) ;  consequently  the  circles  AB,  DE^ 
are  to  each  other  as  the  triangles  FGH,  IKL.  But^by  hypothe- 
sis, the  triangle  FGH,  is  equivalent  to  the  circle  AB ;  therefore 
the  triangle  IKL  is  equivalent  to  the  circle  DE. 

Now  the  base  AB  multiplied  by  1 50  is  the  solidity  of  the 
cone  SAB,  and  the  base  FGH  multipted  by  1 50  is  that  of  the 
pyramid  TFGH;  the  bases  therefore  being  equivalent,  the  so- 
lidity of  the  pyramid  is  equal  to  that  of  the  cone.  For  a  simi- 
lar reason  the  pyramid  TIKL  is  equivalent  to  the  cone  SDE; 
therefore  the  frustum  of  the  cone  ADEB  is  equivalent  to  the 
frustum  of  the  pyramid  FOHIKL.  But  the  base  FGH,  equiva- 
lent to  the  circle  of  which  the  radius  is  AO,  has  for  its  measure 
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n  X  AO ;  likewise  the  base  IKL  =:n  x  DP,  and  the  mean  pro- 
portional between  n  x  AO  and  tc  x  DP  is  n  AO  x  DP ;  there- 
fore the  solidity  of  the  frustum  of  a  pyramid  or  that  of  the  frus- 
tum of  a  cone  has  for  its  measure 

\  OP X  {71  X  AO  +  7t  X  DP  -h^  X  AO  X  DP)    (422), 
or  ^JtxOPx  {AO+PD  +  AOxDP). 

THEOREM. 

538.  The  convex  surface  of  a  cone  is  equal  to  the  circuntference 
of  its  base  multiplied  by  half  its  side* 
iV  359.  Demonstration.  Let  AO  (Jig.  259),  be  the  radius  of  the  base 
of  the  given  cone,  S  its  vertex,  and  SA  its  side ;  we  say  that  the 
surface  will  be  circ.  AO  x  |  SA.  For,  if  it  be  possible,  let 
circ.  AO  X  iSA  he  the  surface  of  a  cone  which  has  S  for  its 
vertex,  and  for  its  base  the  circle  described  with  a  radius  OB 
greater  than  AO. 

Circumscribe  about  the  small  circle  a  regular  polygon  JUJfPTj 
the  sides  of  which  shall  not  meet  the  circumference  of  which 
OB  is  the  radius ;  and  let  SM^PT  be  a  regular  pyramid,  which 
has  for  its  base  the  polygon,  and  for  its  vertex  the  point  S.  The 
triangle  SMX^  one  of  those  which  compose  the  convex  surface 
of  the  pyramid,  has  for  its  measure  the  base  JIfJV*  multiplied  by 
half  of  the  altitude  SA,  which  is  at  the  same  time  the  side  of 
the  given  cone;  this  altitude  being  equal  in  all  the  triangles 
Syp,  SPQ,  &c.,  it  follows  that  the  convex  surface  of  the  pyra- 
mid is  equal  to  the  perimeter  MKPTM  multiplied  by  \  SA, 
But  the  perimeter  flJSTPTM  is  greater  than  circ.  AO ;  therefore 
the  convex  surface  of  the  pyramid  is  greater  than  circ.  AO  x  |  SA^ 
and  consequently  greater  than  the  convex  surface  of  the  cone, 
which,  with  the  same  vertex  S,  has  for  its  base  the  circle  des- 
cribed with  the  radius  OB.  But  on  the  contrary  the  convex 
surface  of  the  cone  is  greater  than  that  of  the  pyramid :  for,  if 
we  apply  the  base  of  the  pyramid  to  the  base  of  an  equal  pyra- 
mid, and  the  base  of  the  cone  to  that  of  an  equal  cone ;  the 
surface  of  the  two  cones  will  enclose  on  all  sides  the  surface  of 
the  two  pyramids ;  consequently  the  first  surface  will  be  greater 
than  the  second  (514),  and  therefore  the  surface  of  the  cone  is 
greater  than  that  of  the  pyramid,  which  is  comprehended  withiir 
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it.  The  contrary  would  be  the  consequence  of  our  hypothesis ; 
accordingly  this  hypothesis  cannot  be  maintained ;  therefore  the 
circumference  of  the  base  of  a  cone  multiplied  by  the  half  of  its 
side  cannot  be  the  measure  of  the  surface  of  a  greater  cone, 

2.  We  say  also,  that  this  same  product  cannot  be  the  measure     ^ 
of  the  surface  of  a  less  cone.     For  let  BO  be  the  radius  of  the 
base  of  the  given  cone,  and,  if  it  be  possible,  let  circ.  BO  x  i  SB 
be  the  surface  of  a  cone  of  which  8  is  the  vertex,  and  AOj  less 
than  OB,  the  radius  of  the  base. 

The  same  construction  being  supposed  as  above,  the  surface  of 
the  pyramid  SMJ^fPT  will  always  be  equal  to  the  perimeter 
MXPT  multiplied  by  \&d.  Now  the  perimeter  MNPT  is  less 
than  drc.  BO,  and  SA  is  less  than  SB ;  therefore  for  this  double 
re^n  the  convex  surface  of  the  pyramid  is  less  than 

drc.  BOX  iSB. 
which,  by  hypothesis,  is  the  surface  of  a  cone  of  which  AO  is  the 
radius  of  the  base ;  consequently  the  surface  of  the  pyramid 
would  be  less  than  that  of  the  inscribed  cone.  But  on  the  con- 
trary it  is  greater ;  for  by  applying  the  base  of  the  pyramid  to 
that  of  an  equal  pyramid,  and  the  base  of  the  cone  to  that  of  an 
equal  cone,  the  surface  of  the  two  pyramids  wiH  enclose  that  of 
the  two  cones,  and  consequently  will  be  greater.  Therefore  it  is 
impossible  that  the  circumference  of  the  base  of  a  given  cone 
multiplied  by  the  half  of  its  side  should  be  the  measure  of  the 
surface  of  a  less  cone. 

We  conclude  then,  that  the  convex  surface  of  a  cone  is  .equal 
to  the  circumference  of  the  base  multiplied  by  half  of  its  side. 

529.  Scholium.  Let  L  be  the  side  of  a  cone,  and  R  the  radius 
of  the  base,  the  circumference  of  this  base  will  be  2;s/i,  and  the 
surface  of  the  cone  will  have  for  its  measure  3  tt  i2  x  i  L,  or  ;r  RL. 

THEOREM. 

530.  The  connex  surface  of  the  frustum  of  a  cone   ADEB 

(fig.  361)  is  equal  to  its  side  AD  multiplied  hy  the  half  sum  of  the  rig.  261. 
circumferences  of  the  two  bases  AB,  DE. 

Demonstration.  In  the  plane  SAB,  which  passes  through  the 
axis  SO,  draw  perpendicularly  to  SA  the  line  AF,  equal  to  the 
circumference  which  has  for  its  radius  AO ;  join  SF,  and  draw 
i)// parallel  to  jJF. 

Geom,  94 
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On  account  of  the  similar  triangles  SAO^  SDC, 

AO :  DC  ::SA:SD\ 
and,  on  account  of  the  similar  triangles  SAF,  SDH^ 

AFiDHiiSA.SD; 
whence    AF:  DH::AO  :  DC  : :  circ.  AO  :  circ.  DC  (287> 
But,  bj  construction,  AF  =  circ.  AO ;  consequently 

DH=icirc.DC. 
This  being  premised,  the  triangle  SAF,  which  has  for  its  meas* 
ure  AF  x  i  SA^  is  equal  to  the  surface  of  a  cone  SAB^  which  has  * 
for  its  measure  circ*  AO  X  |  SA.    For  a  similar  reason  the  tri- 
angle SDH  is  equal  to  the  surface  of  the  cone  SDE.    Whence 
the  surface  of  the  frustum  ADEB  is  equal  to  that  of  the  trapezoid 

ADHF.    This  has  for  its  measure  AD  x  C^\^^  C^^)- 

Therefore  the  surface  of  the  frustum  of  a  cone  ADEB  is  equal 
to  its  side  AD  multiplied  by  the  half  sum  of  the  circumference 
of  the  two  bases. 

53 1 .  Corollary.  Through  the  point  /,  the  middle  of  AD,  draw 
IKL  parallel  to  AB,  and  IM  parallel  to  AF-,  it  may  be  showa 
as  above  that  IM=z  circ.  IK.     But  the  trapezoid  (179) 

ADHF=:ADx  IM^AD  x  circ.  IK. 
Hence  we  conclude  further  that  the  surface  of  the  frustum  of  a 
cone  is  equal  to  its  side  multiplied  by  the  circumference  of  a  section 
made  at  equal  distances  from  the  two  bases. 

532.  Scholium.  If  a  line  AD,  situated  entirely  on  the  same 
side  of  the  line  OC  and  in  the  same  plane,  make  a  reyolution 
about  OC,  the  surface  described  by  AD  will  have  for  its  measure 
^^  ^  ^rc.AO  +  cire.DC\^  ^^  ^j^  ^  ^^^  ^j^.  ^^^  ^^  ^q 

DC,  IK,  being  perpendiculars  let  fall  from  the  extremities  and 
from  the  middle  of  the  line  AD  upon  the  axis  OC. 

For,  if  we  produce  AD  and  OC  till  they  meet  in  S,  it  is  evi- 
dent that  the  surface  described  by  AD  is  that  of  the  frustum  of 
a  cone,  of  which  OA  and  DC  are  the  radii  of  the  bases,  the  entire 
cone  having  for  its  vertex  the  point  S.  Therefore  this  surface 
will  have  the  measure  stated. 

This  measure  would  always  be  correct,  although  the  point  D 
should  fall  upon  S,  which  would  give  an  entire  cone,  and  also 
when  the  line  AD  is  parallel  to  the  axis,  which  would  give  a 
cylinder.  In  the  first  case  DC  would  be  nothing,  in  the  second 
DC  would  be  equal  to  AO  and  to  IK. 
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LEMMA. 

^  a' 

533.  Lei  AB,  BC,  CD  (fig.  262),  he  several  successive  sides  of  a  Fig.  262. 
regular  polygon,  O  its  centre,  and  01  the  radius  of  the  inscribed 
circle  ;  if  we  suppose  the  portion  of  the  polygon  A  BCD,  situated 
entirely  on  the  same  side  of  the  diameter  FG,  to  make  a  revolution 
about  this  diameter,  Oie  surface  described  by  A  BCD  will  have  for 

its  measure  MQ  X  circ.  01,  MQ  being  the  altitude  of  this  surface, 
or  the  part  of  the  aons  comprehended  between  the  extreme  perpendic- 
ulars AM,  DQ. 

Demonstratum.  The  point  /  being  the  middle  of  AB,  and  IK 
being  a  perpendicular  to  the  axis  let  fall  from  the  point  /,  the 
surface  described  by  AB  will  have  for  its  measure  w4£  X  circ.  IK 
(532).  Draw  AX  parallel  to  the  axis,  the  triangles  ABX,  OIK, 
will  have  their  sides  perpendicular  each  to  each,  namely,  01  to 
AB,  IK  to  AX,  and  OK  to  BX ;  consequently  these  triangles 
will  be  similar,  and  will  give  the  proportion 

AB  I  AX  or  MN  iiOI.IK.i  drc.  01 :  circ.  IK, 
therefore  AB  x  circ.  IK  =  MJ^T  x  drc.  OL  Whence  it  will  be 
perceived  that  the  surface  described  by  AB  is  equal  to  its  alti- 
tude MX  multiplied  by  the  circumference  of  the  inscribed  circle. 
Likewise  the  surface  described  by  jBC  =  .ATP  x  circ.  01,  the  sur- 
face described  by  CD  =  PQ  x  circ.  01.  Accordingly  the  surface 
described  by  the  portion  of  the  polygon  ABCD  has  for  its  meas- 
ure (JtfJV  + JVP  +  PQ)  X  circ  01,  or  MQ  x  circ.  OL-,  therefore 
this  surface  is  equal  to  its  altitude  multiplied  by  the  circumfer- 
ence of  the  inscribed  circle. 

534.  Corollary.  If  the  entire  polygon  has  an  even  number  of 
sides,  and  the  axis  FG  passes  through  two  opposite  vertices  F 
and  O,  the  entire  surface  described  by  the  revolution  of  the 
semipolygon  FACG  will  be  equal  to  its  axis  FG  multiplied  by 
the  circumference  of  the  inscribed  circle.  This  axis  FG  will  be 
at  the  same  time  the  diameter  of  the  circumscribed  circle. 

THEOREM. 

53^  The  surface  of  a  sphere  is  equal  to  the  product  of  its  diam^ 
tier  by  the  drcumference  of  a  great  drcle. 

Demonstration.  1.  We  say  that  the  diameter  of  a  sphere  mul-< 
tiplied  by  the  circumference  of  a  great  circle  cannot  be  the 
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measure  of  the  surface  of  a  greater  sphere.     For,  if  it  be  possi- 
Fig.  863.  ble,  let  AB  X  circ.  AC  {fig.  263)  be  the  surface  of  a  sphere 
whose  radius  is  CD. 

About  the  circle,  whose  radius  is  CA^  circumscribe  a  regular 
polygon  of  an  even  number  of  sides,  which  shall  not  meet  the 
circumference  of  th^  circle  whose  radius  is  CD  \  let  M  and  S  be 
two  opposite  vertices  of  this  polygon ;  and  about  the  diameter 
MS  let  the  semipolygon  MPS  be  made  to  revolve.  The  surface 
described  by  this  polygon  will  have  for  its  measure 

MS  X  circ.  AC  (534); 
but  MS  is  greater  than  AB ;  therefore  the  surface  described  bj 
the  polygon  is  greater  than  AB  x  circ.  AC,  and  consequently 
greater  than  the  surface  of  the  sphere  whose  radius  is  CD*  On 
the  contrary  the  surface  of  the  sphere  is  greater  than  the  surface 
described  by  the  polygon,  since  the  first  encloses  the  second  on 
all  sides.  Therefore  the  diameter  of  a  sphere  multiplied  by  the 
circumference  of  a  great  circle  cannot  be  the  measure  of  the 
surface  of  a  greater  sphere. 

2.  We  say  also,  that  this  same  product  cannot  be  the  measure 
of  the  surface  of  a  less  sphere.     For,  if  it  be  possible,  let 

DE  X  circ.  CD 
be  the  surface  of  a  sphere  whose  radius  is  CA.    The  same  con* 
struction  being  supposed  as  in  the  first  case,  the  surface  of  the 
solid  generated  by  the  polygon  will  always  be  equal  to 

MS  X  circ.  AC. 
But  MS  is  less  than  DE,  and  circ.  AC  less  than  circ*  CD\  there* 
fore  for  these  two  reasons  the  surface  of  the  solid  generated  by 
the  polygon  would  be  less  than  DE  x  circ.  CD,  and  consequently 
less  than  the  surface  of  the  sphere  whose  radius  is  AC.  But  on 
the  contrary  the  surface  described  by  the  polygon  is  greater 
than  the  surface  of  the  sphere  whose  radius  is  AC,  since  the  first 
surface  encloses  the  second ;  therefore  the  diameter  of  a  sphere 
multiplied  by  the  circumference  of  a  great  circle  cannot  be  the 
measure  of  the  surface  of  a  less  sphere. 

We  conclude  then,  that  the  surface  of  a  sphere  is  equal  to  the 
diameter  multiplied  by  the  circumference  of  a  great  circle. 

536.  Corollary.  The  surface  of  a  great  circle  is  measured  by 
multiplying  its  circumference  by  half  of  the  radius  or  a  fourth  of 
the  diameter;  therefore  the  surface  of  a  sphere  is  four  timis  that 
of  a  great  circle. 
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5^1  ^Scholium.    The  surface  of  a  sphere  being  thus  measured    ^ 
and  compared  with  plane  surfaces,  it  will  be  easy  to  obtain  the 
absolute  value  of  lunary  surfaces  and  spherical  triangles,  the 
ratio  of  which  to  the  entije  surface  of  the  sphere  has  already 
been  determined. 

In  the  first  place  the  lunary  surface,  whose  angle  k  A  {Jig.  276),  Fig.  276. 
is  to  the  surface  of  the  sphere,  as  the  angle  A  is  to  four  right  an- 
gles (493),  or  as  the  arc  of  a  great  circle,  which  measures  the 
angle  A,  is  to  the  circumference  of  this  same  great  circle.  But 
the  surface  of  the  sphere  is  equal  to  this  circumference  multiplied 
by  the  diameter ;  therefore  the  lunary  surface  is  equal  to  the 
arc,  which  measures  the  angle  of  this  surface,  multiplied  by  the 
diameter. 

In  the  second  place,  every  spherical  triangle  is  equivalent  to  a 
lunary  surface  whose  angle  is  equal  to  half  of  the  excess  of  the 
sum  of  its  three  angles  over  two  right  angles  (503).  Let  P,  Q, 
£,  be  the  arcs  of  a  great  circle  which  measure  the  three  angles 
of  a  spherical  triangle ;  let  C  be  the  circumference  of  a  great 
circle  and  D  its  diameter ;  the  spherical  triangle  will  be  equiv- 
alent to  the  lunary  surface  whose  angle  has  for  its  measure 

5l!!L 1— J  and  consequently  its  surface  will  be 

2 

Thus,  in  the  case  of  the  triangle  of  three  right  angles,  each  of 
the  arcs  P,  Q,  /i,  is  equal  to  }  C,  and  their  sum  is  |  C,  the  excess 
of  this  sum  over  ^  C  is  i  C,  and  the  half  of  this  excess  is  }  C  ; 
iherefore  the  surface  of  a  triangle  of  three  right  angles  =  |  C  X  -^i 
which  b  the  eighth  part  of  the  whole  surface  of  the  sphere. 

The  measure  of  spherical  polygons  follows  immediately  from 
that  of  triangles,  and  it  is  moreover  entirely  determined  by  the 
proposition  of  art.  505,  since  the  unit  of  measure,  which  is  the 
triangle  of  three  right  angles,  has  just  been  estimated  on  a  plane 
surface. 

THEOREM. 

53S.  The  surface  of  any  spherical  zone  is  equal  to  the  altitude  of 
this  zone  multiplied  by  the  circumference  of  a  great  circle. 

Demonstration.    Let  EF  {Jig.  269)  be  any  arc,  either  less  or  Fig.  269. 
greater  than  a  quadrant,  and  let  FG  be  drawn  perpendicular  to 
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the  radius  £C ;  we  say  that  the  zone  with  one  base,  desgnbed 
bj  the  revolution  of  the  arc  EF  about  £C,  will  have  for  its  meas- 
ure EO  X  circ.  EC. 

For  let  us  suppose,  in  the  first  place,  that  this  zone  has  a  less 
measure,  and,  if  it  be  possible,  let  this  measure  be  equal  to 
EG  X  circ.  AC.  Inscribe  in  the  arc  EF  a  portion  of  a  regular 
polygon  EMNOPF^  the  sides  of  which  shall  not  touch  the  cir- 
cumference described  with  the  radius  Cw2,  and  let  fall  upon  EM 
the  perpendicular  C/,  the  surface  described  by  the  polygon 
£J(fF,  turning  about  £70,  will  have  for  its  measure  EG  x  drcCI 
(533).  This  quantity  is  greater  than  EG  x  circ.  AC^  which,  by 
hypothesis,  is  the  measure  of  the  zone  described  by  the  arc  EL 
Consequently  the  surface  described  by  the  polygon  EMXOPF 
would  be  greater  than  the  surface  described  by  t^e  circumscribed 
arc  EF\  but  on  the  contrary  this  last  surface  is  greater  than  the 
first,  since  it  encloses  it  on  all  sides ;  therefore  the  measure  of 
any  spherical  zone  with  one  base  cannot  be  less  than  the  alti- 
tude of  this  zone  multiplied  by  the  circumference  of  a  great  circle. 

We  say,  in  the  second  place,  that  the  measure  of  the  same 
zone  cannot  be  greater  than  the  altitude  of  this  zone  multiplied 
by  the  circumference  of  a  great  circle.  For,  let  us  suppose  that 
the  zone  in  question  is  the  one  described  by  the  arc  AB  about 
AC^  and,  if  it  be  possible,  let  the  zone  AB  be  greater  than 

AD  X  circ.  AC. 
The  entire  surface  of  the  sphere  composed  of  the  two  zones  AB, 
BH,  has  for  its  measure  AHx  circ.  AC  (535),  or 
AD  X  circ.  AC  +  DHx  drc.  AC ; 
if  then  the  zone  AB  be  greater  than  AD  x  circ.  AC^  the  zoneBH 
must  be  less  than  DH  X  circ.  AD^  which  is  contrary  to  the  first 
part  already  demonstrated.     Therefore  the  measure  of  a  spheri- 
cal zone  with  one  base  cannot  be  greater  than  the  altitude  of  this 
zone  multiplied  by  the  circumference  of  a  great  circle. 

It  follows  then  that  every  spherical  zone  with  one  base  has 
for  its  measure  the  altitude  of  this  zone  multiplied  by  the  cir- 
cumference of  a  great  circle. 

Let  us  now  consider  any  zone  of  two  bases  described  by  the 

F5g.  »>.  revolution  of  the  arc  FH  {fig.  220)  about  the  diameter  D£,  and 

let  jPO,  jHQ,  be  drawn  perpendicular  to  this  diameter.   The  zone 

described  by  the  arc  FH  is  the  difference  of  the  two  zones 
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described  bj  the  arcs  DH  and  DF^  these  kave  for  their  meas- 
ure respectively  DQ  x  drc.  CD  and  DO  x  circ.  CD ;  therefore 
(he  zone  described  by  FH  has  for  its  measure 

{DQ—  DO)  X  circ.  CJJotOQx  circ.  CD. 
We  conclude  then  that  every  spherical  zone  with  one  or  two 
bases  has  for  its  measure  the  altitude  of  this  zone  multiplied  by 
the  circumference  of  a  great*  circle. 

539.  Corollary.  Two  zones  are  to  each  other  as  their  alti- 
tudes, and  any  zone  whatever  is  to  the  surface  of  the  sphere  as 
the  altitude  of  this  zone  is  to  the  diameter. 

THEOREM.  ^ 

540.  If  the  triangle  fiAC  (fig.  264,  ^S5)  and  the  rectangle  rig.  264, 
BCEF  of  the  same  base  and  same  altitiide  turn  simultaneously  about       ^^' 
the  common  base  BC,  the  solid  generated  by  the  revolution  of  the 
triangle  mil  be  a  third  of  the  cylinder  generated  by  the  revolution  of 

the  rectangle. 

Demonstration.  Let  fall  upon  the  axis  the  perpendicular  AD 
{fig*  264) ;  the  cone  generated  by  the  triangle  ABD  is  a  third  of  Fig.  264. 
the  cylinder  generated  by  the  rectangle  AFBD  (524) ;  also  the 
cone  generated  by  the  triangle  ADC  is  a  third  of  the  cylinder 
generated  by  the  rectangle  ADCE ;  therefore  the  sum  of  the  two 
cones,  or  the  solid  generated  by  ABC,  is  a  third  of  the  sum  of 
the  two  cylinders,  or  of  the  cylinder  generated  by  the  rectangle 
BCEF. 

If  the  perpendicular  AD  {fig.  265)  fall  without  the  triangle,  Fig.  /es. 
the  solid  generated  by  ABC  will  be  the  difference  of  the  cones  ^ 
generated  by  ABD  and  ACD\  but,  at  the  same  time,  the  cylin- 
der generated  by  BCEF  will  be  the  difference  of  the  cylinders 
generated  by  AFBD,  AECD.  Therefore  the  solid  generated 
by  the  revolution  of  the  triangle  will  be  always  the  third  of  the 
cylinder  generated  by  the  revolution  of  the  rectangle  of  the 
same  base  and  same  altitude. 

541.  Scholium.     The  circle  of  which  AD  is  the  radius  has  for 

—a  —1 

its  surface  ti  x  AD ;  consequently  :t  x  AD  x  BC  is  the  measure 

of  the  cylinder  generated  by  BCEF,  and  |  tp  x  AD  x  BC  is  the 
measure  of  the  solid  generated  by  the  triangle  ABC. 
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Fig.  266.      542.  The  triangle  CAB  (fig.  266)  being  supposed  to  make  a 

olution  aboiU  the  line  CD,  drav:n  at  pleasure  withoui  the  tricmglt 
through  the  vertex  C,  tojind  the  measure  of  the  solid  thus  generaUd^ 
Solution.  Produce  the  side  ^B  until  it  meet  the  axis  CD  id 
D,  and  from  the  points  Aj  J5,  let  fall  upon  the  axis  the  perpen- 
diculars AMj  BK. 

The  solid  generated  by  the  triangle  CAD  has  for  its  measure 

\n  X  AMx  CD  (540);  the  solid  generated  by  the  triangle 

CBD  has  for  its  measure  \  u  BX  X  CD ;  therefore  the  difier- 
ence  of  these  solids,  or  the  solid  generated  ,by  ABCj  will  have 

for  its  measure  \7i£X  {AM  —  BJf)  x  CD. 

This  expression  will  admit  of  another  form.  From  the  point 
/,  the  middle  of  AB^  draw  /AT  perpendicular  to  CD,  and  through 
the  point  B  draw  BO  parallel  to  CD^  we  shall  have 

AM  +  BN=2IK  (178), 
and  AM—BX=z  AO-,  consequently  {AM+  BM)  x  (AM—BJi), 

or  AM—BN  (184),  is  equal  to  S/jST  x  AO.  Accordingly  the 
measure  of  the  solid  under  consideration  will  also  be  expressed 
hj  \7(XlK  xAOx  CD.  But,  if  the  perpendicular  CP  be  let 
fall  upon  wiB,  the  triangles  ABO^  DCP  will  be  similar,  and  will 
give  the  proportion  AO  \  CP::  AB  :  CD ;  whence 

AOx  CD=:CPxAB; 
moreover  CP  x  AB  is  double  of  the  area  of  the  triangle  ABC; 
thus  we  have  AO  x  CD  =  2jiBC  5  consequently  the  solid  gene- 
rated by  the  triangle  ABC  has  also  for  its  measure 

^TtxABC  xKl, 
or,  since  circ.  Kl  is  equal  to  2;r  x  KI^  this  same  measure  will  be 
ABC  X  I  drc.  KI.  Therefore,  the  solid  generated  by  the  revobi- 
tion  of  the  triangle  ABC  has  for  its  meastA-e  the  area  of  this  triangle 
multiplied  by  two  thirds  of  the  circumference  described  by  the  point  I 
the  middle  of  the  base, 
Fij.  267.  543.  Corollary.  If  the  side  AC^CB  {fig.  267),  the  line  CI 
will  be  perpendicular  to  AB^  the  area  ABC  will  be  equal  to 
AB  X  \  C/,  and  the  solidity  ^  n  X  ABC  X  IK  w\i\  become 
\7txABxIKxCL  But  the  triangles  ABO,  CIK^  are  similar, 
and  give  the  proportion  AB :  BO  or  MN  ::CI:IK;  consequently 
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JlBxIK=:MXxCI', 

therefore  the  solid  generated  by  the  isosceles  triangle  ABC  will 

have  for  its  measure  |  ;r  x  Jtf JV  x  CL  \    . 

544.  Scholium.    The  general  solution  seems  to  suppose  that       '.  \ 
the  line  AB  produced  would  meet  the  axis,  but  the  results  would 

not  be  the  less  true,  if  the  line  AB  were  parallel  to  the  axis. 

Indeed  the  cylindct  generated  by  AMNB  {fig.  368)  has  for  its  Pig.  268* 

measure  x  x  AMx.  MJfj  the  cone  generated  by  ACM  is  equal  to 

ijiXAMx  CM, 

and  the  cone  generated  by  BCJ^T^  ^nxAJlx  CJV.  Adding 
the  two  first  solids  together  and  subtracting  the  tiiird  from  the 
sum,  we  have  for  the  solid  generated  by  ABC 

71  X  AM<  {MX 4-  \  CM—\  CK); 
and,  since  i  CM—  i  CX  =  — (i  CA*—  i  CM)  =  —  J  JlfJV,  the 

above  expression  reduces  itself  to  a  x  AM  x  f  JIfJV,  or 

I  TT  X  CP  X  MX, 
vrbich  agrees  with  the  results  already  found. 

THEOREM. 

545.  Let  AB,  BC,  CD  (fig.  262),  be  several  s%iccessive  sides  of  a  rig.aG2.. 
regular  polygon,  O  Us  centre,  01  the  radius  of  the  inscribed  circle ; 

if  we  suppose  the  polygonal  sector  AOD,  situated  on  the  same  side  of 
the  diameter  FG,  to  make  a  revolution  about  this  diameter,  the  solid 

ge:nerated  loill  have  for  its  measure  |  ;r  x  01  x  MQ,  MQ  being  the 
portion  of  the  axis  terminated  by  the  extreme  perpendiculars  AM,  DQ. 
Demonstratiofi*  Since  the  polygon  is  regular,  all  the  triangles 
AOB,  BOC,  &c.,  are  equal  and  isosceles.  Now,  by  the  corol- 
lary of  the  preceding  proposition,  the  solid  generated  by  the 

isosceles  triangle  AOB  has  for  it;^  measure  f  3e  x  0/  x  MN,  the 
solid  generated   by    the  triangle   BOC  has  for    its  measure 

I  ;r  X  0/  X  JVP,  and  the  solid  genei  ated  by  the  triangle  COD  has 

for  its  measure  |  tt  x  01  x  PQ\  therefore  the  sum  of  these  solids, 
or  the  entire  solid  generated  by  the  polygonal  sector  AOD,  has 

for  its  measure  \7cxOI (A/JV+  NP+PQ),  0T\jtX  Q/x  MQ* 
Geom.  25 
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TBKORBM. 

54G.  Every  ipherical  itctor  has  for  its  measure  the  zant  jMi 
serves  as  a  base  multiplied  by  a  thiifd  of  the  radius,  and  the  oUire 
sphere  has  for  its  measure  its  surface  multiplied  by  a  third  of  (k 
radius. 
FigpS69.  Demonstration.  Let  ABC  {Jig.  269)  be  the  circular  sector, 
which,  bj  its  revolution  about  AC,  generates  the  spherical  seo 
tor ;  the  zone  described  bjr  AB  being  AD  x  circ,  AC,  or 

^nxACxAD    (538), 
we  say  that  the  spherical  sector  will  have  for  its  measure  this 

zone  multiplied  hy  \AC,ot  \uxAC x  AD. 

1.  Let  us  suppose,  if  it  b|^  possible,  that  this  quantity 

\7ixACxAD 

is  the  measure  of  a  greater,  spherical  sector,  of  the  spherical  sec- 
tor, for  example,  generated  by  the  circular  sector  £CF  similar 
ioACB. 

Inscribe  in  the  arc  EF  a  portion  of  a  regular  polygon  EMXf 
the  sides  of  which  shall  not  meet  the  arc  AB,  then  suppose  the 
polygonal  sector  ENFC  to  turn  about  EC  at  the  same  time  with 
the  circular  sector  ECF.  Let  CI  be  the  radius  of  a  circle  in- 
scribed in  the  polygon,  and  let  JPG  be  drawn  perpendicular  to 
EC.    The  solid  generated  by  the  polygonal  sector  will  have  for 

4-  its  measure  \n  X  CI  X  EG  (546) ;  now  CI  is  greater  thaa-SC, 
by  construction,  and  EG  is  greater  than  AD ;  for,  if  we  join 
AB,  EF^  the  triangles  EFG,  ABD,  which  are  similar,  give 
the  proportion  EG  i  AD  : :  FG  :  BD  : :  CF :  CB-,  therefore 
EG>AD. 

Forthis  double  reason  |  ;r  X  CI  x  EG  greater  thah 

|;r  X  CAxAD', 
the  first  expression  is  the  measure  of  the  solid  generated  by  the 
polygonal  sector,  the  second  is,  by  hypothesis,  that  of  the  sphcnr 
cal  sector  generated  by  the  circular  sector  ECF;  consequently 
the  solid  generated  by  the  polygonal  sector  would  be  greater 
than  the  spherical  sector  generated  by  the  circular  sector.  But 
on  the  contrary  the  solid  in  question  is  less  than  the  spherical 
sector,  since  it  is  contained  in  it;  accordingly  the  hypothesis 
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with  which  we  set  out  cannot  be  maintained ;  therefore  the  zone 
or  base  of  a  spherical  sector  multiplied  by  a  third  of  the  radius 
cannot  be  the  measure  of  a  greater  spherical  sector, 

2.  We  saj  that  this  same  product  cannot  be  the  measure  of  a 
less  spherical  sector.  For,  let  CEFhe  the  circular  sector  which 
by  its  revolution  generates  the  given  spherical  sector,  and  let  us 

suppose,  if  it  be  possible,  that  |  sr  x  C£  X  EG  is  the  measure 
of  a  less  spherical  sector,  of  that,  for  example,  generated  by  the 
circular  sector  ACB.  , 

The  preceding  construction  remaining  the  same,  the  solid 
generated  by  the  polygonal  sector  will  always  have  for  its  meas- 
ure }  jt  x  CIx  EG.    But  CI  is  less  than  CE ;  consequently  the 

solid  is  less  than  ^xx  CE  X  £G,  which,  by  hypothesis,  is  the 
measure  of  the  spherical  sector  generated  by  the  circular  sector 
ACB.  Therefore  the  solid  generated  by  the  polygonal  sector 
would  be  less  than  the  solid  generated  by  the  spherical  sector ; 
but  on  the  contrary  it  is  greater,  since  it  contains  it.  Therefore 
it  is  impossible  that  the  zone  of  a  spherical  sector  multiplied  by 
a  third  of  the  radius  should  be  the  measure  of  a  less  spherical 
sector. 

We  conclude  then,  that  every  spherical  sector  has  for  its 
measure  the  zone  which  answers  as  a  base  multiplied  by  a  third 
of  the  radius. 

A  circular  sector  ACB  may  be  increased  till  it  becomes  equal 
to  a  semicircle ;  then  the  spherical  sector  generated  by  its  revo- 
lution is  an  entire  sphere,  llierefor^  the  solidUy.  of  a  sphere  is 
equal  to  its  surface  multiplied  by  a  Aird  of  the  radius. 

547.  Corollary.,  The  surfaces  of  spheres  being  as  the  squares 
of  their  radii,  these  surfaces  multiplied  by  the  radii  are  as  the 
cubes  of  the  radii*  Therefore  the  solidities  of  two  spheres  are  as 
the  cubes  of  their  radii,  or  as  the  cubes  of  their  diameters. 

548.  Scholium.  Let  R  be  the  radius  of  a  sphere,  its  surface 
will  be  4  ;r  jR*,  and  its  solidity  4nR*  X  ^  jR,  or  | »  /^^  If  we 
call  D  the  diameter,  we  shall  have  /?  =  |  D,  and  iZ'  =  |D'  ; 
therefore  the  solidity  will  also  be  expressed  by  |^x  l-D',  or 
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549.  The  surface  of  a  sphere  is  to  the  whole  surface  of  the  dr^ 
cumscribed  cylinder^  the  bases  being  comprehended^  as  2  is  to  3  ;  and 
the  solidities  of  these  two  bodies  are  in  the,  same  ration 

Fig.  270.  Demonstration.  Let  MPKQ  {fig.  270)  be  a  great  circle  of  the 
sphere,  ABCD  ihe  circumscribed  square;  if  the  semicircle 
PMQ^  and  the  semisquare  PADQ^  be  made  to  tuni  at  the  same 
time  about  the  diameter  PQ,  the  semicircle  will  generate  the 
sphere,  and  the  semisquare  will  generate  the  cylinder  ctrcum- 
scribed  about  the  sphere. 

The  altitude  AD  of  the  cylinder  is  equal  to  the  diameter  PQ, 
the  base  of  the  cylinder  is  equal  to  a  great  circle,  since  it  has 
for  a  diameter  AB  equal  to  JlfJV;  consequently  the  convex  sur- 
face of  the  cylinder  is  equal  to  the  circumference  of  a  great 
circle  multiplied  by  its  diameter  (523)*  This  measure  is  the 
same  as  that  of  the  surface  of  the  sphere  (535) ;  whence  it  fol- 
lows that  the  surface  of  the  sphere  ia  tqual  to  the  convea:  surface  of 
the  circumscribed  cylinder. 

But  the  surface  of  the  sphere  is  equal  to  four  great  circles; 
consequently  the  convex  surface  of  the  circumscribed  cylinder  is 
also  equal  to  four  great  circles.  If  we  add  the  two  bases,  .which 
are  equal  to  two  great  circles,  the  whole  surface  of  the  circum- 
scribed cylinder  will  be  equal  to  six  great  circles ;  therefore  the 
surface  of  the  sphere  is  to  the  whole  surface  of  the  circumscribed 
cylinder  as  4  is  to  6,  or  as  3  is  to  3.  This  is  the  first  part  of 
the  proposition  which  it  was  proposed  to  demonstrate. 

In  the  second  place,  since  the  base  of  the  circumscribed  cylin- 
der is  equal  to  a  great  circle,,  and  its» altitude  equal  to  the  diam- 
eter, the  solidity  of  the  cylinder  will  be  equal  to  a  great  circle 
multiplied  by  the  diameter  (516).  But  the  solidity  of  the  sphere 
is  equal  to  four  great  circles  multiplied  by  a  third  of  the  radius 
(546),  which  amounts  to  a  great  circle  multiplied  by  ^  of  the 
radius,  or  |  of  the  diameter;  therefore  the  sphere  is  to  the  cir- 
cumscribed cylinder  as  2  is  to  3,  and  consequently  the  solidities 
of  these  two  bodies  are  to  each  other  as  their  surfoces. 

550.  Scholium.  If  a  polyrdron  be  supposed,  all  whose  fices 
touch  the  sphere,  this  polyedron  might  he^  considered  as  com- 
posed of  pyramids  having  the  centre  of  the  sphere  for  their 
common  vertex,  the  bases  being  the  several  faces  of  the  polye- 
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dron.  Now  it  is  evideot  that  all  these  pyramids  will  have  for 
their  common  aUitude  the  radius  of  the  sphere,  so  that  each  py- 
ramid will  be  equal  to  a  face  of  the  polyedron,  which  serves  as 
a  base,  multiplied  by  a  third  of  the  radius ;  therefore  the  entire 
polyedron  will  be  equal  to  its  surface  multiplied  by  a  third  of 
the  radius  of  the  inscribed  sphere. 

It  will  be  perceived  by  this  that  the  solidities  of  polyedrons 
circumscribed  about  a  sphere  are  to  each  other  as  the  surfaces 
of  these  same  polyedrons.  Thus  the  property  which  we  have 
demonstrated  for  the  circumscribed  cylinder  is  common  to  an 
infinite  number  of  other  bodies. 

We  might  have  remarked  also  that  the  surfaces  of  polygons 
circumscribed  about  a  circle  are  to  each  other  as  their  perimeters. 


PROBLEM. 


\ 
551*  The  circular  segment  BMD  (fig*  271)  being  supposed  to  Fig  271. 

revolve  about  a  diameter  exterior  to  this  s^ment^  to  find  the  value  of 

the  solid  generated. 

Solution.    Let  fall  upon  the  axis  the  perpendiculars  J3£,  DJP, 

and  upon  the  chord  BD  the  perpendicular  C/,  and  draw  the 

radii  CB,  CD. 

The  solid  generated  by  the  sector  J5C,^  =  |7rx  CB  x  AE 

(546) ;  the  solid  generated  by  the  sector  DGtf  z=z\nX  CBx  JiF\ 
consequently  the  difference  of  these  two  solids,  or  the  solid  gen^ 
Qrated  by  the  sector  DCB,  will  be  equal  to 

inx  CBx  {AF—AE) :=z\ji  X  CBxEF. 

But  the  solid  generated  by  the  isosceles  triangle^  DCS  has  for 

its  measure  \7iX  Clx  EF  (543) ;  consequently  the  solid  gen- 
crated  by  the  segment  BMD  =  f  ;r  x  £F x (cB—  Cl).   Now 

in  the  right-angled  triangle  CBI  we  have  CB  —  CIs:BI^i BD ; 
therefore  the  solid  generated  by  the  segment  BMD  has  for  its 

measure  |  w  X  EF  x  \  BD,  or  I  n  BD  X  EF. 

552.  Scholiutn.    The  solid  generated  by  the  segment  BMD  is. 

to  the  sphere  whose  diameter  is  BD,  as  | ;»  x  BD  X  EF  is  to 

— s 
^  31  X  BD,  or::  EF:  BD. 
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553.  Every  segment  of  a  sphere^  comprehended  belwun  two  par- 
allel  planes^  has  for  its  measure  the  half  sum  of  its  bases  multiplied 
by  its  altitude^  plus  the  solidity  of  the  sphere  of  which  this  same 
altitude  is  the  diameter* 

Fig.  «7i.  Demonstration.  Let  JBE,  DF  (fig.  271),  be  the  radii  of  the 
bases  of  the  segment,  EF  its  altitude,  so  that  the  segment  may 
be  formed  by  the  revolution  of  the  circular  space  BMDFE 
about  the  axis  FE.    The  solid  generated  by  the  segment  J3MD 

will  be  equal  to  ^  ^  x  BD  x  EF  (552),  the  frustum  of  a  cone 
generated  by  the  trapezoid  BDFE  will  be  equal  to 

i7iXEF>C{BE  +  DF+BE  XDF)    (527); 
consequently  the  segment  of  the  sphere  which  is  sum  of  these 

two  solids  =ziJixEFx  (2BE  +  ^DF+ ^BExDF+BD.)  But, 
by  drawing  BO  parallel  to  EF,  we  shall  h^ive DO  =  DF— BE, 

DO  z=i  DF  —  WF  X  BJE  +  BE  (182),  and  consequently 

BD::^BO  +  d6z:zEF4'DF—%DFxBE  +  BE.    Putting  this 

value  in  the  place  of  BD  in  the  expression  for  the  segment,  and 
reducing  it,  we  shall  have  for  the  solidity  of  the  segment 

iJty.  EFx  (sBE+SDF  +  Ef), 
an  expression  which  may  be  decomposed  into  two  parts;  the 

one  i 7, xEFx(3BE  +  SDFXi« EFx  (»xBE  +  »xg^ 

is  the  half  sum  of  the  bases  multiplied  by  the  altitude ;  the  other 

^  w  X  EF  represents  the  sphere  of  which  EF  is  the  diameter 
(548) ;  therefore  the  segment  of  the  sphere  &c. 

554.  Corollary.  If  one  of  the  bases  is  nothing,  the  segment  in 
question  becomes  a  spherical  segment  having  only  one  base ; 
therefore  every  spherical  segment  having  only  one  base  is  equivalent 
to  half  of  the  cylinder  of  the  same  base  and  same  altitude,  plus  the 
sphere  of  which  this  altitude  is  ,ihe  diameter. 

General  Scholium. 

555.  Let  R  be  the  radius  of  the  base  of  a  cylinder,  H  its  alti* 
tode;  the  solidity  of  the  cylinder  will  he  n  R*  x  H,  OTxR*  H. 
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Let  R  be  the  radius  of  the  base  of  a  cone,  H  its  altitude ;  the 
solidity  of  the  cone  will  henR^  x  iH^or^nR^  H. 

Let  A^  B,  be  the  radii  of  the  bases  of  the  frustum  of  a  cone, 
H  its  altitude,  the  solidity  of  the  frustum  will  be 
\nH{A''  +B^  +AB). 

Let  R  be  the  radius  of  a  sphere ;  its  solidity  will  be  |  ;r  R^. 

Let  R  be  the  radius  of  a  spherical  sector,  H  the  altitude  of  the 
2one,  which  answers  as  a  base ;  the  solidity  of  the  sector  will  be 
%nR^H. 

Let  P,  Q,  be  the  two  bases  of  a  spherical  segment,  H  its  alti- 
tude, the  solidity  of  this  segment  will  be  (    \     )  X-  H+\nH^. 

If  the  spherical  segment  have  only  one  base  P,  its  solidity 
will  be  \  PH+  i  n  H».  y^y 


Appendix  to  the  TTiird  Section  of  the  Second  Part. 
OF  SPHERICAL  ISOPERIMETRICAL  POLYGONS. 


THEOREM. 


556.  Let  She  the  number  of  solid  angles  in  a  polyedron^  H  the 
number  of  itsfacesy  A  the  number  of  its  edges  ;  then  in  all  cases  we 
^hall  have  S  +  H  ==  A  +^. 

Demmistraiion.  Within  the  polyedron,  take  a  point,  from  which 
let  straight  lines  be  drawn  to  the  vertices  of  all  its  angles ;  con- 
ceive next,  that  from  the  same  point  as  a  centre,  a  spherical  sur^ 
face  is  described,  meeting  all  these  straight  lines  in  as  many 
points;  join  these  points  by  arcs  of  great  circles,  so  as  to  form 
on  the  surface  of  the  sphere  polygons  corresponding  in  position 
and  number  with  the  faces  of  the  polyedron.  Let  ABODE 
be  one  of  these  polygons  (/g.  240),  and  n  the  number  of  itsFi^.  ::(y 
sides ;  its  surface  will  be  s  —  2n  +  4,  s  being  the  sum  of  the 
angles  A^  B,  C,  Z>,  E  (506).  If  the  surface  of  each  polygon  be 
estimated  in  a  similar  manner,  and  afterwards  the  whole  added 
together,  we  shall  find  their  sum,  or  the  surface  of  the  sphere, 
represented  by  8,  to  be  equal  to  the  sum  of  all  the  angles  of  the 
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polygons,  minus  twice  the  number  of  their  sides,  plus  4,  taken  as 
many  times  as  there  are  faces.  Now,  since  all  the  angles  which 
meet  at  any  one  point  A  are  equal  to  four  right  angles,  the  sum 
of  all  the  angles  of  the  polygons  must  be  equal  to  4,  taken  as 
many  times  as  there  are  solid  angles ;  it  is  therefore  equal  to  4& 
Also,  twice  the  number  of  sides  AB^  BC^  CD,  &c.,  is  equal  to 
four  times  the  number  of  edges,  or  to  4.4 ;  since  the  same 
edge  is  in  every  case  a  side  to  two  faces.  Hence  we  have 
8  =  4S  —  4^  ^  4ff;  or,  dividing  the  whole  by  4,  2  =  S—  jf  +  IT; 
therefore  S  +  H=^  w*  -h  2. 

557.  Corollary.  From  this  it  follows,  that  the  swea  of  all  the 
plant  angles^  which  form  the  solid  angles  of  a  polyedron^  is  equal  to 
as  many  times  four  right  angles  as  there  are  units  in  S —  %S  being 
the  number  of  solid  angles  of  the  polyedron. 

For,  if  we  consider  a  face,  the  number  of  whose  sides  is  n, 
we  shall  find  that  the  sum  of  the  angles  of  this  face  is  equal  to 
2  n  —  4  right  angles  (79).  But  the  sum  of  all  these  2n's,  or  twice 
the  number  of  sides  in  all  the  faces,  will  be  4A ;  and  4,  taken  as 
many  times  as  there  are  faces,  will  be  43";  hence  the  sum 
of  the  angles  in  all  the  faces  is  4A  —  AH»  Now,  by  the  theorem 
just  demonstrated,  we  have  A  —  Hz=:S — 2,  and  consequently 
4A  —  41?  =  4  (S  —  2).    Therefore  the  sum  of  all  the  plane  angles^ 

THEOREM.  . 

558.  Of  all  the  spherical  triangks  formed  with  two  given  sides 
Fig.  276.  CA,  CB  (fig:  276),  and  a  third  assumed  at  pleasure^  the  greateM^ 

ABC,  is  that  in  which  the  angle  C,  contained  by  the  given  side^,  is 
equal  to  the  sum  of  the  two  other  angles\  A  and  B. 

Demonstration.  Produce  the  two  sides  AC^  AB^  till  they  meet 
inD;  we  shall  have  a  spherical  triangle  BCD,  in  which  the 
angle  DBC  is  also  equal  to  the  sum  of  the  two  other  angles 
BDC,  BCD,  For,  BCD  +  BCA,  being  equal  to  two  right  an- 
glcs,  and  likewise  CBA  +  CBD,  we  have 

.     BCD  +  BCA^CBA  +  CBD; 
and  addinor  BDC  =-■  BAC,  we  shall  have 

BCD  +  BCA  +  BDC=::CBA+  CBD  +  BAC. 
Now,  by  hypothesis,  BCA  =  CBA  +  BAC'y  hence 
CBD=BCD  +  BDC. 
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Draw  BI  making  the  aogle  CBI  =  BCD,  and  eraaequentlj 
IBD  :sBDC;  the  two  triangles  IBD,  IBQ  will  be  isosceles* 
and  we  shall  have  IC^IBzsl  ID.  Hence  the  point  /,  the  midr 
die  point  of  DCj  is  at  equal  distances  from  the  three  poinU 
J8,  C,  JD.  For  a  similar  reason,  the  point  O,  the  middle  rf 
BA,  is  equally  distant  from  the  points  Jl,  B^  C 

Now,  suppose  C^  ==  C/i  and  the  angle  BCA'  >  BCA,  if 
Jl^B  be  joined,  and  the  arcs  A'C,  A'B,  produced  tiil  they  meet 
in  ly,  the  arc  D^CA'  will  be  a  semicircumference,  as  well  as 
DCA ;  therefore,  since  we  have  CA'  =  CA,  we  shall  also  have 
CD  =  CD.  But  in  the  triangle  CID,  we  have  C/  +  /IX  >  CJ> ; 
hence  ID>CD—  CI,  or  ID  >  ID. 

In  the  isosceles  triangle  CIB,  bisect  the  angle  /  by  the  arc 
EIF^  which  will  also  bisect  £C  at  right  angles.  If  a  point  L  is 
assumed  between  /  and  £,  the  distance  BL,  equal  to  LC,  will 
be  less  than  £/;  for  it  might  be  shewn  as  in  art.  41,  that 
BL^LC  <iBI  +  IC\  and,  taking  the  half  of  each,  that 
BL  <  BI.  But  in  the  triangle  DLC,  we  have  DL  >  IKC  —  CL, 
and  still  more  DL  >  DC—  CI, or  DL  >  Z)/,  or  DL>BI; 
cnoseqaently  DL  >  JBL.  Hence^  if  in  the  arc  EIF,  we  seek  for 
a  point  eqwally  distant  from  tfafe  three  points  B,  C,  J>,  it  can 
be  found  only  in  the  prolongation  of  EI  towards  F.  Let  F  be 
the  point  required;  we  shall  have  Dt  ^Bt  ^CI'\  the  trian- 
gles PCB^  VCD,  FBD,  being  isosceles,  we  shall  have  the  equal 
angles  PBC  ==  FCB,  VBD  ^  FDB,  I'CD  =  FDC.  But  the 
angles  DBC  +  CBA'  are  eqnat  to  two  right  angles,  and 

DCB+BCA* 
are  likewise  equal  to  two  right  angles ;  therefore 
DBI'^FBC  +  CBA'^% 
BCF  —  FCD  +  BCA'  =  2. 
Add  together  the  two  equations  observing  that  FBC  =  BCF,  and 
DBF  —  FCD  =  BDF  —  FDC^  CDB  =  CA'B;  and  we  shall 
have  2FBC+CA'B+CBA'  +  BCA'=^4. 

Hence  CA'B  +  CBA'  +  BCA'  —  2  (which  measures  the  area  of 
the  triangle  A'BC  (501)  =2-^2  FBC ;  so  that  we  have 

area  A'BC=i  2—  2  angle  FBC ;     " 
likewise,  in  the  triangle  ABC,  we  shoald  have 
area  ABC  =  2  —  2  angle  IBC. 
Now  the  angle  FBC  has  already  been  proved  to  be  greater  than 
IBC\  hence  the  area  A'BC  is  less  than  ABC. 

Geom.  26 
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The  same  demonstration  would  lead  to  the  same  conciusioa, 
Fij.  277.  if,  taking  always  the  arc  CjI"  =  Ctf,  the  angle  BCA'  {fig.  277) 
were  made  less  than  £Cj2;  hence  ABC  is  the  greatest  of  all 
those  triangles,  which  have  two  sides  given,  and  the  third  to  be 
assumed  at  pleasure* 
Fig.  378.  559.  Scholium  u  The  triangle  JiBC  (Jig.  278),  the  greatest 
of  all  those  which  have  two  given  sides  Cf ,  CJB,  may  be  inscrib- 
ed in  a  semicircle,  the  diameter  of  which  is  the  chord  of  the 
third  side  AB\  fm*  O  being  the  middle  point  of  AB,  the  dis- 
tances OC^  OB  J  as  we  have  seen,  are  equal ;  hence  the  circum- 
ference of  a  small  circle,  described  from  the  point  O  as  a  pole, 
with  the  distance  OjB,  will  pass  through  the  three  points  A,  B,C 
Moreover,  the  straight  line  AB  is  a  diameter  to  this  small  circle; 
for  the  centre,  which  must  be  at  once  in  the  plane  of  the  small 
circle,  and  (456)  m  the  plane  of  the  arc  of  the  great  circle  BOJi 
must  of  necessity  be  found  in  the  intersection  of  those  two  planes, 
which  is  the  straight  line  BA ;  hence  BA  will  be  a  diameter. 

560.  Scholium  ii.  In  the  triangle  ABC^  the  angle  C  being 
equal  to  the  sum  of  the  other  two  A  and  S,  the  sum  of  all  (lie 
three  angles  must  be  double  of  the  angle  C.  But  (489)  that  sum 
is  always  greater  than  two  right  angles ;  hence  C  is  always 
greater  than  one. 

561.  Scholium  iii.  If  the  sides  CB,  C/f,  are  produced  ull 
they  meet  in  E,  the  triangle  BAE  will  be  equal  to  the  foorth 
part  of  the  surface  of  the  sphere.    For  the  angle 

E^C=^ABC+CAB', 
hence  the  three  angles  of  the  triangle  BAE  are  equivalent  lo 
the  four  ABC,  ABE,  CAB,  BAE,  whose  sum  is  equal  to  four 
right  angles ;  therefore  (505)  the  surface  of  the  triangle 

B^E  =  4  — 2=2, 
which  is  the  folirth  part  of  the  surface  of  the  sphere. 

562.  Scholium  iv.  There  could  be  no  maximum,  if  the  sum  o! 
the  two  given  sides  CA,  CB,  were  equal  to,  or  greater  than,  the 
semicircumference  of  a  great  circle.  For,  since  the  triangte 
ABC  must  be  capable  of  being  inscribed  in  a  semicircle  of  the 
sphere,  the  sum  of  the  two  sides  CA,  CB,  will  be  less  (460)  than 
the  seraicircumference  BCA,znd  consequently  less  than  half  the 
circumference  of  a  great  circle. 

The  reason  why  there  can  be  no  maximum,  when  the  sum  of 
the  two  given  sides  is  greater  than  the  semicircumference  of  a 
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great  circle,  is  that  in  this  case  the  triangle  continues  to  augment, 
as  the  angle  contained  by  its  two  given  sides  augments ;  and  at 
last,  when  this  angle  becomes  equal  to  two  right  angles,  the  three 
sides  are  all  in  the  same  plane,  and  form  a  whole  circumference ; 
the  spherical  triangle  has  then  increased  to  a  hemisphere,  bat  it 
has  at  the  same  time  ceased  to  be  a  triangle. 

THBOREH. 

563.  Of  all  the  spherical  triar^les^  formed  with  a  given  side  and 
u  given  perimeter^  the  greatest  is  that  in  vohich  the  two  undetermined 
9tdes  are  equal* 

Demonstration.    Let  AS  {fig.  279)  the  given  side  be  common  Fig.  «79. 
to  the  two  triangles  A CB,  ADB,  and  lei  AC  +  CB=z  AD +  DB', 
we  are  to  show  that  the  isosceles  triangle  ACB^  in  which 
AC^CB^  is  greater  than  ADB^  which  is  not  isosceles. 

Since  these  triangles  have  the  common  part  AOB^  it  will  be 
<  suflScient  to  prove  that  the  triangle  BOD  is  less  than  AOC.  Now, 
the  angle  CBA^  equal  to  CAB^  is  greater  than  OAB\  therefore 
(497)  the  side  AO  is  greater  than  OB.  Take  OI  =  OB^  make 
OK=i  OD,  and  join  KI^  the  triangle  OKI  (497)  will  be  equal  to 
DOB.  Now,  if  the  triangle  DOB,  or  its  equal  KOI,  is  not  ad- 
mitted to  be  less  than  OAC,  it  must  be  either  equal  or  greater ; 
in  both  which  cases,  since  the  point  /  is  between  A  and  O,  the 
point  K  must  be  found  in  the  prolongation  of  OC,  otherwise  the 
triangle  OKI  would  be  contained  in  the  triangle  CwJFO,  and 
therefore  less  than  CAO.  This  granted,  since  the  shortest  way 
from  CioAisCA^we  have  CK+KI+IA >  CA.  But 
CK^OD^CO,  AI^AO—OB,  KIz^BDi 
hence  OD  —  CO  +  AO  -^  OB  +  BD>  CA,  or  by  reduction, 
AD  —  CB  +  BD>CA,ovAD  +  BD>CA  +  CB.  But  this  in- 
equality is  at  variance  wiih  the  supposition  of 

AD  +  BD^CA  +  CBy 
hence  the  point  K  cannot  fall  in  the  prolongation  of  OC;  conse- 
quently it  falls  between  O  and  C,  and  the  triangle  KOI  or  its 
equal  ODB  is  less  than  «4 CO;  therefore  the  isosceles  triangle 
ACB  is  greater  than  ADB  having  the  same  base  and  perimeter, 
which  is  not  isosceles. 

564.  Scholium.    The  two  last  theorems  are  analogous  to  those 
of  art.  63  and  69,  of  the  appendix  to  section  fourth;  and  from 
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ibem  may  be  deduced,  wkh  regard  to  spherieal  polygons,  the 
same  consequences  as  we  have  obtained  respecting  plane  poly- 
gons.   The  chief  are  as  follows : 

565.  Among  apherical  polygons  of  (Ae  sixme  permUer  mnd  fke 
same  number  of  sides^  that  u  the  greaiett  which  hoi  its  sides  equmL 

The  demonstration  is  the  same  as  that  of  arU  301. 

566.  Among  ^herical  polygons  formed  of  known  sidei  and  one 
side  taken  at  pleasure^  the  greatest  is  that  nhich  can  be  inscribed  in  a 
semicircle  the  diameter  of  which  is  equtU  to  the  chord  of  the  undeier' 
mined  side* 

The  demonstration  is  deduced  from  art.  559,  in  the  manner 
exhibited  in  art.  303^  It  is  requisite  Cor  the  existence  of  a  max' 
tmum,  that  the  sum  of  the  given  sides  be  less  than  the  semicii^ 
cumference  of  a  great  circle. 

567.  Among  spherical  polygons  formed  of  given  sides^  ike  greatest 
is  that  which  can  he  inscribed  in  a  circle  of  the  sphere. 

The  demonstration  is  the  same  as  that  of  art.  303. 

568.  Among  spherical  polygons  which  have  the  same  perime- 
ter and  the  same  number  of  sides,  the  greatest  is  that  which  has  its 
angles  equ(il^  and  its  sides  equaL 

This  results  from  the  first  and  the  third  of  the  above  proposi- 
tions. 

Jfote.  All  the  propositioM  relating  to  the  maxima  of  spherical 
polygons,  are  also  applicable  to  solid  angles,  of  which  these  poly- 
gons are  the  ineasures. 


Appendix  to  Sections  Second  and  Third* 
OF  THE  REGULAR  POLYEDROIf Sr 


THEOREM. 


569.  There  can  be  only  five  regular  polyedrons. 

Demonstration.  For,  regular  pob/edrons  were  defined  as  having 
equal  regular  polygons  for  their  faces,  and  all  their  solid  angles 
equal.  These  conditions  cannot  be  fulfilled  except  in  a  small 
number  of  cases. 
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U  If  the  feces  are  equilateral  a*iangles,  polyedrons  may  be 
formed  of  them,  having  solid  angles  contained  bj  three  of  those 
triangles,  by  four,  or  by  five :  hence  arise  three  regular  bodies, 
the  tetraedton^  the  octaedron,  the  icosaedron.  No  other  can  be 
formed  with  equilateral  triangles ;  for  six  angles  of  such  a  trian- 
gle are  equal  to  four  right  angles,  and  (356)  cannot  form  a  solid 
angle. 

9.  If  the  faces  are  squares,  their  angles  may  be  arranged  by 
threes:  hence  results  the' hexaedron  or  cube.  Four  angles  of  a 
square  are  equal  to  four  right  angles,  and  cannot  form  a  solid 
angle. 

3.  In  fine,  if  the  faces  are  regular  pentagons,  their  angles 
may  likewise  be  arranged  by  threes ;  the  r^lar  dodecatdron 
will  thus  be  formed* 

We  can  proceed  no  farther ;  three  angles  of  a  regular  hexagon 
are  equal  to  four  right  angles ;  three  of  a  heptagon  are  greater. 

Hence  there  can  be  only  five  regular  polyedrons ;  three  form- 
ed with  equilateral  triangles,  one  with  squares,  and  one  with 
pentagons. 

570.  Scholium,  In  the  following  problem,  we  shall  show 
that  the^e  five  polyedrons  actually  exist;  and  that  all  their 
dimensions  may  be  determined,  when  one  of  their  faces  is  known* 

PROBLEM. 

571  •  One  of  the  faces  of  a  regular  polyedron^  or  only  a  side  ofit^ 
heing  given,  to  construct  the  polyedron. 

Solution^  This  problem  admits  of  five  cases,  which  we  pro- 
eeed  to  solve  in  succession. 

Construction  of  the  TetraedrofU 

579.  Let  ABC  {fig.  380)  be  the  equilateral  triangle  which  is  Rg.  ssou 
to  form  one  of  the  faces  of  the  tetraedron.    At  the  point  O,  the 
centre  of  this  triangle,  erect  OS  perpendicular  to  the  plane  ABC ; 
let  this  perpendicular  terminate  in  S,  so  tliat  ^S=  AB ;  join  SB, 
SO;  the  pyramid  S^ABC  will  be  the  tetraedron  required. 

For,  on  account  of  the  equal  distances  OA,  OB,  00,  the  ob- 
lique lines  SA,  SB,  SC  are  equally  removed  from  the  perpen- 
dicular SO,  and  consequently  equal  to  each  other.  One  of  them 
SA  =  AB ',  hence  the  four  faces  of  the  pyramid  S-ABC  are  tri- 
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angles,  equal  to  the  given  triangle  ABC.  And  the  solid  angles  of 
this  pyramid  are  all  equal,  because  each  of  them  is  formed  by  three 
equal  plane  angles :  this  pyramid  therefore  is  a  regular  tetraedron. 

Construction  of  the  Hexaedron. 

rfg.9»i.  573.  Let  ABCD  (fg.  281)  be  a  given  square.  On  the  base 
ABCD^  construct  a  right  prism  whose  altitude  ^£  shall  be  eqoal 
to  the  side  AB.  The  faces  of  this  prism  will  evidently  be  equal 
squares ;  and  its  solid  angles  all  equal  to  each  other,  each  being 
formed  by  three  right  angles ;  this  prism  therefore  is  a  regular 
hezaedron  or  cube. 

Construction  of  the  Oclaedron. 

F!|.  S8S.  574.  Let  AMB  (/g*  383)  be  a  given  equilateral  triangle.  Ob 
the  side  AB^  describe  a  square  ABCD ;  through  the  point  0, 
the  centre  of  this  square,  let  the  perpendicular  TS  be  drawn, 
terminating  on  the  one  hand  and  on  the  other  in  T  and  S,  so  that 
or  =  OS  =  OA ;  then  join  SA,  SB,  TA,  &c ;  we  shall  have 
a  solid  SABCDT,  composed  of  two  quadrangular  pyramids 
S-ABCDy  T-ABCD,  united  together  by  their  ceounon  base 
ABCD\  this  solid  will  be  the  required  octaedron. 

For,  the  triangle  AOS  is  right-angled  at  0,  and  likewise  the 
triangle  AOD  ^  the  sides  AOj  05,  OD,  are  equal  to  each  other; 
hence  those  triangles  are  equal,  and  AS  =  AD»  In  the  same 
manner  we  could  shew,  that,  all  the  other  right-angled  triangles 
AOT,  BOS,  COT,  &c.,  are  equal  each  to  the  triangle  ^ODi 
hence  all  the  sides  AB,  AS,  AT,  ice,  are  equal  to  each  other, 
and  therefore  the  solid  SABCDT  is  contained  by  eight  triangles, 
each  equal  to  the  given  equilateral  triangle  ABM.  We  have 
yet  to  shew  that  the  solid  angles  of  this  polyedron  are  equal  to 
each  other ;  that  the  angle  S,  for  example,  is  equal  to  the 
angle  B. 

Now,  the  triangle  SAC  is  evidently  equal  to  the  triangle  JDAC^ 
and  therefore  the  angle  ASC  is  a  right  angle  $  hence  the  figure 
SATC  is  a  square  equal  to  the  square  ABCD.  But  if  we  com- 
pare the  pyramid  B-ASCT  with  the  pyramid  S^BCD,  we  shall 
see  that  the  base  ASCT  of  the  first  may  be  placed  on  the  base 
ABCD  of  the  second;  then,  the  point  O  being  their  common 
centre,  the  altitude  OB  of  the  first  will  coincide  with  the  allhude 
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OS  of  the  second  ;  and  the  two  pyramids  will  exactly  coincide 
with  each  other  in  all  points ;  hence  the  solid  ans^le  S  is  equal  to 
the  solid  angle  B ;  and  therefore  the  solid  SABCDT  is  a  regu- 
lar octaedron. 

575.  Scholium.  If  three  equal  straight  lines  AC,  BD^  ST,  are 
perpendicular  to  each  other,  and  bisect  each  other,  the  extremi- 
ties of  these  straight  lines  will  be  the  vertices  of  a  regular  octae- 
dron. 

Construction  of  the  Dodecaedron* 

576-  Let  ABCDE  (fig.  283)  be  a  given  i-egular  pentagon  ;  let  Rg.  MS. 
JLBP,  CBP,  be  two  plane  angles  each  equal  to  the  angle  ABC. 
With  these  plane  angles  form  the  solid  angle  £;  and  by  art.  361 
determine  the  mutual  inclination  of  two  of  these  planes ;  which 
inclination  we  shall  call  K,  In  like  manner,  at  the  points  C, 
D,  E,  A,  form  solid  angles,  equal  to  the  solid  angle  J5,  and  which 
shall  be  similarly  situated ;  the  plane  CBP  will  be  the  same  as 
the  plane  BCG,  since  both  of  them  are  inclined  at  an  equal  an- 
gle K  to  the  plane  ABCD;  hence  in  the  plane  PBCG,  we  may 
describe  the  pentagon  BCGFP,  equal  to  the  pentagon  ABCDE. 
If  the  same  thing  is  done  in  each  of  the  other  planes  CDI,  DEL, 
kc.,  we  shall  have  a  convex  surface  PEGH^  &cc.,  composed  of 
six  regmlar  pentagons,  all  equal  to  each  other,  and  each  inclined 
to  its  adjacent  plane  by  the  same  quantity  K.  Let  pfgh,  &c. 
be  a  second  surface  equal  to  PFGH,  &ic. ;  we  say  that  these  two 
surfaces  may  be  Joined  so  as  to  form  only  a  single  continuous 
convex  surface.  For  the  angle  opf,  for  example,  may  be  joined 
to  the  two  angles  OPB,  BPF^  so  as  to  make  a  solid  angle  P 
equal  to  the  angle  B  \  and  by  this  joining  together  no  change 
will  take  place  in  the  inclination  of  the  planes  BPF,  BPO,  that 
inclination  being  already  such  as  is  required  to  form  the  solid 
angle.  But  whilst  the  solid  angle  P  is  forming,  the  side />/ will 
apply  itself  to  its  equal  PF,  and  at  the  point  F  will  be  found 
three  plane  angles  PFG,  pfe,  efg,  united  so  as  to  form  a  solid 
angle  equal  to  each  of  the  solid  angles  already  formed ;  and  this 
junction,  like  the  former,  will  take  place  without  producing  any 
change  either  in  the  state  of  the  angle  P  or  in  that  of  the  surface 
^fe^  &<^- ;  for  the  planes  PFG,  efp,  already  joined  at  P,  have 
the  requisite  inclination  K,  as  well  as  the  planes  e/g,  tfp. 
Continuing  the  comparison,  in  this  way,  by  successive  steps,  it 
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will  appear  that  the  two  surfaces  adjaat  themselves  perfedlj  fa 
each  other,  and  form  a  siogle  continuous  convex  surface ;  which 
will  be  that  of  the  regular  dodecaedroni  sbce  it  is  compoaed  of 
twelve  equal  regular  pentagons,  and  has  all  its  solid  angles  equal 
to  each  other. 

Canttruciwn  of  the  Icoeaedtrm. 

Tifr  184.  577.  Let  JiBC  {Jig.  384)  be  one  of  its  faces.  We  must  first 
form  a  solid  angle  with  five  planes  each  equal  to  wiBC,  and  each 
equally  inclined  to  its  adjacent  one.  To  effect  this,  on  the  side 
B'C,  equal  to  BC,  construct  the  regular  pentagon  B^OH*FD ; 
at  the  centre  of  this  pentagon,  draw  a  line  at  right  angles  to  its 
plane,  and  terminating  in  A\  so  that  B'^  ^E'C^  join  d^O, 
A'lf,  A'Vy  A'D ;  the  solid  angle  A'  formed  by  the  five  planes 
BA'O,  OA'H\  &c.,  will  be  the  solid  angle  required.  For  die 
oblique  lines  A'B^^  A!0^  &c.  are  equal ;  one  of  them  A*R  is 
equal  to  the  side  B'0\  hence  all  the  triangles  B'A'C,  OA'B, 
&c.  are  equal  to  each  other  and  to  the  given  triangle  ABCm 

It  is  farther  manifest,  that  the  planes  B*A%  CA'EP^  &c.,  are 
all  equally  inclined  to  their  adjacent  planes;  for  the  solid  angles 
^,  (7,  &c.,  are  all  equal  to  each  other,  being  each  formed  by 
two  angles  of  equilateral  triangles,  and  one  of  a  regular  penu- 
gon.  Let  K  be  the  inclination  of  two  planes,  forming  the  equal 
angles,  which  inclination  may  be  determined  by  art.  361  ;  the 
angle  K  will  at  the  same  time  be  the  inclination  of  each  of  the 
planes  composing  the  solid  angle  A'  to  their  adjacent  planes. 

This  being  granted,  if  at  each  of  the  points  A^  B,  C,  a  sohd 
angle  be  formed  equal  to  the  angle  A^^  we  shall  have  a  convex 
surface  DEFG,  &c.,  composed  of  ten  equilateral  triangles,  ev«y 
one  of  which  will  be  inclined  to  its  adjacent  triangle  bj  tl^ 
quantity  if;  and  the  angles  D,  jB,  JP,  &c.,  of  its  contour  will 
alternately  combine  three  angles  and  two  angles  of  equilateral 
triangles.  Conceive  a  second  surface  equal  to  the  surface 
DEFOy  &c. ;  these  two  surfaces  will  adapt  themselves  to.each 
other,  if  each  triple  angle  of  the  one  is  joined  to  each  double 
angle  of  the  other;  and,  since  the  planes  of  these  angles  have 
already  the  common  inclination  K^  requisite  to  form  a  quintuple 
solid  angle  equal  to  the  angle  A,  this  junction  will  require  no 
change  in  the  state  of  either  surface,  and  the  two  together  will 
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form  a  single  continuous  surface,  composed  of  twenty  equilateral 
triangles.  This  surface  will  be  that  of  the  regular  icosaedron, 
since  all  its  solid  angles  are  equal  to  each  other*! 

PnOBLEM. 

578.  To  find  the  inclination  of  tjoo  adjacent  faces  of  a  regular 
polytdron. 

Solution.  This  inclination  is  deduced  immediately  from  the 
construction  we  have  juPt  given  of  the  five  regular  polyedrons^ 
taken  in  connexion  with  art.  361,  by  means  of  which  the  three 
plane  angles  that  form  a  solid  angle  being  given,  the  angle  which 
two  of  these  plane  angles  form  with  each  other  may  be  deter- 
mined. 

In  the  tetraedron.  Each  solid  angle  is  formed  of  three  angles 
of  equilateral  triangles ;  therefore  seek,  by  the  problem  referred 
to,  the  angle  which  two  of  these  planes  contain  between  them, 
and  it  will  be  the  inclination  of  two  adjacent  faces  of  the  tetrae* 
dron. 

In  the  hexaedron.  The  angle  contained  by  two  adjacent  faces 
is  a  right  angle. 

In  the  octaedron.  Form  a  solid  angle  with  two  angles  of  equi- 
lateral triangles  and  a  right  angle ;  the  inclination  of  the  two 
planes,  in  which  the  triangular  angles  are  situated,  will  be  that 
of  two  adjacent  faces  of  the  octaedron. 

In  the  dodecaedron.  Every  solid  angle  is  formed  by  three  an- 
gles of  regular  pentagons ;  the  inclination  of  the  planes  of  two 
of  these  angles  will  be  that  of  two  adjacent  faces  of  the  dodecae- 
dron. 

In  the  icosaedron.  Form  a  solid  angle  with  two  angles  of 
lequilateral  triangles  and  one  of  a  regular  pentagon  ;  the  inclina- 
tion of  the  two  planes,  in  which  the  triangular  angles  are  situated, 
i?ill  be  that  of  two  adjacent  faces  of  the  icosaedron. 

t  If  the  figures  287,  288,  289,  290,  291,  be  accurately  drawn  on 
pasteboard  and  the  fine  lines  be  cut  through,  and  the  foil  lineB  cut 
only  half  through,  the  edges  of  the  several  polygons  in  each  figure 
may  be  brought  together  and  glued,  the  shaded  one  remaining  fixed. 
Models  of  the  several  regular  polyedrons  may  thus  be  easily  ob- 
tained. 

Gjeom.  27 
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PROBLEM. 

579.  7%e  side  of  a  regular  polyedron  being  giveHy  to  find  (he  r^ 
dius  of  the  inscribed  and  that  of  the  circumscribed  sphtre. 

Solution.  It  must  first  be  shown,  that  every  regular  poljedron 
is  capable  of  being  inscribed  in  a  sphere,  and  of  being  circum- 
scribed about  it. 
F%.  292.  Let  AB  {fig.  292)  be  the  side  common  to  two  adjacent  faces; 
C  and  E  the  centres  of  those  faces ;  CD,  £A  the  perpendkii* 
lars  let  fall  from  these  centres  upon  the  common  side  w9fi,  and 
therefore  terminating  in  D  the  middle  point  of  that  side.  The 
two  perpendiculars  CD,  DE,  make  with  each  other  an  angle 
which  is  known,  being  the  inclination  of  two  adjacent  faces,  and 
determinable  by  the  last  problem.  Now,  if  in  the  plane  CD£, 
at  right  angles  to  AB,  two  indefinite  lines  CO  and  OE  be  drawn 
perpendicular  to  CD  and  ED,  and  meeting  each  other  id  0; 
•this  point  O  wull  be  the  centre  of  the  inscribed  and  of  the  ci^ 
cumscribed  sphere,  the  radius  of  the  fir^t  being  OC,  that  of  the 
second  OA. 

For,  since  the  perpendiculars  CD,  DE,  are  equal,  and  the 
hypothenuse  DO  is  common,  the  right-angled  triangle  CDO 
must  (56)  be  equal  to  the  right-angled  triangle  ODE,  and  the 
perpendicular  OC  to  0£.  But,  AB  being  perpendicular  to  the 
plane  CDE,  the  plane  ABC  (349)  is  perpendicular  to  CDEj  or 
CDE  to  ABC',  likewise  CO,  in  the  plane  CDE  is  perpendicu- 
lar to  CD,  the  common  intersection  of  the  planes  CDE,  ABC; 
hence  (351)  CO  is  perpendicular  to  the  plane  ABC.  For  the 
same  reason,  EO  is  perpendicular  taXhc*'{)l«inew2i?£;  hence  the 
two  straight  lines  CO,  EO,  drawn  perpendicular  to  the  planes  of 
two  adjacent  faces,  through  the  centres  of  those  faces,  will  mcd 
in  the  same  point  O,  and  be  equal  to  each  other.  Now,  suppose 
that  ABC  and  ABE  represent  any  other  two  adjacent  faces;  the 
perpendicular  CD  will  still  continue  of  the  same  magnitude;  and 
also  the  angle  CDO,  the  half  of  CDE ;  consequently  the  right- 
angled  triangle  CDO,  and  its  side  CO  will  be  equal  in  all  the  faces 
of  the  polyedron ;  hence,  if  from  the  point  0  as  a  centre  with  the 
radius  OC,  a  sphere  be  described,  it  will  touch  all  the  faces  of 
the  polyedron  at  their  centres,  the  p\dLncsABC,ABE,  &c.,  being 
each  perpendicular  to  a  radius  at  its  extremity ;  therefore  the 
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sphere  will  be  inscribed  in  the  poljedron,  or   the  polyedron 
circumscribed  about  the  sphere. 

Again,  join  OA,  OB ;  since  CA  =  Cfi,  the  two  oblique  lines 
OA,  OB^  being  equally  remote  from  the  perpendicular,  will  be 
equal  \  so  also  will  any  other  two  lines  drawn  from  the  centre 
O  to  the  extremities  of  any  one  side ;  hence  all  those  lines  will 
be  equal  to  each  other ;  and,  if  from  the  point  O  as  a  centre,  with 
the  radius  OA^  a  spherical  surface  be  described,  it  will  pass 
through  the  vertices  of  all  the  solid  angles  of  the  polyedron ; 
hence  the  sphere  will  be  circumscribed  about  the  polyedron,  or 
the  polyedron  inscribed  in  the  sphere. 

This  being  settled,  the  solution  of  the  problem  presents  no 
farther  difficulty,  and  may  be  effected  thus : 

One  face  of  the  polyedron  being  given,  describe  that  face ; 
and  let  CD  {fig.  293)  be  a  perpendicular  from  its  cen're  upon  F5fip2» 
one  of  its  sides.  Find,  by  the  last  problem,  the  inclination  of 
two  adjacent  faces  of  the  polyedron,  and  make  the  angle  CDE 
equal  to  this  inclination ;  take  DE  =  CD  \  draw  CO  and  EO 
perpendicular  to  CD  and  £D,  respectively ;  these  two  perpen- 
diculars will  meet  in  a  point  O ;  and  CO  will  be  the  radius  of 
the  sphere  inscribed  in  the  polyedron. 

On  the  prolongation  of  DC^  take  CA  equal  to  a  radius  of  the 
circle,  which  circumscribes  a  face  of  the  polyedron  ;  AO  will  be 
the  radius  of  the  sphere  circumscribed  about  this  same  polyedron. 

For,  the  right-angled  triangles  CDO^  CAO,  in  the  present 
diagram,  are  equal  to  the  triangles  of  the  same  name  in  the  pre- 
ceding diagram ;  and  thus,  while  CD  and  CA  are  the  radii  of 
the  inscribed  and  tl^^ircumscribed  circles  belonging  to  anyone 
face  of  the  polyedron,  OO-and  OA  are  the  radii  of  the  inscribed 
and  the  circumscribed  spheres  which  belong  to  the  polyedron 
itself. 

580.  Scholium.  From  the  foregoing  propositions,  several  con- 
sequences may  be  deduced. 

I.  Any  regular  polyedron  may  be  divided  into  as  many  regu- 
lar pyramids  as  the  polyedron  has  faces ;  the  common  vertex  of 
these  pyramids  will  be  the  centre  of  the  polyedron ;  and  at  the 
same  time,  that  of  the  inscribed  and  of  the  circumscribed  sphere. 

II.  The  solidity  of  a  regular  polyedron  is  equal  to  its  surface 
multiplied  by  a  third  part  of  the  radius  of  the  inscribed  sphere. 
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III.  Two  regular  polyedrons  of  the  same  name  are  two  similar 
solids,  and  their  homologous  dimensions  are  proportional ;  hence 
the  radii  of  the  inscribed  or  of  the  circumscribed  spheres  are  to 
each  other  as  the  sides  of  the  polyedrons. 

IV.  If  a  regular  polyedron  is  inscribed  in  a  sphere,  the  planes 
drawn  from  the  centre,  along  the  different  edges,  will  divide  the 
surface  of  the  sphere  into  as  many  spherical  polygons,  as  the 
polyedron  has  faces  all  equal  and  similar  among  themselves. 


Improved  Demonstration  of  the  Theorem  for  the 
Solidity  of  the  Triangular  Pyramid. 
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THEOREM* 


568.  Two  triangular  pyramids,  having  equivalent  bases  and  equal 
altitudes^  are  equivalent,  or  equal  in  solidity. 

heiS^BC^  s-abc  (Jig.  294)  be  two  triangular  pyramids  ofFSg.  294 
which  the  two  bases  ABC,  a  be,  supposed  to  be  situated  in  the 
same  plane,  are  equivalent,  the  altitude  TA  being  the  same  in 
both.  If  they  are  not  equivalent,  let  s-a  b  c,  be  the  smaller ;  and 
suppose  jj  a  to  be  the  altitude  of  a  prism,  which  having  ABC  for 
its  base,  is  equal  to  their  difference. 

Divide  the  altitude  AT  into  equal  parts  Ax,  xy,  yz,  &c., 
each  less  than  A  a,  and  let  k  be  one  of  these  parts ;  through  the 
points  of  division  suppose  planes,  parallel  to  the  plane  of  the  bases ; 
the  corresponding  sections  formed  by  these  planes  in  the  two 
pyramids  will  be  respectively  equivalent  by  art.  409,  namely, 
DEF,  to  d  ef,  GHI,  io  gh  i,  &c. 

This  being  granted,  upon  the  triangles  ABC,  DEF,  GHI,  &c., 
taken  as  bases,  construct  exterior  prisms  having  for  edges  the 
parts  AD,  DG,  GK,  &c.,  of  the  side  SA ;  in  like  manner,  on  the 
bases  def,ghi,klm,  &c.,  in  the  second  pyramid,  construct  inte- 
rior prisms  having  for  edges  the  corresponding  parts  of  sa.  It 
is  plain  that  the  sum  of  all  the  exterior  prisms  of  the  pyramid 
S-ABC  will  be  greater  than  this  pyramid;  and  also  that  the 
sum  of  all  the  interior  prisms  of  the  little  pyramid  s-a  b  c  will  be 
less  than  this.  Hence  the  difference  between  the  sum  of  all  the 
exterior  prisms  and  the  sum  of  all  the  interior  ones,  must  be 
greater  than  the  difference  between  the  two  pyramids  them- 
selves. 
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Now,  beginning  with  the  bases  ABC,  a  he,  the  second  exte* 
rior  prism  DEFO  is  equivalent  to  the  first  interior  prism  d  tfa, 
because  they  have  the  same  altitude  k,  and  their  bases  DEF, 
d  eff  are  equivalent ;  for  like  reasons,  the  third  exterior  prism 
OHIK  And  the  second  interior  prism  ghid  are  equivalent ;  the 
fourth  exterior  and  the  third  interior ;  and  so  on,  to  the  last  in 
each  series.    Hence  atl  the  exterior  prisms  of  the  pyramids 
S-ABC,  excepting  the  first  prism  DABC,  have  equivalent  cor- 
responding ones  in  the  interior  prisms  of  the  pyramid   s-abc, 
hence  the  prism  DABC  is  the  difference  between  the  sum  of  all 
the  exterior  prisms  of  the  pyramid  S-ABC ;  and  the  sum  of  all  the 
interior  prisms  of  the  pyramid  s-a  b  c.     But  the  difference  bc^ 
tween  these  two  sets  of  prisms  has  already  been  proved  to  be 
greater  than  that  of  the  two  pyramids ;  which  latter  diffprence 
we  supposed  to  be  equal  to  the  prism  aADC\  hence  the  prism 
DABC  must  be  greater  than  the  prism  a  ABC.    Bat  in  reality 
it  is  less ;  for  they  have  the  same  base  ABC,  and  the  altitude 
Ax  of  the  first  is  less  than  A  a  the  altitude  of  the  second*  Conse- 
quently the  supposed  inequality  between  the  two  pyramids  can- 
not exist;   therefore  the  two  pyramids  SABC,  t-abc,  having 
•qual  altitudes  and  equivalent  bases,  are  themselves  equivaleot 

THEOREK. 

569.  Every  triangular  pyramid  is  a  third  part  of  the  triangular 
prism  having  the  same  base  and  same  altitude, 
Fi|.  S16,     Demonstration*  Let  F-ABC  {fig.  21 6)  be  a  triangular  pyramid, 
ABCDEF  a  triangular  prism  of  the  same  base  and  the  same 
altitude ;  the  pyramid  will  be  equal  to  a  third  of  the  prism. 

Cut  off  the  pyramid  FABC  from  the  prism,  by  a  section  made 
along  the  plane  FAC^,  there  will  remain  the  solid  FACDE, 
which  may  be  considered  as  a  quadrangular  pyramid,  whose 
vertex  is  F,  and  whose  base  is  the  parallelogram  ACDE,  Draw 
the  diagonal  CE ;  and  extend  the  plane  FCE,  which  will  cut 
the  quadrangular  pyramid  into  two  triangular  ones  F^ACE 
F'CDE.  These  two  triangular  pyramids  have  for  their  com- 
mon altitude  the  perpendicular  let  fall  from  F  on  the  plane 
ACDE ;  they  have  equal  bases,  the  triangles  ACE,  CDE,  being 
halves  of  the  same  parallelogram ;  hence  (568)  the  two  pyra- 
mids F'ACE,  F'CDE,  are  equivalent.    But  the  pyramid  F-CDE 
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and  the  pyramid  F-ABC  have  equal  bases  ABC,  DEF;  they 
have  also  the  same  altitude,  namely,  the  distance  of  the  parallel 
planes  ABC,  DEF;  hence  the  two  pyramids  are  equivalent. 
Now  the  pyramid  F-CDE  has  already  been  proved  equivalent 
to  F'ACE',  consequently  the  three  pyramids  F-ABC,  F-CDE, 
F-ACE,  which  compose  the  prism  ABD  are  all  equivalent. 
Therefore  the  pyramid  F-ABC  is  the  third  part  of  the  prism 
ABD,  which  has  the  same  base  and  the  same  altitude. 

570.  Corollary.    The  solidity  of  a  triangular  pyramid  is  equal 
fe  a  third  part  of  the  product  of  its  base  by  its  altitude. 


NOTES. 


Upon  certain  Names  and  Definitions. 

SoMB  new  expressions  and  definitions  have  been  introduced  into 
this  work  which  tend  to  give  to  the  language  of  geometry  more  ex- 
actness and  precision.  We  proceed  to  give  an  account  of  these 
changes,  and  to  propose  certain  others,  which  might  fulfil  more  com- 
pletely the  same  purposes. 

In  the  ordinary  definition  of  a  rectangular  parallelogram  and  of  a 
square^  it  is  said  that  the  angles  of  these  figures  are  right  angles  ;  it 
would  be  more  exact  to  say,  that  their  angles  are  equal.  For,  to 
suppose  that  the  four  angles  of  a  quadrilateral  may  be  right  angles^ 
and  also  that  these  right  angles  are  equal  to  each  other,  is  to  suppose 
propositions  which  require  to  be  demonstrated.  This  inconvenience 
and  several  others  of  the  same  kind  might  be  avoided,  if,  instead  of 
putting  the  definitions,  as  is  usual,  at  the  head  of  a  section,  we  dis- 
tributed them  through  the  section  each  in  the  place  where  the  propo- 
sition implied  is  demonstrated. 

The  word  parallelogram  according  to  its  etymology  signifies  par' 
aUel  lines  ;  it  answers  not  better  to  a  figure  of  four  sides  than  to  one 
of  six,  eight,  &c.,  the  opposite  sides  of  which  are  parallel.  Likewise 
the  word  parallelopiped  signifies  parallel  planes  ;  it  does  not  desig- 
nate a  solid  of  six  faces  any  more  than  one  of  eight,  ten,  &c.,  of 
which  the  opposite  ones  are  parallel.  It  seems  then  that  the  denom- 
inations of  parallelogram  and  parallelopiped,  which  have  besides  the 
inconvenience  of  being  very  long,  ought  to  be  banished  from  geome- 
try. We  might  substitute  in  their  place  those  of  rhomb  and  rhomboid^ 
which  are  much  more  convenient,  and  preserve  the  name  of  lozenge 
to  denote  a  quadrilateral,  the  sides  of  which  are  equal. 

The  word  incHnaiion  ought  to  be  understood  in  the  same  sense  as 
that  of  angle  ;  each  indicates  the  manner  of  being  of  two  lines,  or  of 
two  planes,  which  meet,  or  which  produced  would  meet.     The  incli- 
nation of  two  lines  is  nothing,  when  the  angle  is  nothing,  that  is,  when 
Gtom.  38 
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the  lines  are  parallel  or  coiacideot.  The  inclination  is  greatest,  when 
the  angle  is  greatest,  or  when  the  two  lines  make  with  each  other  a 
very  obtuse  angle.  The  quality  of  kamng  is  taken  in  a  difierent 
sense  ;  a  line  Uans  so  muck  the  more  with  respect  to  another,  as  it 
departs  more  from  a  perpendicular  to  this  last. 

The  denomination  of  equal  angles  is  given  by  Euclid  and  others 
to  those  triangles,  which  are  only  equal  in  surface  ;  and  that  of  eqmai 
solids  to  those  which  are  only  equal  in  solidity.  It  appears  to  us 
more  proper  to  call  the  triangles  as  well  as  the  solids  in  this  case 
equivalentj  and  to  restrict  the  denomination  of  equal  triangles  and 
equal  solids  to  those  which  would  coincide  upon  being  applied. 

]t  is,  moreover,  necessary  to  distinguish  among  solids  and  curved 
surfaces  two  difierent  kinds  of  equality.  Indeed  two  solids,  two 
solid  angles,  two  spherical  triangles,  or  two  spherical  polygons,  may 
be  equal  in  all  their  constituent  parts  without  coinciding  when  appli- 
ed. It  does  not  appear  that  this  observation  has  been  made  in  ele- 
mentary books;  and,  for  want  of  having  regard  to  it,  certain  demon* 
strations,  founded  upon  the  coincidence  of  figures,  are  not  exact 
Such  are  the  demonstrations  by  which  several  authors  pretend  to 
prove  the  equality  of  spherical  triangles  in  the  same  cases  and  in  the 
same  manner  bs  they  do  that  of  plane  triangles.  We  are  furnished 
with  a  striking  example  of  this  by  Robert  Simson,  who,  in  attacking 
the  demonstration  of  the  28th  proposition  of  the  eleventh  book  of 
Euclid,  fell  himself  into  the  error  of  founding  his  demonstration  upon 
a  coincidence  which  does  not  exist.  We  have  thought  it  proper, 
therefore,  to  give  a  particulas  name  to  this  kind  of  equality,  which 
does  not  admit  of  coincidence ;  we  have  called  it  equality  by  sjfw- 
tutry  /  and  the  figures  which  are  thus  related  we  call  symmetricai 
figures. 

Thus  the  denominatians  of  equal  figaresy  symmetrical  Agures^equiv' 
'oknt  figures,  refer  to  different  things  and  ought  not  to  be  confounded. 

In  the  propositions,  which  relate  to  polygons,  solid  angles,  and 
polyedrons,  we  have  expressly  excluded  those  which  have  re-enter- 
ing angles.  For,  in- addition  to  the  advantage  of  considering  in  the 
elements  only  the  most  simple  figures,  if  we  had  not  thus  restricted 
ourselves,  certain  propositions  would  either  not  have  been  true,  or 
would  have  required  to  be  modified.  We  have,  therefore,  confined 
ourselves  to  the  consideration  of  lines  and  surfaces,  which  we  caU 
€onoeXy  and  which  are  such  that  they  cannot  be  cut  by  a  straight  line 
in  more  than  two  points. 

We  have  often  used  the  expression  product  of  two  or  of  a  greater 
4twnber  of  Unesy  by  which  we   mean  the  product  of  the  numbers 


which  represent  these  lines,  they  being  estnnated  according  to  » 
linear  unit  taken  at  pleasure.  The  sense  of  thi*  word  being  thus 
fixed,  there  is  no  difficulty  in  making  use  of  it.  The  same  is  to  be 
understood  of  the  product  of  a  surface  by  a  line,  of  a  surfece  by  a 
solid,  &c.  It  is  sufficient  to  have  established  once  for  all  that  these 
products  are  or  ought  to  be  considered  as  the  products  of  numbers, 
each  of  a  kind  that  is  adapted  to  it.  Thus  the  product  of  a  surface 
by  a  solid  is  nothing  else  than  the  product  of  a  number  of  superficial 
units  by  a  number  of  solid  units. 

We  often  use  the  word  angle  in  common  discourse  to  designate 
the  point  situated  at  its  vertex  ;  this  expression  is  faulty.  It  would 
be  more  clear  and  more  exact  to  denote  by  a  particular  name,  as 
that  of  vertices^  the  points  situated  at  the  vertices  of  the  angles  of  a 
polygon,  or  of  a  polyedron.  In  this  sense  is  to  be  understood  the 
eixpression  vertices  of  a  pofyedrauy  which  we  have  used. 

We  have  followed  the  common  definition  of  similar  rectilineal  Jig-' 
ures ;  but  we  would  observe,  that  it  contains  three  superfisous  con- 
ditions. For,  in  order  to  construct  a  polygon  of  which  the  number 
of  sides  is  n,  it  is  necessary  in  the  first  place  to  know  a  side,  and  then 
to  have  the  position  of  the  vertices  of  the  angles  sitaated  without  this 
side.  Now  the  number  of  these  angles  is  ii  —  2,  and  the  position  of 
each  vertex  requires  two  data ;  whence  it  follows  Chat  the  whole  num- 
ber of  data  necessary  to  construct  a  polygon  of  n  sides  is  1  -^^  2  n  —  4, 
or  2  ft  — 3,  But  in  the  sinilar  polygon  there  is  one  side  to  be  taken 
at  pleasure  ;  thus  the  number  of  conditions,  by  which  one  polygon 
becomes  similar  to  a  given  polygon,  is  2  m  —  4.  But  the  common 
definition  requires,  1.  that  the  angles  should  be  equal,  each  to  each, 
which  makes  n  conditions ;  2.  that  the  homologous  sides  should  be 
proportional,  which  makes  n  —  1  conditions.  There  are  then  in  ail 
2  n  —  1  conditions,  or  three  too  many.  In  order  to  obviate  this 
jQconwenience  we  can  resolve  the  definition  into  two  others,  in  this 
manner. 

1.  l\ffo  triangles  are  similar ^  when  ihey  heme  two  aisles  equal^  each 
to  each. 

2.  Two  polygons  are  similar^  when  there  can  be  formed  in  the  one 
and  the  other  the  same  number  of  triangles  similar,  each  to  each,  and 
similarly  disposed. 

But,  in  order  that  this  last  definition  8ho»ild  not  itse^  contaiii  snper- 
flous  conditions,  it  is  necessary  that  the  number  of  triangles  should 
be  equal  to  the  number  of  sides  of  the  polygon  minus  two,  which  may 
take  place  in  two  ways.  We  can  draw  from  two  homologous  angles 
diagonals  to  the  opposite  angles ;  then  all  the  triangles  formed  ja 
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ettch  polygon  will  have  a  common  vertex,  and  their  sum  will  be  ecpiil 
to  the  polygon ;  or  rather  we  can  suppose  that  all  the  triangles  formed 
in  a  polygon 'have  for  a  common  base  a  side  of  the  polygon,  and  for 
vertices  those  of  the  different  angles  opposite  to  this  base.  In  each 
case  the  number  of  triangles  formed  being  a  -^  2,  the  conditions  of 
their  similitude  will  be  equal  to  the  number  2  a  —  4 ;  and  the  defi- 
nition will  contain  nothing  superfluous.  This  new  definition  being 
adopted,  the  ancient  one  will  become  a  theorem,  which  may  be 
demonstrated  immediately. 

If  the  definition  of  similar  rectilineal  figures  u  imperfect  in  books 
of  elements,  that  of  similar  solid  polyedrons  b  still  more  so.  In 
£uc]id  this  definition  depends  upon  a  theorem  not  demonstrated; 
in  other  authors  it  has  the  Inconvenience  of  beiug  very  redundant; 
ive  have,  therefore,  rejected  these  definitions  of  similar  8olids.t 

The  definition  of  a  perpendicular  to  a  plane  may  be  regarded  as  a 
theorem ;  that  of  the  inclination  of  two  planes  also  requires  to  be 
supported  by  reasoning ;  the  same  may  be  said  of  several  others.  It 
is  on  this  account  that,  while  we  have  placed  the  definitions  accord- 
ing to  ancient  usage,  we  have  taken  care  to  refer  to  propositions 
where  they  are  demonstrated ;  sometimes  we  have  merely  added  a 
brief  explanation  which  appeared  sufficient. 

The  angle  formed  by  the  meeting  of  two  planes^  and  the  solid  angle 
formed  by  the  meeting  of  several  planes  in  the  same  point,  are  dis- 
tinct kinds  of  magnitudes,  to  which  it  would  be  well  perhaps  to  give 
particular  names.  Without  this  it  is  difficult  to  avoid  obscurity  and 
circumlocutions  in  speaking  of  the  arrangement  of  planes  which 
compose  the  surface  of  a  polyedron;  and  as  the  theory  of  solids  has 
been  little  cultivated  hitherto,  there  is  less  inconvenience  in  intro- 
ducing new  expressions,  where  they  are  required  by  the  nature  of  . 
the  subject. 

I  should  propose  to  give  the  name  of  wedge  to  the  angle  formed 
by  two  planes ;  the  edge  or  height  of  the  wedge  would  be  the  com- 
mon intersection  of  the  two  planes.  The  wedge  would  be  designated 
by  four  letters,  of  which  the  two  middle  ones  would  answer  to  the 
edge.  A  right  wedge  then  would  be  the  angle  formed  by  two  planes 
perpendicular  to  each  other.  Four  right  wedges  would  fill  all  the 
solid  angular  space  about  a  given  line.  This  new  denomination 
wonld  not  prevent  the  wedge  always  having  for  its  measure  the  angle 
formed  by  two  lines  drawn  from  the  same  point,  the  one  in  one  of 


i  The  author  here  refers  to  a  distinct  note  on  the  eqaality  and  similitode  of 
poJyedrons,  not  given  in  this  traosIatioD. 
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the  planes  and  the  other  in  the  odier,  peipendicnlarly  to  the  edge 
or  coBMioD  intenectipn. 

U. 

By  the  TranskUar. 

The  improvements  referred  to  in  the  preceding  note,  so  far  at 
the  j  have  heen  adopted  by  the  author,  have  been  carefully  preserve 
ed  in  the  translation.  Indeed  it  has  been  found  necessary  in  a  fevr 
instances  to  use  English  words  in  a  sense  somewhat  different  from 
their  ordinary  acceptation.  The  word  poUfgan  is  generally  restricted 
to  figures  of  more  than  four  sides.  It  is  used  in  this  work  with  the 
latitude  of  the  original  word  polygone  to  stand  for  rectilineal  figures 
generally ;  and  polyedron  is  adopted  in  a  similar  manner  for  solids. 
Quadrilateral  is  employed  as  a  general  name  for  four-sided  figures. 
The  word  losenge  is  rendered  by  rhombue,  and  trap'eze  by  trapezoid^  ' 
the  English  words,  as  they  are  commonly  used,  corresponding  to 
the  French.  The  perpendicular  let  fall  from  the  centre  of  a  regular 
polygon  upon  one  of  its  sides  is  called  in  the  original  apotheme.  It 
occurs  but  a  few  times,  and  as  there  is  no  English  word  answering  to 
it,  it  is  rendered  by  a  periphrasis,  or  simply  by  the  word  perpendicu- 
lar. The  portion  of  the  surface  of  a  sphere  comprehended  between 
the  semicircumferences  of  two  great  circles  is  denoted  in  the  origi* 
nal  by  fweau ;  Dr.  Hutton  uses  the  word  htne  in  the  same  sense ; 
others  have  employed  lunary  surface  ;  as  lune  properly  stands  for 
the  surface  comprehended  between  two  unequal  circular  curves,  the 
latter  denomination  was  thought  the  least  exceptionable,  and  is 
adopted  in  the  translation. 

III. 

On  the  Demanetraiion  of  the  Propoeition  of  Article  58. 

The  proposition  of  art.  68  is  only  a  particular  case  of  the  cele« 
brated  postulate  upon  which  Euclid  has  established  the  theoiy  of 
parallel  lines,  as  well  as  the  theorem  upon  the  sum  of  the  three 
angles  of  a  triangle.  This  postulate  has  not  yet  been  demonstrated 
In  a  manner  entirely  geometrical,  and  independent  of  the  considera- 
tion of  infinity,  which  is  undoubtedly  to  be  attributed  to  the  imper* 
fection  of  the  definition  of  a  straight  line,  which  serves  as  the  basis 
of  the  elements.  But,  if  we  consider  this  subject  in  a  point  of  view 
more  abstract,  analysis  offers  a  very  simple  method  of  demonstrating 
the  proposition  rigorously. 
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Ife  show  immediately  by  superposition,  and  without  any  prelimn 
naiy  propositi od,  that  two  triangUi  are  equaly  when  a  side  and  ikt 
tw0  adjacent  angles  of  the  one  are  equal  to  a  side  and  the  two  adjacent 
angles  of  the  other^  each  to  each.  Let  us  call  p  the  side  in  questioD, 
A  and  JB  the  two  adjacent  angles,  C  the  third  angle.  The  angle  C 
then  must  be  entirely  determinate,  when  the  angles  A  and  B  are 
koown  with  the  side  p  ;  for,  if  several  angles  C  could  correspond  to 
the  three  given  things  A^  B,  p^  there  would  be  as  many  different 
UiaogleSf  which  would  have  a  side  and  the  two  adjacent  ang^les  of 
Ihe  one  equal  to  a  side  and  the  two  adjacent  angles  of  the  other, 
%vhich  is  impossible ;  therefore  the  angle  C  must  be  a  determinate 
function  of  the  three  quantities  A^  B,p;  which  may  be  expressed 
thus 

C=^:{A,B,p). 

Let  the  right  angle  be  equal  to  unity,  then  the  angles  jI,  B,  C, 
will  be  numbers  comprehended  between  0  and  2  ;   and,  since 

C=i(p{A,B,p), 
we  say  that  the  line  p  does  not  enter  into  the  function  g>.  Indeed 
ive  have  seen  that  C  must  be  entirely  determined  by  the  data  Ay  £, 
p,  merely,  without  any  other  angle  or  line  whatever ;  but  the  line  p 
is  of  a  nature  heterogeneous  to  the  numbers  j9,  B,  C  ;  and  if,  having 
any  equation  whatever  among  A^  B,  C,  /»,  we  could  deduce  the  value 
of  />,  in  Ay  B,  C,  it  would  follow  that  p  is  equal  to  a  number,  which 
is  absurd ;  therefore  p  cannot  enter  into  the  function  9),  and  we  have 
simply  C  =z  9  :  (j3,  B).....*, 

This  formula  proves  already  that^  if  two  angles  of  a  triangle  are 
equal  to  two  angles  of  another  triangle,  the  third  must  be  equal  to 
<he  third ;  and,  this  being  supposed,  it  is  easy  to  arrive  at  the  theo- 
rem we  have  in  view. 

'  ■ '     ■  ■  .I..  ■  ■■  <i  1 1.  ■  ■■ 

*  It  has  been  objected  to  this  demonstration  that  if  it  were  applied,  word  for 
word,  to  spherical  trianglea,  it  would  follow  that  two  known  angles  would  be 
sufficient  to  determine  the  third,  which  would  not  be  true  in  tbis  Icind  of  trian- 
gles. The  answer  is,  that  in  spherical  triangles  there  is  one  element  mora  ibaa 
in  plane  triangles,  and  this  element  is  the  radins  of  4he  sphere  which  nost 
fiot  be  emitted.     Accordingly,  let  r  be  the  radios;  then,  instead  of  faaviof 

C  =  9{A,  B,p),  we  shall  have  C=g>{A,  *,  p,  r),  or  simply  C  =  ?)  T^,  B,  l\ 

by  the  law  of  homogenous  quantities.     Now,  since  the  ratio  ?  banQmber,ai 

well  as  Af  B,  C,  tbt  re  is  nothing  to  prevent  S  being  found  in  the  fraction  ^ 
and  then  we  can  no  longer -conclude  that 
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In  the  first  place  let  ABC  {fig.  274)  be  a  triangle  right-angled  at  rt»  374. 
A ;  from  the  point  A  let  fall  upon  the  hypothenose  the  perpendicu- 
lar AD,  The  an^es  B  and  D  of  the  triangle  ABD  are  equal  to  the 
angles  B  and  A  of  the  triangle  BAC ;  therefore,  according  to  what 
has  JQst  been  demonstrated,  the  third  angle  BAD  is  equal  to  the 
third  C ;  for  the  sane  reason  the  angle  DAC  =  B ;  consequently 
BAD  +  DAC^  or  BAC  =  B  +  C;  but  the  angle  BAC  is  a  right 
angle ;  therefore  the  two  acute  angles  of  a  rigfU-angled  triangle^  taken 
together^  are  equal  to  a  right  angle. 

Again,  let  BAC  {fig.  275)  be  any  triangle,  and  BC  a  side  which  is  Fig.  vih. 
not  less  than  each  of  the  two  others ;  if  from  the  opposite  angle  A 
the  perpendicular  AD  be  let  fall  upon  BC,  this  perpendicular  will 
fall  within  the  triangle  ABC^  and  will  divide  it  into  two  right-angled 
triangles  BAD^  DAC.  Now  in  the  right-angled  triangle  BAD  the 
two  angles  BAD^  ABD^  are  together  equal  to  a  right  angle ;  in  the 
right-angled  triangle  DAC  the  two  angles  DACy  ACD^  are  also  equal 
to  a  right  angle.  Consequently  the  four  united,  or  the  three  BAC, 
ABC,  ACB,  are  together  equal  to  two  right  angles ;  therefore,  tn 
every  triangle  the  mm  of  the  three  angles  is  equal  to  two  right  angles. 

We  see  by  this  that  the  theorem,  considered  a  priori^  does  not 
depend  upon  a  series  of  propositions,  but  is  deduced  immediately 
from  the  principle  of  homogeneity,  a  principle  which  exists  in  every 
relation  among  quantities  of  whatever  kind.  But  we  proceed  to 
show  that  another  fundamental  theorem  of  geometry  may  be  deduced 
from  the  same  source. 

The  above  denominations  being  preserved,  and  the  side  opposite  to* 
the  angle  A  being  called  m,  and  the  side  opposite  the  angle  B  being 
called  ft ;  the  quantity  m  must  be  entirely  determined  by  the  quan- 

tilies  A,  B^p;  consequently  m  is  a  function  p{Aj  B,  />,  as  also  — ,  so 

that  we  can  make  —  =1  xp  :  {Aj  B,  p).    But  —  is  a  number,  as  well 

as  A  and  B;  therefore  the  function  i;;  must  not  contain  the  line 

p,  and  we  have  simply  —  =1  y  :  (j3,  B),  or  m  =  />  i/; :  {A,  B).    We 

have  also  in  a  similar  manner  n  =:pip:  {A,  B). 

Let  there  be  another  triangle  formed  with  the  same  angles  A^  B, 
C,  and  having  for  the  opposite  sides  m',  n',  p',  respectively.  Since 
^  and  B  do  not  change,  #e  have  in  this  new  triangle 

m*  =:p'  ip{A,B), 
and  n'  =  p*  yt :  (^,  A).    Therefore  to  :  m'  :  :n'  : :  p  :  /?'.     There- 
fore in  equiangular  triangles  the  sides  opposite  to  the  equal  angles  are 
proportional. 
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Fram  diis  general  pto^ttiOB  ire  dednce,  as  a  patticuAur  caie. 
that  which  we  hare  si^iposed  m  the  text  for  the  deanoDstnitiioii  of  the 
ri|.S5.  propeaition  of  art  68.  Indeed  the  triaaglea^  AFG^  JUiL  {^.  35), 
have  two  angles  equal,  each  to  each,  namely,  the  angle  A  common, 
and  a  right  angle.  Conaeqaently  these  triangles  are  equiangular ; 
therefore  we  hare  the  proportion  AF:AL::AG:  AM,  by  means  of 
which  the  proposition  is  fully  demoostratedt. 


t  In  the  note,  of  which  the  above  it  only  a  part,  the  aothor  nndertakes  to 
demoDstrate  in  a  similar  manner  other  fundamental  propositioBs  of  geometry. 
For  remarks  upon  the  kind  of  reasoning  here  empbyed,  the  reader  b  referred  to 
Leslie's  Geometrjr)  third  edition,  page  892. 
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**         17        •*  2      "     4€  ^'"^9       «(      pf" 

«•     36    '*    19  for  "  (/,5986S3'»  read  0,5989633. 
«     37    "      2    "   "0,1084926"  re  7£«  10,1064926. 
«     47    "    25    «   "(.4)'rearf(Z^), 

50    «      1     "   "the  two  fi»st''rfflrf  the  three  first. 

"  30^31  for  tri-proposed  angle  read  triangle  proposed. 
I'     53    "    lSfor^'Ji+B+Creadi{^  +  B+C). 

20    "  "  f»ir  its  equal  "   for  its  equal  and  the  expres- 
sion for. 
25    it  «  +  cos  i  read  x  cos^. 
64    "     6  4*  8  for  «*  rectangle"  read  product. 
76    "    24   for  «  multiplying  hjd  +  e'»  read  multiplying  bj 

78    «    l9/or  "  EF  bj  6"  read  EF  bj  a. 

78  ••    20   "   "HI  bye"     -    HI  by  6. 

79  "      2  ••   -_^„y^^     «* 
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«     84    •«     9  "  «'a»+c"reorfa»  +  c». 
"     88    "    14    ••  "the  point,"  r^arf,  the  point  A 
"  108.    "   £2  the  last  s  in  the  numerator  of  the  fraction  shouli 

be  8'. 
"  117.    "    M  for  ^mf' read  JUf. 
"   117    "    32  after  ".afl-'if-wTt  not  greater  than  ^/. 
«   184.    "    27/or"  fig  62"  read  Fig  59. 
«   12.\    "    SO  «  "fig  62"  read  Fig.  59 
«    137.    "    15  "  "« +acV' read  ac  +  c'. 

"  137.  "    16  «»    tL^'C+4c«;«„^^^    \tHIIL.    ' 

^         fl*  ^         a*  * 

•*   138.  «    20  «  "  or  —  xV' read  oo?  +  ar». 

«     «  "    28  «  "axis"  read  axes. 

«  141.  «    33  «•  «  fy"  read  CF.-/(w  "fig.  67"  read  fig.  66. 

«   142.  «     6  "  « to  PJIT'r^ad  parallel  to  P^. 

«     «  «    30  "  "(141)"  read  (144). 

«  144.   «   25  «  ••-^((ia+ar)«+flar+x«)&c.read 

*'  149    ««    10/or  «fig.  67"  r«(d  fig.  68. 

«  154    ««    32  '«    "^^''readZlf!! 
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"  161    «    13  •'(181)"r«id(179). 
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